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Ahbstract

in this paper, we proposs 2 matrix method fo solve the Abal's differential equation in
terms of Taylor polynomials and & formula for caloulation of mith arder dervative af ¥
Morgover, numerical solufions of Abels differential equation has been presented by Pgdé
approximation, The solution is calculated in the form of a scries with easily computable
componanis. The numarical resuils show e affectivansss of the method for this type of
aquation, Comparnng the method with SOme Known jachnigues indicatas that the prasent
approach is ralatively sasy and highly scourale.

Keywords: Apel's differential equation; Taylar matix method,  Padé approximation; 0on lingar
differential eguations

Mathematics Subject Classification: £ELA0, 34815 and BIH10

1. Introduction
Consider the Abel equation of the form [10]
Py = folx)+ faw+ Sy tfiyt ., asxsh
ar (1)

AC)y'(xy = E(x) + Blxy+ Clx)yt + DY+
with the mixed condition

& y(a) + By + ry(e) eyt @)+ Fot (B)+ 737 (0) + ey (@) + St

2
Fpptle)E = A i @
where d(x)=1,B(x} = f,(),C(x) = fol=x),D(x) = Folx), Elx) = fu(x)
We assume that the solution is expressed in the form
FLR ]
(;}:Zi'—(—cl{x )", aZcsh (3}
n!

which is Taylor polynomial ol degree N at x=¢, where (), n=01 N arcthe

coefficients to be determimed.
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The nonlinear differential equations are indispensable Lools for modelling many
physical phenomenon such as chemical reactions, gpring-mass system and bending of beams.
These equations are also useful in ecology and cconomics. Therefore the solution methods for
these equations have gained importance for engineers and scientists. Taylor matrix method is
ane of the methods used to solve a wide class ol algebraic, difference and partial differential
cquations without lincarization or smallness assumptions [4-9].

In this study, we censider nonlinear Abel differential equation of first type and the
solution is obtained by Taylor matrix method and is also expanded into padé series. The

numerical results ohiained are given in tables.

2. Taylor matrix method

Let us consider the Abel’s differential equation (1) and find the truncaied Taylor
series expansions of ¢ach term in expression (1) al x = ¢ and their matrix represeniations. We
first consider the desired solution y(x) of Eq. (1) defined by a truncated Taylor series (3).
Then we can put series (3) in the matrix Torm

[v(n)]=XMY ()
where

X= [1 (x—c) (x—c) "'(I—C)Nl

l—l1 o0g - 0 \
e »(e)
0 = 0 - 0 P
M= , Y= ¥
0 0 LI ¥ _(c}
T . i
= d W H ()
¥ie
000 L
L N

Now we consider the term B(x)y(x) of Eq. (1} and can write it as the truncated

Taylor series expansions o degree N at x=¢ in the form

N
By = Y [BE L (e-e)' )
il

!

By the Leibnitz’s rule we evaluate

[Blxpnl? = i(:]ﬂ*"“*"(a;y‘"wc)

and substitute in (5). Thus expression (5) becomes
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N om
LGOS Zﬁ[ﬂﬁm”' ()" (eMx =)™
ety 2

and its matriz form

[B)p(a)] = XBY ©
where
BV e N o o 1
[l
B“J(C) B‘“’(c) o o
H o
B= B[”(c‘) B () BtOF(cJ 0
2100 m o !
B[J\.‘] (c) BI.'F-I] (C) B{N—J:l{c} i Btol{c}
L NI (A =11 (N-23a Orat |

By analogy we obtain

N
A{x)y' () = %Eﬁ[:}l‘”’“’ {ep ™ (e = o)™, 7
B = gﬁﬂf" (eXr—e) | ®
COm ) = iZl,["]ﬁ" (et ™ ) =)™ (9a)
et me FEL T
D)y (x) = i Zl[ ”})'"'"’ (@™ ()x - (9b)
il m
s0 that
Y () = (), ey = i[?)y""‘ (e1 (e {9e)
LE =000, B =30n " (e
for S Y;"] B EE[M:;- 1]!““_” Y (@)

In general we write

. Fa@=0), " @ =y 5" e).

for  mz2 ¥ ) =”E[mf_ I]y"“"”{c}r,}'.; () (%d)
fal
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and their malrix representations, respectively.

[A{x)y ()] = XAY,
[coayt )= [ceral=xcT,,
[ty )= [pear,co]=xn¥,

[Eta]=xMmE,

where
R Wiy,
o AN o
0!
N [0
o AV 4% i
o om
A=l : : :
0 A[”—I)(C} ‘,I'{-\'—Z)(C) A(Oh{c}
(A =100 (N ._ij N -1
A[N]((?) Ah\-l-](c) .liml:ﬂ-‘)
Nt (V=1 N -1
[ ies ]
£ g 0 0 0
[Lt])
i 0
Sl R ol S i
1ol 0!
= Cm((.') C'U](L') C(OJ{C} U
20 ! ol .
C[-\":l(c} C(N—‘ll(c) C[”—-Ii(c} C‘:US(C)
| Nl (N=Dm (N =22 |
[ o ]
bl 0 0
omnt
n e,
DY) B™(e) 4 5
o o
D= 013](6} DE"](C:] D("](C) 0
2100 mn 0! :
D"""(c} D"”'I'](c) DIN:EJ(C) D“].’(c.'}
LML (V=D (V=2 ot |

£ (e)

- EE'H'(C)

E(e)

}tdﬂ]
I

R }/il}
|

},—lﬂ-":l

}:’9{0]
(1}

il
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(10)
(11a)
{11b)
(12}

Substituting the matrix forms (6), (10), (11) and (12} corresponding to the functions

Blaeipt), ACx(e), Clehy (x), DOy (x), -+ and E(x), into Eg. (1}, and then we have the

malix representation.

(A+B)Y+C ¥ +DY, +.--=ME.

(13
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The matrix representation (13) 15 lundamental relation for Abel’s differential equation (1).
Using the relation (4, we find the matrix representation of the functions at the points a, b and
¢ in the forms
)] =a, My,
[¥(5)]=B, MY, (14a)
[ve)]=C My,
where
A=l @0 @0 @ - @-9"),
B=[l b-0) -0 -0 - b-0)],
c=ft oo - 0]
By taking C(x) =1 in (11a), we have
[ @)= ] =xmF,.
Therefore, for the points a, b and ¢
[ ta)=[r(@]=A, T,
Dﬁ(b)]=[:f](b}]=s1m?l, {14b)
[©@]=[x@]=c M.
By taking D(x) =1 in (11b), we have
[y )=[r (0] =XMT..
Therefore, for the points a, b and
[ )= v (@] =A,mT;,
[®)=nm)=B,MY;, (14c)
)= [H@]=c, M7, . 5
and 5o on,

Substituting the matrix representations (14a), (14b) and (14¢) inte Equation (2), we
obtain

RY+VY, ~WT, +.-=[4], (15)
where

R=(e, A+ 0B +5,CM=[r, »n - r]

V=(a,A|+ﬁ23|+y1C|)ME[VO Vo v_v]‘
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W=(a A+ G By, COMe [, w, o w, ],
and so o,

Thus, the angmented matrix of (15) becomes

[Ri V. W, '“;'1]=[-"o Bty g Wy Mo My Wy Wy e Wi i].[i(i)
3. Method of solution

Lel us consider the fundamental matrix Eq. (13) comesponding to the Abel's

differential equation {1). We can write Eq. (13} in the form

UY+CY, +D Y, +--=ME, (17)
Where
AB=U[w,], C=le,], D4}~ & Jj=0L..N. (18)
The augmented matrix of Equation (17} becomes
Q=[LCD; - ME] (19)
-urm gy 0t Hgw | Cop Cor "t Caw
U= Hig My ottt Wy c= S ] Crw
. . . 1 o H )
Lipg a0 M | Cawo Ea 7 Caw
E ()
dig dy vl E’::]y( )
dy,  d - ; A
p=| T T A pa ]
_d.w Ay e d.\'.v_ E i [63)]

NT

We now consider the matrix Eqg. (15} corresponding to the condition (2). Then the
avgimented matrix of (15) becomes s
[RViW, s 20=n n ey 5 v vy e vy 5w Wy oWy e A 20
Where the elements #,, 5, -, Fy V¥V, s Wy, Wy, Wy, - are defined in Equation (16).,

Consequently, to find the unknown Taylor coefficients v'(), related with the
approximate solution of the Equation (1) with condition (2), by replacing the last row of the
matrix (19} by the augmented matrix (20}, we have new augmented matrix

Q =[UC D5 ET)

or the corresponding matrix equation
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U'Y+C T +D°Y, +.=E @n
50 that
B ity Uy Cm Cyy Cow
g Hy iy S o Cin
U= : S e ;
Uyoo Huzp 70 Hyaw Cyae Cnaly o0 Exan
L fa N Fur Yy Y L7
i [ g (e 7
deg dy o 0
dy dy o dy EMc)
D'=| T A R
dyp oo dusw E .\'Ju{c)
L Wa Wy Wy (N-i:l!
L ’%’ B

Sinee the Taylor polynomial (3) is an approximate solution of Eq. (1)afler necessary
substitution we have the solution v(x) and its derivatives are substituted in Equation (1), the
resulting equation must be satisfied approximately: that is, for x, belong to [a,b].

F(x,) = |46, 09, 0= BOx, 9, )= Clx, )07 () = D )y (x, ) == E(x, ) 0
or
Fx,)£107% (I, is any positive integer).

4, Padé Series
The Taylor series can be transfonned inte Padé series is defined in the following:

_ Pat gt pyxt

b axEagxt e :
l+gx+ o +q,x

(22)

Multiply both sides of (22} by the deneminator of righti-hand side in (22) and compare the
coefficients of the sides in (22). We have B

Al

a+yana=p (=00, (23)
b=l
L

a+¥ango=p (=Mt ML) (24)
=)

Selving the linear equation in (24), we have g, (k =1,---,L). And substituting g, into (22),
we have pp (f =1 M) [89,10]



Int. J. Appl. Math. Stat.; Vol. 6 No. D06, December 2008 117

5. Numerieal examples
In this section, two inilial Abel's differential equations are considered. The algorithm
is performed by MATLAR.

Example 1.
Consider p'=-2" 4 ye"y® + 3, over [0,1] with w(01=1.
The exact solution of this problem is ¢* . If we approximate the solution ¥(x) by the Taylor
polynomial.where N =3 e =0, 4(x)=1 B{x)=-1,C(x) = —¢", D{x) = =1, E(x)=~2e"".
Then, for & =35, the matnix Eq. (13) becomes

(A+B)Y+CF, +D ¥, =ME.
For the condition p(() =1, the augmented matrix becomes [R; ¥, W; 4] [rom (16). F| and
E are obtained [rom (9¢) and (9d).

From the system defined in Eg, (21), the coellicients p"*'(0) (n=10,1,2,3,4,5) are
found as p™(0) =1, (O =1, p* (01 =1 ¥™(0) =1, y™(0) =1, ¥ (0)=1. Substituting

these coefficients in {23) we have the solation

) L R
},(x)—E+x+2!.r +-3-!x 4-5.\ +-;5—!x. (26a)

For N=T and N=9 ohlained

B Loy Fowilowell w g L g
y,.(.r}_1+x+a_a, +3!x +;Ir +5x +6]x +ﬁx (26h)

L 1;[;1.,1,1;,|-,1519
y.l,.(_r}.—1+x+2!.¥ +3!x +4!x +5!_\: +Ex +_ﬂx +§x +ﬁx . (26c)

The Tayler series y-(x) can be transformed into [ollowing Padé series:

¥ = [3/2]= (14 06 +0.15%7 + 0016666675 /(1 — 0 dx + 0-05x7) (27a)

v, =[4/3]=(1+ 057142857142+ 0,14283571428" + 0.0190476190x" -+ 0.001 19047625 |
H1—0.42857142852 + 0.07 142857 14x® — 0.00476 190475
(27h)
v, =[5/4]=(1+0.5555555555, + 0.138888R880x" + 0.0198412698x" + 0.001653439 ]
+ 000006613755 1/(1 — 0.4444444445 x 4 0.0833333334x7 — 00079365079
+0,0003306878x%).

(27¢)
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Table 1. Numerical solutions obiained for ¥ =-2¢™ +y+e'p? 43" for N=5 and

3, =b12]

Imtermational Journal of Applied Mathemalics & Stalistics

X,

Taylor Matrix

Methoed
Yr

Padé

Approximation

M

Exact
Solution

Yo

Absolute
Error

|yu _y?'!

|J"(.i _.]"'F[

0.00
0.1
0.20
050
0.40
0.50
0.60
0.70
0.80
0.80
1.00

LOG0OO00000
11051709167
12214026667
1.3498577500
14918186667
1L6dRGATOLAT
1.8220480000
20135714167
22251306667
24587582500
27166666667

10000000000
11051709179
12214027477
13498586772
1. 49182384504
1.6487 179487
1.8221079692
20137228565
2.2254681648
24594415871
27179487180

10000000000
11051709181
1.2214027582
| 34953588076
14918246976
16487212707
18221188004
2.0137527075
22255409285
24556031112
2. T182ZR1B285

0.0000000000
00000000014
000000001 5
0.0000010576
0.0000060310
0,0000233540
0.0000708004
0.0001812908
00004102618
0.0008448612
GO0LGI5161E

0.0000000000
0.0000000002
00000000105
00000001304
00000007983
00000033220
0L.0000108312
00000298510
00000727637
00001615241
00003331105

Table 2. Numerical solutions obtained for 3'=-Ze™ +y+e’y £y’ for N=7 and

v, =[4/3]
Taylor Matrix Padé Exact Absolute
Method Approximation  Solulion Error

Ay ¥r ¥e e |J’G -JJr] IJ"# _)’.b]
000 10000000000 10000000000 10000000000 G.O000000000 00000000000
010 11051709181 1LIOSIT0918]  1IGS1709181 QuO000000000 00000000000
020 12214027581 1.2214027381  1.2214027382  0.0000000000 00000000000
0300 13498588062 1 3498588070 13498588076  0.0000000014 00000000000
040 14918246830 14918246982 14918246976 0.0000000147 00000000006
0500 16487211793 16487212740 16487212707 (LOO0O000914 00000000042
060 18221183942 18221188206  1.E221 188004 00000004061 00000000202
070 20137512757 2.0137527837 2.0137527075 0.0000014317 0.0000000763
080 2202533606651 22255411723 2.2255400285 0.0000042634 0.0000002438
050 24595919454 24596037981 24596031112 0.00001 11657 00000006870
1,00 27182553957 27182835814 2.TLB2818285 0.0000264328 0.0000017520
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Table 3. Numerical solutions oblained for 3 =-Ze' + v+e’y® +3° for N=0 and

yu=[5/4]
Taylor Matrix Padé Exact Absolute
Method Approximation  Solution Errar
e Fr Ye Ye |.1"(; i J'JIJ |J"ﬁ = }"P|

0,00 LODODDODOOD 10000000000 1.0000000000  0,0000000000 00000000000
010 LI10SITO9I81 1051709181 LIOSI709181 0.0000000000 0.0000000000
0.20 12214027582 1,2214027582  1.2214027582  0.0000000000 0.0000000000
030 13498588079 1.3498588076 1.34983988076 0.0000000003 0.0000000000
0400 14918246999 14918246976 14918246976 0.0000000023 00000000000
050 6487212816 16487212707  1.6487212707 0.0000000109 0.0000000000
(LG0 1.8221188386 18221188003 1.8221188004 (.0000000382 0.0000000001
0.70 2.0137528167 20137527073 20137527075 0.0000001092 0.0000000002
0.80 22255411960 22255409278 2.2255409285 0.0000002675 0,0000000007
090 24596036893 245396031091 24596031112 0.0000003782 00000000020
100 27182829530 2.7182818225  2.7182818285 0.0000011245 0.0000000059

Example 2.

Consider ¥"= v+ p* + 1 on [0,0.17 with y(0)=1.
The analytical solution is
a=lnp=05Inil+p+ 371 =3 glan(3" 2y + 1)+ 03/ 2+3 703
Il we approximate the solution p(x) by the Taylor polynomial (3)
where N =350 =0, 4{x) =L B(x) = -1,C(x) ==1,D{x) = =1, E(x) = 0. Then, for ¥ =3, the
matrix Equation {13) becomes
(A+B)Y+CT, +DY, =ME,

FFor the condition p(0) = 1, the augmented matrix becomes
[R; Vi W; 4] from (16). ¥, and ¥, arc obtained from (9c) and (9d).

From the obtained system, the cocfficients p'"(0) {#=0,1,2,3,4,5) arc lound as
PO =1 0 =3, 9100 =18, »TN0) = 180, p(0) = 2538, ' (0) = 46116,

Subltituling these coefficients m (28a) we have the solution

18 , 180 , 2538 . 46116

S R Bl S Lk A Bk ST PR L LA 28a

alatitos 6 " ' 24 120 E28e)
The Taylor series ¥ (x) can be transformed into following Padé series:

¥ =[302]=(1-2.53043478265 —0.906521 739162 +0.284347826x") o5

A1 =3.3304347826x + 6.6847826086x ™)
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Table 4. Numerical solutions obiained for p'= p+ p* + )" for N=5and p, =[3#2]

Taylor Matrix Paclé Exact Absolute
Method Approximalion  Solution Error
X My Yp Ye J"o'_.}"rl IP(I_};PI

0,00 L.OGOOGODO 100000000 L.O000o000 0.00000000 0.00000000
001 LO309310% 103093109 103093109 000000000 0L00000000

0.02  1.06385814  1.06385824 106385824 (00000010 (.00000000
003 1.059900499  1.09%00616 1.09900616 000000117 (00000000
0.04 113663007 1.13603689 113663693 000000686 0.00000004

005 LI7703103  1.17705826 117705843 0.00002740 0.00000017
0.06  1.22054935 122063456 122063516 000008581 0.00000060
0.07 126757495 1.26780063 126730245 000022750 0.00000180
0.08  L31B55079  1.31908041 1.31908519 000053440 0.00000478
009 L.37397751  L37511146 1.37512311 0.00114560 000001163
0,10 1.43441800 143667865 143670524 0.00228724 0.00002659

Mumerical solutions of Eq. (1) is shown in Table 1-4. The numerical values in Table

1-4 is coinciding with the exact solution of (1).

6. Conclusion

In this paper we have presented Taylor matrix method to solve the Abel’s differential
equation and introduced an expression given by (9d) from which one can compute mith order
derivative of »" where n=2 is an integer. The matrix method avoids the difficulties and
massive computational work by determining the analytic solution. The Taylor matrix method
provides a reliable technique that requires less work and highly accurate results if compared
with the traditional techniques and existing numerical methods. The Padé method that often
show superior performance over series approximants, Results show the avantages of the
methad. A considerable avantage of the method s that Tayler ceefficients of the solution are

found very easily by using the computer programs.
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