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In this paper the dispersion of the generalized Rayleigh wave propagation in the
non-prestressed half-plane covered with pre-stretched two layers under complete
contact conditions is investigated by 3-D linearized theory of elasticity. The layers
and the half-plane are assumed that elastic, homogeneous, isotropic, and the com-
plete contact conditions are existed. The inter phase zone between the upper layer
and half-plane is modeled by this second layer. The purpose of the investigation is
the determination on the effect of the existence of the second layer to the considered
generalized Rayleigh wave propagation velocity.

For this purpose, firstly the same materials were selected for both layers and the
results obtained in previous studies for a single layer in the literature were verified,
the accuracy of the modeling was shown, and then the effect of the second layer on
the considered problem was shown by selecting the different materials and apply-
ing different initial pre-stresses.

Consequently, the present study can be considered as the investigation of the ex-
istence of the inter phase zone which is characteristic one for the composite mate-
rials to the dispersion of the generalized Rayleigh wave propagation. Numerical
results obtained and discussed.
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Introduction

The theory of propagation of waves in half-planes covered with layers, although an
old topic found very important scientific and engineering applications in the classical sense in
the last few decades. Considering the areas such as earth and earthquake science, underground
exploration, composite materials, smart materials, acoustics, non-destructive testing, damage
detection, and the effect of pre-stresses, it is seen that their application areas are current, very
common and important. The many investigations, [1-4], refer to the effect of the pre-stresses
on the propagation and dispersion. The most important studies in this regard the effect of the
contact conditions and the pre-stresses.

The 3-D linearized theory of elasticity (3-DLTE) is utilized in order to investigate the
elastic waves in pre-stressed materials. With this theory, there is no need for any additional
hypotheses, considering the condition that the pre-stresses are much larger than the stresses due
to wave propagation, the precise non-linear 3-D equations of continuous media mechanics are
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linearized and wave propagation models are made. The 3-DLTE has been elaborated in many
investigations such as [5-9] and the others.

There are many investigations have been made in the fields of waves and generalized
Rayleigh wave (GRW) depending on both contact conditions and pre-stresses [10-14].

Consequently, the aim of the investigation is to determine the dispersion of GRW
propagation (GRWP) in the half-plane, which is covered with two pre-stressed layers and the
effect of pre-stresses on this dispersion. In addition to these studies mentioned before, in this
study, the half-space was covered with two different layers and firstly the results obtained in
studies [12, 15]. Then, the dispersion of GRW which for different initial pre-stresses was
examined and interpreted by obtaining results.

The formulation of the considered problem

According to [8, 15] the covered half-planes were considered as isotropic,
homogeneous and elastic, fig. 1. It is considered that the there is an initial normal stresses in
the direction of Oxi. In the following

X, formulations for the layers and half-plane will be
ngg h, S e :: & expressed as the upper (1), (3) and (2) and the
— #:: values for the stresses, straigs and displacements
e n, 1 tlaver | —2 §°  are denoted by u{™°, &{™°, and &{"° (i,j=1,
— 0 X, f— 2andr=1, 2, 3), respectively.
& E 2 E & The geometry of the considered problem is
o Hadlt plura — shown in fig. 1. It is accepted that the half-plane
= - covered by the layers with thickness h;, h, —h

)0 —— —_— (2)0 . . .
% -— sy —— and we associate the Lagrangian coordinates

Figure 1. The pre-stressed two-layered Oxq Xy X3 Which in th.e natural state coincide with
half-plane the cartesian co-ordinates.
The covered layers and half-plane occupy
the regions {—o0 < x; < 40, 0 < X2 < hy,
—00 < x3 < Fo0}, {00 < x1 <00, hy < X2 <hy, —00 < x3 <400}, and {—o0 < x1 < +o0, 00 <X <0, —
oo < x3 < +oo}. In the considered case the initial stresses in the layer and half-plane is given:

of® =const, 0, r=123 o{"°=0, i=j=1 )

According to [4] by using the 3-DLTE, the equations are provided separately in
each of the regions covered by the layers and the half-plane as given for (r = 1, 2, 3):

2 2
doyy) +5‘71(£) L5000 u" _ 0 u”

o o o o’ )
ooy 0oy odu”  ytu”
i, 2 L0 2 - L

ox 0X, OX; ot

where the conventional notation is used and " represents stress tensor components, u"
represents displacement vector components, and o represents the density of the layers and
half-plane material, respectively. The layers and half-plane materials are linear elastic,
homogeneous, isotropic and relationships between stress and strain tensor components are
given forr=1, 2, 3:
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where £{") represents strain tensor components, A and o are Lame’s constants of the layers
and the half-plane material, respectively. The relationship between the strain tensor components
and displacement vector components is:

™ au®
&) = 2{‘3” | i j=12 @)

ax o

Between the layers and half-plane the complete contact conditions are satisfied as
givenfori=1, 2.

1 2 1 3 1 2 1 3
u® o=t | Zor U L =P | s 09 ho=0L oor 09 by =08 o ()

It is assumed that the covering layer 2 and half-plane satisfy the given boundary and
damping conditions in eq. (6):

o3 on =0, 01, =0, oP 1, , >0, u?|, , -0, i=12 (6)

Our aim is to examine the surface waves propagating in the direction of the Ox; axis
in the layered half-plane and specified by the factor exp[i(k.x, — @.t)] within the framework of
equations and boundary conditions egs. (1)-(6). In order to make these examinations, all sizes
included in eq. (1)-(6) is written:

(ol e” u} ={a &0 5" | explitk  ~wb)] Q)

In eq. (7), k is the wavelength, @ — the frequency, and ¢ — the phase velocity of the
wave. In order to make the further operations simple, the representation eq. (7) is replaced with:

u( ul(r) sin(k — at), u(r) (r) cos(kg — at), 0-1({) — O_-l({) cos(kg — ct)
o) = &%) cos(ky —at), o) =53 sin(kg —at), r=1,2,3 (8)

According to Helmholtz decomposition rule, the u(’)and ul"are displacement fields
can be described by ¢ (longitudinal wave potential) and i (transverse wave potential) in
the given form:

L0 — a¢(f) .\ 6l/l(r) L0 a¢(f) ~ 8l/l(r) )
S . A )
¢ and ) satisfy:
2 4(r) 2, (r)
PP S A Ay N C S S (10)
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where c{” and c{" refers to the longitudinal and transverse wave velocity in the m™ material
and represented by:

1/2 1/2
PIOI (r)} { u>}
(n _ Jd mn_|H
c _{— , Gy = (11)
p(r) p(r)
Equations (8) and (9) are written:
¢ = 4" () cos(oy — at), w =y (x,)sin(kx, — o) (12)
Substituting eg. (12) in eq. (9) it is obtained:
2 4(r) 2 2.(r) 2
Ot 1 S _algn_o TV )1 S 4l,0_g (13)
a(kx)*  |[e"] akx)*  |[cf"]

The solution of the differential eq. (13) is:
¢ =C explikp{”x, 1+ C{ exp[-ikp{”x,]
v = C{ explikp§x,]+ C{” expl-ikp'x,]
#57 =C explkax,], i =CP explkaix,] (14)
¢ = CY expliks{?x, 1+ C§ exp[-iks{x, ]
v = C§Y expliksx,1+ CJ expl-iksfx,]

Ineq. (14), c®,cP,cP,cP,c?,cP?,c®,cP®,c® and ) are unknown con-

stants and:
c c C2 1/2 Cz 1/2
O _ O _ (2) _ (2) _
=g P = & =31- v 0=l
¢ c§ { [cT [c)T?

@_C @®_C
ST 2 TR
) )

(15)

Considering eq. (14), if we substitute the expressions obtained from egs. (3), (4), and
(12) under the conditions egs. (5) and (6), it is obtained a linear homogeneous ecguation system
for the unknown constants C®,c{?,c{®,c®,c?,c?,c®,c®,c® and 2 for the com-
plete contact case. The non-zero solution of this system requires that its coefficients of un-
knowns determinant equals to be zero. This equality form is the dispersion equation. This de-
terminant is 10 x 10 in size and represented:

det”ain:O, i,j=1,..,10 (16)

Equation (16) is the dispersion equation that must be obtained for the solution of the

problem under investigation. In eq. (16), «; depends on khy, kh,, ¢ =w/k,,o°, 20,

ij e
o0 20 2@ 390, @0 @O0 pO @ and p@. The parameters indicate the me-
chanical properties of the layers and the half-plane and they are previously known except

c, khy, and kh,.
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o = a [c khy khy, 0%, 020,60, 4D 2P 2P 10 1@ 1 pD pl ,0(3)] (17

where c is the phase velocity, kh, and kh, — the dimensionless wavelength, respectively. If the
phase velocity is dependent on wavelength, such waves are called dispersive waves. The GRW
propagating in the linear elastic and isotropic plane are dispersive waves [8, 15, 16]. Thus, in
order to obtain the numerical results the analysed case is where o®° = @0 — G0
investigated in [15, 16] and discussed in [8]. According to [8, 15, 16] for the case
o0 = 50 _ 530 _ 0 the function y = c(kh) has two branches that correspond to the M,
and M, kind of wave propagation.

Moreover, in [8, 15, 16] it had been shown that the dispersion eq. (17) for the case
o0 = 50 _ 530 _ 0 has many modes My, and M,,, respectively. As can be seen from
the mode graphs, there is an increasing (kh) cut-off value with the each increasing mode
number.

In order to solve eq. (16), the value of the kh parameter is given initially and the value
of the c in the eq. (16) that satisfies this equation is sought. Thus, ¢ phase velocity of the wave
is found depending on the kh values. According to the stated definitions, if different ¢ values
are found for different kh values, the wave is a dispersive wave (Mi1: the first branch in the first
mode, Ma;: the second branch in the first mode, M, : the first branch in the second mode, Mz.:
the second branch in the second mode) [8, 15]. The process is repeated for all kh values.

Results and discussion

For the relationship between ¢ and kh previously mentioned, materials for the layers
bronze and brass and for the half-plane steel were selected. The mechanical properties of the
selected materials are p = 7.795 gr/cm?, 1 = 9.26 x 10* MPa, u = 7.75 x 10* MPa for the steel,
p = 720 gr/cm?, A = 816 x 10* MPa, u = 3.84 x 10* MPa for the bronze, and
p =7.20 gricmd, 1 = 9.49 x 10* MPa, u = 4.47 x 10* MPa for the brass.

First of all, the dispersion curves obtained in study [12] for the steel-bronze and steel-
brass pair of materials in the non-pre-stressed contact conditions and for the single layer system.
The layer thickness covering the half-plane was taken as kh. The dispersion values in study [12]
coincide with the values given by [15]. Therefore, it is aimed to obtain the dispersion curves
similar to in [12] for the two-layered system whose geometry is given in fig. 1 and steel, brass
and bronze was selected for the half-plane and the layers materials, respectively.

In order to compare the dispersion curves, the half-plane material was chosen as steel
in the same way, and both layer materials were chosen as bronze (brass), and the layer thicknesses
were taken as equal kh. First of all, both layer materials were chosen as bronze and their thickness
as kh and distribution curves in unstressed condition were obtained. Then, both layer materials
were taken as brass and their thickness as kh and distribution curves in unstressed condition were
obtained. Finally, for the investigated two-layer system whose geometry was given in fig. 1, half-
plane steel, first layer brass, second layer bronze, and layer thicknesses are taken as kh and dis-
persion curves in unstressed state are obtained and given in fig. 2.

In order to determine the effect of the pre-stresses applied to the layers on the
dispersion, different tensile pre-stresses values were applied to the layers where the half-plane
is non-pre-stressed. The layer materials were selected as same material, and the examination
was made by taking the layer thicknesses equal kh (kh, =kh, kh, —kh, =kh). In figs. 3-6 is
shown with dotted lines for bronze and dashed lines for brass.
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Figure 2. Dispersion curves
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Figure 3. The graph of GRWP for M1
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Figure 5. The graph of GRWP for M21

Afterwards, the layer materials were se-
lected differently for the problem to be investi-
gated and tensile pre-stresses was applied. In
figs. 3-6 are shown with a continuous line.
Therefore, figs. 3-6 show the wave propagation
velocities obtained when the layer materials are
both the same and different with layer
thicknesses khi and khy— khy.

Moreover, figs. 3-6 show the graphs of
different modes and branches as expressed in
[8, 15, 16] (Mll in fig. 3, Moy in fig. 4, M12 in fig.
5, Moo in fig. 6)
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Figure 4. The graph of GRWP for M2y
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Figure 6. The graph of GRWP for M2

In order to see the effect of prestresses on velocity more clearly in figs. 3-6, it has

been taken:

(k)

C| @ 3) @_n C| @ ® (2)
- - - - o
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Conclusion

Thus, in the study within the 3-TDLTE the dispersion of the GRWP in the half-plane
covered by two pre-stressed layers has been examined. According to the results obtained in figs.
3-6.

The dispersion curves obtained in fig. 2 are consistent with the previously studies
[8, 15, 16] and have an asymptotic structure for all materials. In figs. 3-6, when the two layers
materials are different (brass and bronze) for all modes and branches the velocity decreases
compared to the layer materials are the same (bronze-bronze or brass-brass). The pre-stressing
the layers affects the velocity for all modes and branches. The wave propagation velocity in-
creases when tensile pre-stresses are applied to layers. The results obtained through the inves-
tigations are consistent with the results obtained ones before.
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