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Abstract

Tt us consider the svstem of differential equations given on a half-axiz

P g
2 [%{x}+ zij(I)J‘j(r:l =aEpyple) =L o, i= VCT,
J=1

where egi{x) s are complex-valued funclions satisfying aplx) = 0 and
[egix)] € cpxpl-ex) © > 0 G and ¢ are canstanes) b, =12 ., n-1

For the shove syatem uf equations, given (1 — 1) boundary conditions
and solution tozether with asymprotic pxpression considered matrix
funetion S(2) on the halfaxis, subsquare matrices obtained from Ui

function and seattering data by means of their inverses are defined,

Helationships between scattering mateix and scattering data are
determinsd when the problem s given un the whole axis and
coofficients are rers in case of x < 0. By vsing analytic representation
of the solution it is shown that the coeffeient of the system of eguations
iz defined uniguely under the solvability cond itiea of Riemann problens,

000 Mathematics Subject Classification; 34453, 34125,
Key words and phrases; inverse seatlering, scattering daca, Riemann problem.

Received October 31, 2002
@ 2003 Pushpa Publishing Flouse




56 COSKUN GULER

Introduction

In this study, scattering problem for n ordinary differential equations
of the form

. dyy{x) - . e
Loy e + ;ckj(x)yj(x} = Mpyplz) k=1, R J-1 (1)

is studied on a half-axis (x = 0). Here, functions el j=1,2, .., n)

are of complex valued and they satisfy the following conditions:

Clr:,'efx) =0, k=12 ..n
| Chj (x)] = cexp(-ex}, & >0 (gandcare constants) (2)
G128 2k 058,

For the system of equations (1), the follawing (n—1) conditions are

considered.

In the first eondition, for the boundary condition y} (D) = 3 (0), and

for x — =, the asymptotic expressions
yh(x, 2) = A exp(ighe) +0(1), (k=12 ... n- 1) x = +w
are given. In the second condition, for the boundary condition yﬁ(U) =
yE(0), and for x —» + w, the same asymptotic expressions
yEl) = Ay explitghe) +ol), (=12, ., 1 — 1) = = +m

are given. In a similar way if we write (n —1)th conditien, boundary

condition 310} = »*-}(0), and for x - + o, asymptotic cxpressions

yp o (w ) = Apexp(Ehe), (R=12 ., n-1) ¥ > +x

are gliven.

We say that problem 1s the scattering problem if it is of locked for a
solution for the system of equations (1) on the half-axis with respect to
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the given boundary conditions and the asymptotic expressions of the
solution.
One can easily show that conditions (n—1) are equivalent to the

following integral equation system:

9() = Ay explizn) +i [ ) )y () expligide - )ax'
=

b=12 ..n-1

0 i
¥h(x) = By explifphx) +1 L Zﬂ,y'(x'):rf () exp(E, iz ~ 2 N)dx’,  (3)
7
where
o B R & "
By, =4,+ LL Z [epi ") expl— £ hx') - cpjlx Y expl= &, Ax ) y] (&) d=',

p=L2 .. n=-1 {4}

Theorem 1. If the coefficients of the equation system (1) safisfy the
condition (2), then for the arbitrarily given constants Ay, Ag, o Apy for
real L, there is @ unique solution for the (n—1) problems on the half-axis

and
¥2(x) = By, explit,hx) + ofl), x = +@, p=1, 2, .y 1t — 1. (5)

Proof. The scattering problem on the half-axis for the equation
system (1) is equivalent to the integral equation system {3), It iz possible
to indicate the existence and uniqueness of the solution of integral
equation system (3) by means of the method of successive approach, using
the condition (2). By considering the condition (2), expression (B) is
abtained.

As is seen from the theorem (1) and the formula (), there is a matrix

function S() which converts the vector A = (B, By, ... Bﬂ_l}T_ Thia

matrix function is called the scattering matrix on the half-axis. It is in the

form of
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s11(A) sph) . . s ()
sg (%) sgaA) . . o sz ()
S0 =
3!1—1.1(?"} 511—1,2(}“) = . . Su—l_n—l(?‘-)

and when the coefficients of the system (1) are zero, S(A) becomes unit

matrix since By = A, (k=12 .., n-1).
Inverse scattering problem on the half-axis iz the determination of

coelficients of equation system (1), according to the given matrix function
5(1) and some data.

Inverse seattering problem on the half-axis is solved as follows:

1. For the system of eguations (1), inverse scattering problem is
studied on the whole-axis. Tts coefficients are zero on the negative axis.

When x € (-, «), inverse scattering problem for a system of three
first-order has been studied by Zakharov and Shabat [5, 6, 7], Kaup [3],

Beals and Coifman [1], and others.

Inverse scattering problem for two eguations (in particular Dirac
system) has been investigated by Gasymov and Levitan [2], Nizhnile and
Vu [4] and others.

The scattering matrix on the whole-axis is described as the matrix
which converts the solution in +w to the solution in —o. Let us

; : ;
represent this matrix by 8/ (L),

When the coefficicnts are zero for x < 0, then some new properties
appear being different from the general case for & (L). These properties

make a relation possible matrix S(1) which we have described on the

half-axis, and matrix S/ (1),
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2. The new matrix function 572 {1} which is represented uniquely by

sh (%) 1s deseribed. This matrix function has the following property:

g () = expl(= Tz} (T + W, (x, )7 + W, 1)} expl(ihdx) (G)
different from S/ (L), Here,

J = diag(%y, &g, .. En),

L
Wz, &) = j W._(x, 7, &) exp(irt)dr,

Wiz, &) = J: W, (x, 7, M explirt)dr,

Wi, o a) = Wy (o, o Ay,

W, . 2) = (g, (e = A oo,

3. There are the following relations between the coefficients of the
equation and W_(x, &) and W_(x, &) functions:

T, W, 0, 1)] = ~e(x),

i, W.(x 0, 8)] = elx). G

Here, [4, B]l= A8 - BA denotes the commutant of the two square

matrices A and B,

4. The properties of matrix function S(A) and its inverse are
investigated. These properties are given in the following theorem.
Theorem 2. Assume that the coefficients of the equaiion system (1)

satisfy the condition (2). Then there is inverse of subsquare maotrix
obtained from funciions S(A) and inatrix function S(1) except for a finile

number of Vs,
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: [521(2)
s1100)
1'_\3 = 521(:‘»)
s31(A)
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512{?&)1
SzszJ,

#2 (J']' 514 {:'L}-
s20(A) s3],
833(h) s52 (1)

s11(2) s12(A)
sp1(2) sa9(2)

Ay =

Sp-2,1 (?"J Sn-z 2 (JL}

Aoy = 3R
-1 X -1 i 5
(87 )1, (83" )y, (A3 Jags o (851 h—g,nozs (A5

there (4,1, Jis Lre-1 ndicates (n—1)-row (n —

of the matrix A,,_)

81, -2{%)

33, 11—2(-'1)

SEE,—Q, n-2 (}}

1)} -column element of inverse

i)+ () 4o 4y, (1),

These functions have the following factorisations:

(871 = sit0) = 1+ R, 00+ By (1)

(85 )z = (52200 = s ()81 (M) san (V)Y = (1 + Ro (W71 + By (M)~ (9)

(43" )53 = (1 + R (M) + Ry_(A)

n-1l,n-1+
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("‘-\',111—15),11_2|u_2 = (1 it Rl:r[—ﬂ]-l-(?‘-]}_l{l + R{u-z}—{k])" Ulj
(At gt = (L Ry O+ Ryuq)- () (12)
Y110 19 (R) o+ () = (L4 Ny QO+ N, (W) (13)

If functions are vy (&) v1(2) . y1,0-1(%), then we get
1) = L+ NN+ R )+ my )+ 7L () (14)

11200 = (L + Ny ()7 (1 + By (W) (g (1)) - - (0) (15)

‘.I"l_rt—].(‘?‘-) = (1 + N]\—(?"D.-l{l h R(,u—'l}—(?"j}{’n[r|—]_}+(l}) == r(n---l]—{)‘-)- (16)

Here,
a1 =1
S0 = I

where the indices "~ show analytic funclions in the loweyr plane, and the

indices “+" show the analytic functions in the upper plane.

The following theorem reduces the inverse scattering problem on the
half-axis to the problem whose coefficients are zero for x <0 in the

whole axis,

Theorem 3. Let the scattering matriz of equation system (1) be

S0 = Is()

f-1
i, =1

whose coeffictents satisfy the condition (2). Then, the

matrix funciion gh (L), with the help of the matrix Junction S(A),

subsquare matrix of S(A) and its inverse elements are expressed in the
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following way, with the analytic function Nyj_(x), Ny, (), B_(2), Ba_(n
worr B () obtained from the formulae (8), (9), (10), (11), (12), (13) whic

separate the multipliers (by the solution of Riemann problem).

1+ mp, () mgy (L) T R ”:"{J;',—]_};.{:‘-) 1+ Ny, (W)
my(A) 1+amg,(2) . . . Hi.{"_l)+(l) 1+ Ny (k)
o
iy, (2] g, (L) Coe o TempaA) L Ny (R)
ey (A g, (L) L fll{u_l}+(?k.} 1+ Ny ()
1+ R_(3) ] S s o 0
1] 1+ Ba_(A)
B -
0 0 Tl il R(,l;—l)—(l} 0
] ] e 0 1
sp(d) si2d) . - spald) -1
spp (2) seah) . .. sy -1
g
En-1,1 (r) Sn—i, o) . .. Sn--l,n—I(}L) —1
0 1] oE 0 1
§h () = ABC. 8

Here, the functions my, (A), mas (%), < M1y, (2) arve obtained from th

equations
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myp(R) =g () = (L+ N () + R () M (0) (18)

ma, () —np () = L+ N ()01 + Ro_ (M) 110(0) {19)

Mefy 1)+ (?‘-} — Mn-1)- ()= (1 T ‘Vl—[?"}) (1 + R(_ﬂ.—l}— (}'J}_l'frl, 11—1{?*)- (20
The determinant of the matrix function S7(2) is
det 81t (a)

= det S(?L) [:1 =+ R]_— I:P‘-)) U- + R,‘Z— O"}) {1 + R{.l.'.—l]—{}'"}) (1 * N1+ (l}} (21)

Here, as is seen, the zeros and pole points of the matrix function S [n)
are formed by the matrix function S{1) and the zeres and pole points of

functions L+ Ry (), 1+ Ro (A), ., 1+ Ryopy-(4) and 1+ Ny (k).

Zeros, pole points and seattering matrix of these funections are called
seaftering data.

Thus, the problem completed on the half-axis is extended to whaole
axis.

Theorem 4. If the coefficients of the eguation systemn (1) satisfv the
condition (2}, then the coefficients of the equation is described wuniguely by
the §h () matrix given on the whole-axis and the zeros and pole points of
this matrix.

If we compare this theorem with the expressions (17) and (21), we
obtain the following fundamental theorem.

Theorem 5. Assume that the coefficients of the equation system (1}
satisfy the condition (Z). Then, the coefficients of the equation can be
indicated uniquely according to the matriz S(h), the zeros and polar
points of this matrix and the functions U+ R (A), 1+ Rg (), -y

1+ R[rz--i]—(;") and 1+ Ny, ().
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