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HERMITE-HADAMARD TYPE INEQUALITIES FOR CO-ORDINATED

CONVEX FUNCTIONS WITH VARIABLE-ORDER FRACTIONAL

INTEGRALS

A. YALÇIN1,∗, E. GÜL1, A.O. AKDEMIR2

Abstract. This study develops a novel framework for Hermite-Hadamard-type inequalities by
employing multivariate variable-order Riemann-Liouville fractional integral operators. These
operators, which extend classical fractional calculus, allow fractional orders to vary dynami-
cally, providing a powerful tool for capturing spatially and temporally dependent behaviors in
multidimensional systems. We rigorously define the variable-order fractional integrals with new
formulations of lower and upper bounds tailored for Hermite-Hadamard-type inequalities. By
analyzing the properties and well-posedness of the proposed operators, we establish general-
ized Hermite-Hadamard inequalities for coordinated convex functions. These results represent
a significant advancement in fractional analysis, bridging the gap between classical results and
the more flexible, dynamic nature of variable-order systems. This work lays the foundation
for further exploration of fractional inequalities and their application in systems governed by
varying memory effect.

Keywords: Variable-Order Fractional Integrals, Co-Ordinated Convex Mapping, Hermite-Hadamard
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1. Introduction

Fractional calculus, as an extension of classical calculus, has emerged as a powerful mathemat-
ical tool for modeling complex real-world phenomena that exhibit memory effects and non-local
behavior. Its applications span across various scientific and engineering disciplines, particularly
due to its ability to accurately describe hereditary properties and anomalous diffusion processes.
Moreover, the integration of fractional calculus with inequality theory has further broadened
its applicability in mathematical modeling and optimization problems. Classical fractional op-
erators, such as the Riemann-Liouville and Caputo derivatives with constant fractional orders,
have been extensively studied and applied in numerous fields.

The study of integral inequalities has provided a foundational framework for understanding
various integral operators within fractional calculus [14]. Additionally, fractional differential
equations have been extensively analyzed, emphasizing their significant role in mathematical
physics and engineering applications [27]. In recent years, fractional calculus has expanded into
new domains, demonstrating its relevance in solving complex real-world problems. The role of
fractional modeling and control in addressing dynamic systems has been emphasized in vari-
ous studies [62]. For example, the application of fractional derivatives in biomedical sciences
has been explored through mathematical models of diseases, such as breast cancer, where the
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Caputo derivative and Mittag-Leffler functions have been effectively utilized to enhance nu-
merical accuracy and predictive capabilities [56]. Furthermore, the introduction of a fractional
derivative without a singular kernel has provided a more generalized framework for fractional
dynamics, addressing limitations in classical formulations [16]. Advancements in fractional inte-
gral operators have also led to significant progress in inequality theory. The development of new
integral inequalities for differentiable convex functions using Atangana-Baleanu fractional inte-
gral operators has enriched the mathematical structure of fractional analysis and strengthened
its theoretical foundations [51]. Some further findings related to fractional calculus, inequality
theory and applied mathematics can be found in the papers [1–7, 13, 15, 17, 52, 58]. However,
despite these advances, the assumption of constant fractional orders often proves inadequate in
describing systems where scaling properties or memory effects vary dynamically with respect
to spatial or temporal variables. This limitation has prompted the introduction of variable-
order fractional calculus (VOFC), which allows fractional orders to be defined as functions of
independent variables, making it a more flexible and accurate modeling tool [32]. The con-
cept of variable-order fractional operators has been explored in various studies, leading to the
development of new mathematical approaches for solving fractional differential equations with
dynamic properties. Methods such as integro-quadratic spline techniques have been proposed to
efficiently handle variable-order fractional initial value problems, improving numerical accuracy
and computational performance [36]. Additionally, the application of variable-order fractional
synchronization in chaotic and reverse chaotic systems has demonstrated its potential in secure
communication and cryptographic systems [37]. In viscoelasticity, variable-order models have
been shown to more accurately describe time-dependent material behavior compared to constant
fractional-order approaches [44].

The theoretical foundations of VOFC were first introduced in the early 1990s, providing a rig-
orous mathematical framework for defining and analyzing variable-order fractional integrals and
derivatives [47]. Subsequent refinements extended these initial formulations, broadening their
applicability across multiple scientific disciplines [46]. To further enhance the modeling of sys-
tems with non-stationary power-law kernels, VOFC has been utilized to capture the memory and
hereditary properties of various physical processes [63]. Further developments have consolidated
the theoretical background of VOFC, establishing its potential as a fundamental tool in mathe-
matical modeling [33]. In the context of inequality theory, researchers have recently turned their
attention to fractional Hermite-Hadamard-type inequalities due to their significance in estimat-
ing integral bounds for convex functions. While these inequalities have been well-established for
classical fractional operators, their extension to variable-order fractional operators particularly
in two-variable systems remains a challenging and open problem.

New advancements in this field have provided different approaches to addressing this chal-
lenge. For example, recent studies have presented novel estimations of Hadamard-type inequal-
ities for various convex functions using tempered fractional integral operators, broadening the
applicability of fractional inequalities in mathematical analysis [24]. Further investigations have
introduced new Hermite-Hadamard-Mercer-type inequalities using a general family of fractional
integral operators, offering refined integral bounds for various classes of convex functions [51].
Moreover, this work has contributed to significant improvements in the Hermite-Hadamard
inequalities, especially for functions with layered structures, due to advances in conformable
fractional integrals [26]. Additionally, researchers have derived integral inequalities through
tempered fractional integral operators, further strengthening the theoretical framework for frac-
tional inequalities in convex analysis [25]. Finally, new estimations based on exponentially
convex functions have been explored using conformable fractional operators, opening new di-
rections for fractional inequality research [21]. Addressing this gap requires the introduction of
novel formulations for fractional integrals and the development of new bounds that account for
the dynamic nature of variable orders.
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Convexity theory plays a crucial role in numerous domains of pure and applied sciences.
Consequently, classical concepts related to convex sets and convex functions have been extended
in multiple directions. Functions form one of the fundamental structures in mathematics, and
extensive research has been conducted to classify and generalize different function spaces.

One of the most significant classes of functions emerging from these studies is convex functions,
which play a fundamental role in statistics, inequality theory, convex optimization, and numerical
analysis. Formally, convex functions can be defined as follows:

Let H be an interval in R. Then, ψ : H → R, ∅ ̸= H ⊆ R is said to be convex if

ψ(tκ1 + (1− t)κ2) ≤ tψ(κ1) + (1− t)ψ(κ2), (1)

for all κ1, κ2 ∈ H and t ∈ [0, 1].
For additional insights, refer to the works in [42,45,59]. The concept of convex functions has

a strong connection with the theory of inequalities, as many well-known inequalities are derived
using this concept. Readers interested in exploring the fundamentals of convexity are encouraged
to consult [11,12,20,22,57]. Among these inequalities, the Hermite-Hadamard inequality stands
out as one of the most extensively studied results. This inequality provides a necessary and
sufficient condition for a function to be convex. The classical Hermite-Hadamard inequality can
be stated as follows:

Let ψ : H ⊆ R → R be a convex mapping defined in the interval H of the real numbers
κ1, κ2 ∈ H, with κ1 < κ2. Then, one has

ψ

(
κ1 + κ2

2

)
≤ 1

κ2 − κ1

κ2∫
κ1

ψ (x) dx ≤ ψ (κ1) + ψ (κ2)

2
. (2)

In addition, it has been extended and transformed into various other integral inequalities through
the use of different types of fractional operators (see [23,34,49,60]). In [30], the authors proposed
the concept of coordinated convex functions defined over a rectangular region in the plane R2.

Definition 1. A function ψ : ∆ → R is said to be coordinated convex on ∆ if, for all
(κ1, κ2), (ρ1, ρ2) ∈ ∆ and t, s ∈ [0, 1], the following inequality holds:

ψ (tκ1 + (1− t)κ2, sρ1 + (1− s) ρ2) ≤ tsψ (κ1, ρ1) + s (1− t)ψ (κ2, ρ1)

+ t (1− s)ψ (κ1, ρ2) + (1− t) (1− s)ψ (κ2, ρ2) .
(3)

In [19], the author derived the following Hermite-Hadamard-type inequalities, analogous to
those in the one-dimensional case.

Theorem 1. Suppose that ψ : ∆ −→ R is co-ordinated convex on ∆. Then, one has the
inequalities:

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)

≤ 1

2

 1

κ2 − κ1

κ2∫
κ1

ψ

(
x,
ρ1 + ρ2

2

)
dx+

1

ρ2 − ρ1

ρ2∫
ρ1

ψ

(
y,
κ1 + κ2

2

)
dy


≤ 1

(κ2 − κ1)(ρ2 − ρ1)

κ2∫
κ1

ρ2∫
ρ1

ψ(x, y) dy dx

≤ 1

4

 1

κ2 − κ1

κ2∫
κ1

ψ(x, ρ1) dx+
1

κ2 − κ1

κ2∫
κ1

ψ(x, ρ2) dx

(4)
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+
1

ρ2 − ρ1

ρ2∫
ρ1

ψ(y, κ1) dy +
1

ρ2 − ρ1

ρ2∫
ρ1

ψ(y, κ2) dy


≤ 1

4
[ψ(κ1, ρ1) + ψ(κ1, ρ2) + ψ(κ2, ρ1) + ψ(κ2, ρ2)] .

(5)

These inequalities are sharp.

Numerous related results have been established in this area for various classes of convex
functions; see [8–10,28,31,38,39] and the references cited therein.

The concept of variable-order (VO) fractional integrals and derivatives, first introduced in
[46], has been increasingly developed and explored in recent years. Notably, there are three
primary approaches to establishing the mathematical foundation of VO fractional integrals and
derivatives: direct extensions from classical fractional operators [63], definitions based on Laplace
transforms [18], and formulations driven by physical motivations [22,35,43,53–55].

In this section, we present the existing definitions of fractional integral operators.

Definition 2. Let 0 < α (x) < 1 for all x ∈ [κ1, κ2] and ψ ∈ L1 (κ1, ρ1). Then, the left and
right-sided Riemann-Liouville fractional integrals of variable fractional order α (x) are defined
by

J
α(x)
κ1

+ ψ (x) =
1

Γ [α (x)]

x∫
κ1

ψ (t) (x− t)α(x)−1 dt, Re α (x) > 0 (6)

and

J
α(x)
ρ1−

ψ (x) =
1

Γ [α (x)]

ρ1∫
x

ψ (t) (t− x)α(x)−1 dt, Re α (x) > 0. (7)

respectively. Here, Γ is the Gamma function.

The classical Riemann-Liouville fractional integral operates with a fixed constant order of
integration α, whereas the variable-order definition allows the integration order α(x) to change
as a function of the variable x. In our case, α(x) varies across the integration domain, taking
different values at different points, while both α and the interval points change simultaneously.
This flexibility enables a graphical analysis that highlights the validity of the newly generalized
inequalities.

It is noteworthy that in [61] the authors was introduced the following intriguing Hermite-
Hadamard-type integral inequalities involving variable-order Riemann-Liouville fractional inte-
grals.

Theorem 2. ψ : [κ1, κ2] −→ R be a positive function with 0 ≤ κ1 < κ2 and ψ ∈ L1 [κ1, κ2]. If
it is a convex function on [κ1, κ2], then the following inequalities for fractional integrals hold:

ψ

(
κ1 + κ2

2

)
≤ 2α(x,y)−1Γ (α (x, y) + 1)

(κ2 − κ1)
α(x,y)

[
J
α(x,y)

κ+
1

ψ

(
κ1 + κ2

2

)
+ J

α(x,y)

κ−
2

ψ

(
κ1 + κ2

2

)]
≤ ψ (κ1) + ψ (κ2)

2
.

(8)

Based on Definition 2, the variable-order fractional Riemann-Liouville integral on the coordi-
nates can be defined as follows.
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Definition 3. Let ψ ∈ L1 ([κ1, κ2]× [ρ1, ρ2]) be a function. The variable-order Riemann-
Liouville fractional integral operators are defined as follows:

J
α(x,y),β(x,y)
κ1

+,ρ1+
ψ (x, y) =

1

Γ [α (x, y)] Γ [β (x, y)]

x∫
κ1

y∫
ρ1

(x− t)α(x,y)−1 (y − s)β(x,y)−1 ψ (t, s) dsdt,

x > κ1, y > ρ1.

(9)

J
α(x,y),β(x,y)

κ+
1 ,ρ−2

ψ(x, y)

=
1

Γ (α(x, y)) Γ (β(x, y))

x∫
κ1

ρ2∫
y

(x− t)α(x,y)−1 (s− y)β(x,y)−1 ψ(t, s) ds dt,

for x > κ1, y < ρ2.

(10)

and

J
α(x,y),β(x,y)

κ−
2 ,ρ+1

ψ(x, y)

=
1

Γ (α(x, y)) Γ (β(x, y))

κ2∫
x

y∫
ρ1

(t− x)α(x,y)−1 (y − s)β(x,y)−1 ψ(t, s) ds dt,

for x < κ2, y > ρ1.

(11)

J
α(x,y),β(x,y)

κ−
2 ,ρ−2

ψ(x, y)

=
1

Γ (α(x, y)) Γ (β(x, y))

κ2∫
x

ρ2∫
y

(t− x)α(x,y)−1 (s− y)β(x,y)−1 ψ(t, s) ds dt,

for x < κ2, y < ρ2.

(12)

Here, α (x, y) , β (x, y) > 0 and Γ is the Gamma function.

Similar to Definition 2 and Definition 3, for a given function ψ ∈ L1 ([κ1, κ2]× [ρ1, ρ2]), the
special variable-order Riemann-Liouville fractional integral operators are defined as follows:

i. Variable-Order Fractional Integrals Along the x -Direction (Fixed y).

J
α(x,y)

κ+
1

ψ

(
x,
ρ1 + ρ2

2

)
=

1

Γ (α(x, y))

x∫
κ1

ψ

(
t,
ρ1 + ρ2

2

)
(x− t)α(x,y)−1 dt,

for x > κ1.

(13)

J
α(x,y)

κ−
2

ψ

(
x,
ρ1 + ρ2

2

)
=

1

Γ (α(x, y))

κ2∫
x

ψ

(
t,
ρ1 + ρ2

2

)
(t− x)α(x,y)−1 dt,

for x < κ2.

(14)

ii. Variable-Order Fractional Integrals Along the y -Direction (Fixed x).

J
β(x,y)

ρ+1
ψ

(
κ1 + κ2

2
, y

)
=

1

Γ (β(x, y))

y∫
ρ1

ψ

(
κ1 + κ2

2
, s

)
(y − s)β(x,y)−1 ds,

for y > ρ1.

(15)
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J
β(x,y)

ρ+2
ψ

(
κ1 + κ2

2
, y

)
=

1

Γ (β(x, y))

y∫
ρ2

ψ

(
κ1 + κ2

2
, s

)
(y − s)β(x,y)−1 ds,

for y < ρ2.

(16)

These operators allow fractional integration to be applied along a single variable while keeping
the other variable fixed. Such special fractional integrals play a crucial role in modeling asym-
metric systems, anisotropic diffusion processes, and directional memory effects (see [29,40,41]),
where variable-order operators provide a more flexible framework for capturing spatially and
temporally varying behaviors.

Hermite-Hadamard-type inequalities for fixed-order Riemann-Liouville fractional integrals us-
ing convex functions of two variables on the coordinates, as presented in [48].

Theorem 3. Suppose that ψ : ∆ −→ R is coordinated convex on ∆ = [κ1, κ2]× [ρ1, ρ2]. In R2

and ψ ∈ L1 ([κ1, κ2]× [ρ1, ρ2]), then one has the inequalities:

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
≤ Γ (α+ 1)Γ (β + 1)

4 (κ2 − κ1)
α (ρ2 − ρ1)

β

×
[
Jα,β
κ1

+,ρ1+
ψ (κ2, ρ2) + Jα,β

κ1
+,ρ2−

ψ (κ2, ρ1) + Jα,β
κ2

−,ρ1+
ψ (κ1, ρ2) + Jα,β

κ2
−,ρ2−

ψ (κ1, ρ1)

]
≤ ψ (κ1, ρ1) + ψ (κ1, ρ2) + ψ (κ2, ρ1) + ψ (κ2, ρ2)

4
.

(17)

These inequalities are sharp.

In this paper, we introduce multivariate variable-order Riemann-Liouville fractional inte-
gral operators and establish newly formulated lower and upper bounds tailored for Hermite-
Hadamard-type inequalities. These operators not only generalize classical fractional operators,
but also provide a rigorous mathematical framework for analyzing systems with multidimen-
sional variable-order dynamics. By systematically defining these operators and exploring their
properties, we derive generalized Hermite-Hadamard inequalities for coordinated convex func-
tions. The novelty of this work lies in the formulation of new integral bounds and the application
of variable-order fractional operators to Hermite-Hadamard inequalities, bridging the gap be-
tween classical and dynamic fractional systems. These results establish a versatile mathematical
foundation for the analysis of multidimensional systems with spatially and temporally varying
behaviors. Additionally, this study paves the way for further exploration of variable-order frac-
tional calculus and its applications in diverse fields, including physics, engineering, and applied
mathematics.

2. New version of Hermite-Hadamard-type integral inequalities involving
variable-order fractional integrals

In this section, we establish Hermite-Hadamard-type inequalities for variable-order Riemann-
Liouville fractional integrals using convex functions of two variables on the coordinates. Further-
more, we derive a new version of the Hermite-Hadamard inequality adapted to the variable-order
fractional integral framework.

Theorem 4. Suppose that ψ : ∆ −→ R is coordinated convex on ∆ = [κ1, κ2] × [ρ1, ρ2] in R2

and also assume that ψ ∈ L1 ([κ1, κ2]× [ρ1, ρ2]). Furthermore, let the variable-order parameters
satisfy Re (α) > 0 and Re (β) > 0. Under these conditions, the following inequality holds for
the variable-order Riemann-Liouville fractional integrals:
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ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
≤ 2α(x,y)+β(x,y)−2Γ (α(x, y) + 1) Γ (β(x, y) + 1)

(κ2 − κ1)
α(x,y) (ρ2 − ρ1)

β(x,y)

×
[
J
α(x,y),β(x,y)

κ+
1 ,ρ+1

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ J

α(x,y),β(x,y)

κ+
1 ,ρ−2

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
(18)

+J
α(x,y),β(x,y)

κ−
2 ,ρ+1

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ J

α(x,y),β(x,y)

κ−
2 ,ρ−2

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)]
≤ ψ (κ1, ρ1) + ψ (κ1, ρ2) + ψ (κ2, ρ1) + ψ (κ2, ρ2)

4
.

Proof. Since ψ : ∆ −→ R is co-ordinated convex on ∆ = [κ1, κ2]× [ρ1, ρ2] in R2 and t, s ∈ [0, 1],
then we can write:

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
≤ 1

4

(
ψ

(
t

2
κ1 +

2− t

2
κ2,

s

2
ρ1 +

2− s

2
ρ2

)
+ ψ

(
t

2
κ1 +

2− t

2
κ2,

2− s

2
ρ1 +

s

2
ρ2

)
+ ψ

(
2− t

2
κ1 +

t

2
κ2,

s

2
ρ1 +

2− s

2
ρ2

)
+ ψ

(
2− t

2
κ1 +

t

2
κ2,

2− s

2
ρ1 +

s

2
ρ2

))
.

(19)

According to Definition 1, we obtain the following result:

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
≤ 1

4

[
ψ

(
t

2
κ1 +

2− t

2
κ2,

s

2
ρ1 +

2− s

2
ρ2

)
+ ψ

(
t

2
κ1 +

2− t

2
κ2,

2− s

2
ρ1 +

s

2
ρ2

)
+ψ

(
2− t

2
κ1 +

t

2
κ2,

s

2
ρ1 +

2− s

2
ρ2

)
+ ψ

(
2− t

2
κ1 +

t

2
κ2,

2− s

2
ρ1 +

s

2
ρ2

)]
≤ ψ (κ1, ρ1) + ψ (κ1, ρ2) + ψ (κ2, ρ1) + ψ (κ2, ρ2)

4
.

(20)

Thus, by multiplying both sides of (19) by (1− t)α(x,y)−1 . (1− s)β(x,y)−1 and then integrating
over [0, 1]× [0, 1], we obtain:

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
×

1∫
0

1∫
0

(1− t)α(x,y)−1 (1− s)β(x,y)−1 ψ(t, s) ds dt

≤ 1

4


1∫

0

1∫
0

(1− t)α(x,y)−1 (1− s)β(x,y)−1 ψ

(
t

2
κ1 +

2− t

2
κ2,

s

2
ρ1 +

2− s

2
ρ2

)
ds dt

+

1∫
0

1∫
0

(1− t)α(x,y)−1 (1− s)β(x,y)−1 ψ

(
t

2
κ1 +

2− t

2
κ2,

2− s

2
ρ1 +

s

2
ρ2

)
ds dt

+

1∫
0

1∫
0

(1− t)α(x,y)−1 (1− s)β(x,y)−1 ψ

(
2− t

2
κ1 +

t

2
κ2,

s

2
ρ1 +

2− s

2
ρ2

)
ds dt
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+

1∫
0

1∫
0

(1− t)α(x,y)−1 (1− s)β(x,y)−1 ψ

(
2− t

2
κ1 +

t

2
κ2,

2− s

2
ρ1 +

s

2
ρ2

)
ds dt


≤ ψ (κ1, ρ1) + ψ (κ1, ρ2) + ψ (κ2, ρ1) + ψ (κ2, ρ2)

4

×
1∫

0

1∫
0

(1− t)α(x,y)−1 (1− s)β(x,y)−1 ds dt.

(21)

By changing the variables in both sides of the integrals, we obtain

1∫
0

1∫
0

(1− t)α(x,y)−1 (1− s)β(x,y)−1 × ψ

(
t

2
κ1 +

2− t

2
κ2,

s

2
ρ1 +

2− s

2
ρ2

)
ds dt

=

(
2

κ2 − κ1

)α(x,y)−1( 2

ρ2 − ρ1

)β(x,y)−1

×


κ1+κ2

2∫
κ1

ρ1+ρ2
2∫

ρ1

(
κ1 + κ2

2
− x

)α(x,y)−1(ρ1 + ρ2
2

− y

)β(x,y)−1

ψ(x, y) dx dy


=

2α(x,y)2β(x,y)Γ[α(x, y)]Γ[β(x, y)]

(κ2 − κ1)
α(x,y) (ρ2 − ρ1)

β(x,y)

×
[
J
α(x,y),β(x,y)
κ1

+,ρ1+
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)]
.

(22)

On the other side, we have

1∫
0

1∫
0

(1− t)α(x,y)−1 (1− s)β(x,y)−1 dsdt =
1

α (x, y)β (x, y)
. (23)

This can be rewritten as

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
1

α(x, y)β(x, y)

≤ 2α(x,y)2β(x,y)Γ [α(x, y)] Γ [β(x, y)]

4 (κ2 − κ1)
α(x,y) (ρ2 − ρ1)

β(x,y)

[
J
α(x,y),β(x,y)
κ1

+,ρ1+
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ J

α(x,y),β(x,y)
κ1

+,ρ2−
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ J

α(x,y),β(x,y)
κ2

−,ρ1+
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ J

α(x,y),β(x,y)
κ2

−,ρ2−
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)]
≤ ψ (κ1, ρ1) + ψ (κ1, ρ2) + ψ (κ2, ρ1) + ψ (κ2, ρ2)

4α(x, y)β(x, y)
.

(24)

The proof is thus concluded. �

Remark 1. In Theorem 4, if we choose α (x, y) = 1 and β (x, y) = 1 then the inequalities (17)
become the inequalities (4).

Corollary 1. In Theorem 4, if we choose α (x, y) = α and β (x, y) = β, the following inequalities
are valid:
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ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
≤ 2α−12β−1Γ [α+ 1] Γ [β + 1]

(κ2 − κ1)
α (ρ2 − ρ1)

β

×
[
Jα,β
κ1

+,ρ1+
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ Jα,β

κ1
+,ρ2−

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
(25)

+Jα,β
κ2

−,ρ1+
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ Jα,β

κ2
−,ρ2−

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)]
≤ ψ (κ1, ρ1) + ψ (κ1, ρ2) + ψ (κ2, ρ1) + ψ (κ2, ρ2)

4αβ
.

Theorem 5. Suppose that ψ : ∆ −→ R is coordinated convex on ∆ = [κ1, κ2] × [ρ1, ρ2] in
R2, and assume that ψ ∈ L1 ([κ1, κ2]× [ρ1, ρ2]). Furthermore, let the variable-order parameters
satisfy Re (α) > 0 and Re (β) > 0. Under these assumptions, the following inequality holds for
the variable-order Riemann-Liouville fractional integrals:

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
≤ 2β(x,y)−2Γ [β (x, y) + 1]

(κ2 − κ1)
β(x,y)

×
[
J
β(x,y)
κ1

+ ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ J

β(x,y)
κ2

− ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)]
+
2α(x,y)−2Γ [α (x, y) + 1]

(ρ2 − ρ1)
α(x,y)

×
[
J
α(x,y)
ρ1+

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ J

α(x,y)
ρ2−

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)]
≤ 2β(x,y)−22α(x,y)−2Γ [α (x, y) + 1] Γ [β (x, y) + 1]

(κ2 − κ1)
β(x,y) (ρ2 − ρ1)

α(x,y)

×
[
J
α(x,y),β(x,y)
κ1

+,ρ1+
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ J

α(x,y),β(x,y)
κ1

+,ρ2−
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
(26)

+J
α(x,y),β(x,y)
κ2

−,ρ1+
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ J

α(x,y),β(x,y)
κ2

−,ρ2−
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)]
≤ 2α(x,y)−3Γ [α (x, y) + 1]

(κ2 − κ1)
α(x,y)

[
J
α(x)
κ1

+ ψ

(
κ1 + κ2

2
, ρ1

)
+ J

α(x)
κ1

+ ψ

(
κ1 + κ2

2
, ρ2

)
+J

α(x)
κ2

− ψ

(
κ1 + κ2

2
, ρ1

)
+ J

α(x)
κ2

− ψ

(
κ1 + κ2

2
, ρ2

)]
+
2β(x,y)−3Γ [β (x, y) + 1]

(ρ2 − ρ1)
β(x,y)

[
J
β(x)
ρ1+

ψ

(
κ1,

ρ1 + ρ2
2

)
+ J

β(x)
ρ1+

ψ

(
κ2,

ρ1 + ρ2
2

)
+J

β(x)
ρ2−

ψ

(
κ1,

ρ1 + ρ2
2

)
+ J

β(x)
ρ2−

ψ

(
κ2,

ρ1 + ρ2
2

)]
≤ ψ (κ1, ρ1) + ψ (κ1, ρ2) + ψ (κ2, ρ1) + ψ (κ2, ρ2)

4
.

Proof. Let ψ : ∆ −→ R be coordinated convex on ∆ = [κ1, κ2] × [ρ1, ρ2] ⊂ R2. It follows that
the mapping φx(y) = (x, y), where φx : [ρ1, ρ2] −→ R, is convex on [ρ1, ρ2] for all x ∈ [κ1, κ2].
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Then, by using inequalities (7), we can write

φx

(
ρ1 + ρ2

2

)
≤ 2α(x,y)−1Γ [α (x, y) + 1]

(ρ2 − ρ1)
α(x,y)

[
J
α(x,y)
ρ1+

φx

(
ρ1 + ρ2

2

)
+ J

α(x,y)
ρ2−

φx

(
ρ1 + ρ2

2

)]
≤ φx (ρ1) + φx (ρ2)

2
, x ∈ [κ1, κ2] .

(27)

That is,

ψ

(
x,
ρ1 + ρ2

2

)

≤ 2α(x,y)−1α (x, y)

(ρ2 − ρ1)
α(x,y)


ρ1+ρ2

2∫
ρ1

(
ρ1 + ρ2

2
− y

)α(x,y)−1

ψ (x, y) dy

+

ρ2∫
ρ1+ρ2

2

(
y − ρ1 + ρ2

2

)α(x,y)−1

ψ (x, y) dy


≤ ψ (x, ρ1) + ψ (x, ρ2)

2
.

(28)

By multiplying both sides of (27) by 2β(x,y)−1β(x,y)

(κ2−κ1)
β(x,y)

(
κ1+κ2

2 − x
)β(x,y)−1

and integrating with re-

spect to x over
[
κ1,

κ1+κ2
2

]
, we obtain

2β(x,y)−1β (x, y)

(κ2 − κ1)
β(x,y)

κ1+κ2
2∫

κ1

(
κ1 + κ2

2
− x

)β(x,y)−1

ψ

(
x,
ρ1 + ρ2

2

)
dx

≤ 2α(x,y)−1α (x, y) 2β(x,y)−1β (x, y)

(ρ2 − ρ1)
α(x,y) (κ2 − κ1)

β(x,y)

×

[ κ1+κ2
2∫

κ1

ρ1+ρ2
2∫

ρ1

(
κ1 + κ2

2
− x

)β(x,y)−1

×
(
ρ1 + ρ2

2
− y

)β(x,y)−1

ψ (x, y) dx dy

+

κ1+κ2
2∫

κ1

ρ2∫
ρ1+ρ2

2

(
κ1 + κ2

2
− x

)β(x,y)−1

×
(
y − ρ1 + ρ2

2

)α(x,y)−1

ψ (x, y) dx dy

]
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≤ 2β(x,y)−1β

(κ2 − κ1)
β(x,y)

[ κ1+κ2
2∫

κ1

(
κ1 + κ2

2
− x

)β(x,y)−1

ψ (x, ρ1) dx (29)

+

κ1+κ2
2∫

κ1

(
κ1 + κ2

2
− x

)β(x,y)−1

ψ (x, ρ2) dx

]
.

Similarly, multiplying (27) by 2β(x,y)−1β(x,y)

(κ2−κ1)
β(x,y)

(
x− κ1+κ2

2

)β(x,y)−1
and integrating with respect to

x over
[
κ1+κ2

2 , κ
2

]
respectively, we have

2β(x,y)−1β (x, y)

(κ2 − κ1)
β(x,y)

κ2∫
κ1+κ2

2

(
x− κ1 + κ2

2

)β(x,y)−1

ψ

(
x,
ρ1 + ρ2

2

)
dx

≤ 2α(x,y)−1α (x, y) 2β(x,y)−1β (x, y)

(ρ2 − ρ1)
α(x,y) (κ2 − κ1)

β(x,y)

[ κ2∫
κ1+κ2

2

ρ1+ρ2
2∫

ρ1

(
x− κ1 + κ2

2

)β(x,y)−1

×
(
ρ1 + ρ2

2
− y

)β(x,y)−1

ψ (x, y) dx dy +

κ1∫
κ1+κ2

2

ρ1∫
ρ1+ρ2

2

(
x− κ1 + κ2

2

)β(x,y)−1

×
(
y − ρ1 + ρ2

2

)α(x,y)−1

ψ (x, y) dx dy

]

≤ 2β(x,y)−1β (x, y)

(κ2 − κ1)
β(x,y)

[ κ2∫
κ1+κ2

2

(
x− κ1 + κ2

2

)β(x,y)−1

ψ (x, ρ1) dx

+

κ1+κ2
2∫

κ2

(
κ1 + κ2

2
− x

)β(x,y)−1

ψ (x, ρ2) dx

]
.

(30)

In the same way, from the inequality of (7) as φy (x) = (y, x), φy : [κ1, κ2] −→ R is convex on
[κ1, κ2] for all y ∈ [ρ1, ρ2], we have

φy

(
κ1 + κ2

2

)
≤ 2β(x,y)−1Γ [β (x, y) + 1]

(κ2 − κ1)
α(x,y)

[
J
β(x,y)
ρ1+

φy

(
κ1 + κ2

2

)
+J

β(x,y)
ρ1−

φy

(
κ1 + κ2

2

)]
≤ φy (κ1) + φy (κ2)

2
, y ∈ [ρ1, ρ2] .

(31)

That is,

ψ

(
κ1 + κ2

2
, y

)
≤ 2β(x,y)−1β (x, y)

(κ2 − κ1)
β(x,y)


κ1+κ2

2∫
κ1

(
κ1 + κ2

2
− x

)β(x,y)−1

ψ (x, y) dx
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+

κ1∫
κ1+κ2

2

(
x− κ1 + κ2

2

)α(x,y)−1

ψ (x, y) dx


≤ ψ (y, κ1) + ψ (y, κ2)

2
.

(32)

Then, multiplying both sides of (31) by 2α(x,y)−1α(x,y)

(κ2−κ1)
α(x,y)

(ρ1+ρ2
2 − y

)α(x,y)−1
and, integrating with

respect to y over
[
ρ1,

ρ1+ρ2
2

]
respectively, we have,

2α(x,y)−1α (x, y)

(κ2 − κ1)
α(x,y)

ρ1+ρ2
2∫

ρ1

(
ρ1 + ρ2

2
− x

)α(x,y)−1

ψ

(
ρ1 + ρ2

2
, y

)
dy

≤ 2α(x,y)−1α (x, y) 2β(x,y)−1β (x, y)

(ρ2 − ρ1)
α(x,y) (κ2 − κ1)

β(x,y)
κ1+κ2

2∫
κ1

ρ1+ρ2
2∫

ρ1

(
κ1 + κ2

2
− x

)β(x,y)−1(ρ1 + ρ2
2

− y

)β(x,y)−1

ψ (x, y) dx dy

+

κ1+κ2
2∫

κ2

ρ1∫
ρ1+ρ2

2

(
κ1 + κ2

2
− x

)β(x,y)−1(
y − ρ1 + ρ2

2

)α(x,y)−1

ψ (x, y) dx dy



≤ 2β(x,y)−1β (x, y)

(ρ2 − ρ1)
β(x,y)


κ1+κ2

2∫
κ1

(
κ1 + κ2

2
− x

)β(x,y)−1

ψ (x, κ1) dy

+

κ1+κ2
2∫

κ1

(
κ1 + κ2

2
− x

)β(x,y)−1

ψ (x, κ2) dy

 .

(33)

Similarly, if we multiply (31) by 2α(x,y)−1α(x,y)

(κ2−κ1)
α(x,y)

(
y − ρ1+ρ2

2

)α(x,y)−1
and integrating with respect

to y over
[ρ1+ρ2

2 , ρ
2

]
respectively, we have,

2α(x,y)−1α (x, y)

(ρ2 − ρ1)
α(x,y)

ρ2∫
ρ1+ρ2

2

(
x− ρ1 + ρ2

2

)α(x,y)−1

ψ

(
y,
κ1 + κ2

2

)
dy

≤ 2α(x,y)−1α (x, y) 2β(x,y)−1β (x, y)

(ρ2 − ρ1)
α(x,y) (κ2 − κ1)

β(x,y)
κ1∫

κ1+κ2
2

ρ1+ρ2
2∫

ρ2

(
x− κ1 + κ2

2

)β(x,y)−1(ρ1 + ρ2
2

− y

)β(x,y)−1

ψ (x, y) dx dy

+

κ2∫
κ1+κ2

2

ρ2∫
ρ1+ρ2

2

(
x− κ1 + κ2

2

)β(x,y)−1(
y − ρ1 + ρ2

2

)α(x,y)−1

ψ (x, y) dx dy


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≤ 2α(x,y)−1α (x, y)

(ρ2 − ρ1)
α(x,y)

[∫ κ1

κ1+κ2
2

(
x− κ1 + κ2

2

)α(x,y)−1

ψ (y, κ1) dy

+

κ1+κ2
2∫

κ1

(
κ1 + κ2

2
− x

)α(x,y)−1

ψ (y, κ2) dy

 .
(34)

By adding inequalities (28), (29), (32), and (33), and then dividing by 2, we obtain

2β(x,y)−2Γ [β (x, y) + 1]

(κ2 − κ1)
β(x,y)

×
[
J
β(x,y)
κ1

+ ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ J

β(x,y)
κ2

− ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)]
+
2α(x,y)−2Γ [α (x, y) + 1]

(ρ2 − ρ1)
α(x,y)

×
[
J
α(x,y)
ρ1+

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ J

α(x,y)
ρ2−

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)]
≤ 2α(x,y)−12β(x,y)−1Γ [α (x, y)] Γ [β (x, y)]

(κ2 − κ1)
α(x,y) (ρ2 − ρ1)

β(x,y)[
J
α(x,y),β(x,y)
κ1

+,ρ1+
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ J

α(x,y),β(x,y)
κ1

+,ρ2−
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+J

α(x,y),β(x,y)
κ2

−,ρ1+
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
+ J

α(x,y),β(x,y)
κ2

−,ρ2−
ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)]
≤ 2α(x,y)−3Γ [α (x, y) + 1]

(κ2 − κ1)
α(x,y)[

J
α(x)
κ1

+ ψ

(
κ1 + κ2

2
, ρ1

)
+ J

α(x)
κ1

+ ψ

(
κ1 + κ2

2
, ρ2

)
+ J

α(x)
κ2

− ψ

(
κ1 + κ2

2
, ρ1

)
+J

α(x)
κ2

− ψ

(
κ1 + κ2

2
, ρ2

)]
+
2β(x,y)−3Γ [β (x, y) + 1]

(ρ2 − ρ1)
β(x,y)[

J
β(x)
ρ1+

ψ

(
κ1,

ρ1 + ρ2
2

)
+ J

β(x)
ρ1+

ψ

(
κ2,

ρ1 + ρ2
2

)
+ J

β(x)
ρ2−

ψ

(
κ1,

ρ1 + ρ2
2

)
+J

β(x)
ρ2−

ψ

(
κ2,

ρ1 + ρ2
2

)]
.

This yields the second and third inequalities in (25). Now, substituting x = κ1+κ2
2 into the

left-hand side of inequality (27), we obtain:

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)

≤ 2β(x,y)−1β (x, y)

(κ2 − κ1)
β(x,y)

κ1+κ2
2∫

κ1

(
κ1 + κ2

2
− x

)β(x,y)−1

ψ

(
x,
ρ1 + ρ2

2

)
dx
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+

κ2∫
κ1+κ2

2

(
x− κ1 + κ2

2

)β(x,y)−1

ψ

(
x,
ρ1 + ρ2

2

)
dx. (35)

Next, by substituting y = ρ1+ρ2
2 into the left-hand side of inequality (31), we obtain:

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)

≤ 2α(x,y)−1α (x, y)

(κ2 − κ1)
α(x,y)

ρ1+ρ2
2∫

ρ1

(
ρ1 + ρ2

2
− y

)α(x,y)−1

ψ

(
y,
κ1 + κ2

2

)
dy

+

ρ2∫
ρ1+ρ2

2

(
y − ρ1 + ρ2

2

)α(x,y)−1

ψ

(
y,
κ1 + κ2

2

)
dy.

(36)

By adding inequalities (35) and (36) side by side and then dividing by 2, we obtain the following
inequality:

ψ

(
κ1 + κ2

2
,
ρ1 + ρ2

2

)
≤ 2β(x,y)−2Γ [β (x, y) + 1]

(κ2 − κ1)
β(x,y)

[
J
β(x,y)
κ1

+ ψ

(
κ2,

ρ1 + ρ2
2

)
+ J

β(x,y)
κ2

− ψ

(
κ1,

ρ1 + ρ2
2

)]
+

2α(x,y)−2Γ [α (x, y) + 1]

(ρ2 − ρ1)
α(x,y)

[
J
α(x,y)
κ1

+ ψ

(
κ1 + κ2

2
, ρ2

)
+ J

α(x,y)
κ2

− ψ

(
κ1 + κ2

2
, ρ1

)]
.

(37)

The inequality in (37) corresponds to the first inequality in Theorem 5.
Finally, by utilizing the second inequality in (7) and substituting y = ρ1 into the right-hand

side of inequality (31), we obtain:

2β(x,y)−1β

(κ2 − κ1)
β(x,y)


κ1+κ2

2∫
κ1

(
κ1 + κ2

2
− x

)β(x,y)−1

ψ (x, ρ1) dx

+

κ1∫
κ1+κ2

2

(
x− κ1 + κ2

2

)β(x,y)−1

ψ (x, ρ1) dx


≤ ψ (κ1, ρ1) + ψ (κ2, ρ1)

2
.

(38)

And similarly, by assuming, y = ρ2

2β(x,y)−1β

(κ2 − κ1)
β(x,y)


κ1+κ2

2∫
κ1

(
κ1 + κ2

2
− x

)β(x,y)−1

ψ (x, ρ2) dx

+

κ1∫
κ1+κ2

2

(
x− κ1 + κ2

2

)β(x,y)−1

ψ (x, ρ2) dx


≤ ψ (κ1, ρ2) + ψ (κ2, ρ2)

2
.

(39)
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Likewise, by assuming x = κ1 on the right-hand side of inequality (27), we obtain:

2α(x,y)−1α

(ρ2 − ρ1)
α(x,y)


ρ1+ρ2

2∫
ρ1

(
ρ1 + ρ2

2
− y

)α(x,y)−1

ψ (κ1, y) dy

+

ρ2∫
ρ1+ρ2

2

(
y − ρ1 + ρ2

2

)α(x,y)−1

ψ (κ1, y) dy


≤ ψ (κ1, ρ1) + ψ (κ1, ρ2)

2

(40)

and by assuming x = κ2 on the right-hand side of inequality (27), we obtain:

2α(x,y)−1α

(ρ2 − ρ1)
α(x,y)


ρ1+ρ2

2∫
ρ1

(
ρ1 + ρ2

2
− y

)α(x,y)−1

ψ (κ2, y) dy

+

ρ2∫
ρ1+ρ2

2

(
y − ρ1 + ρ2

2

)α(x,y)−1

ψ (κ1, y) dy


≤ ψ (κ2, ρ1) + ψ (κ2, ρ2)

2
.

(41)

When the inequalities from (38) to (41) are added side by side and then divided by 4, the fourth
inequality of Theorem 5 is obtained. �

Remark 2. In Theorem 5 if we choose α (x, y) = 1 and β (x, y) = 1, then the inequalities (25)
become the inequalities (4).

3. Conclusion

In this study, we established new Hermite-Hadamard-type inequalities for coordinated convex
functions using multivariate variable-order Riemann-Liouville fractional integrals. By incorpo-
rating variable-order operators, we provided a more flexible and generalized framework that
extends classical fractional inequalities to systems with dynamically changing fractional orders.
Future research may explore new versions of the inequalities derived in this work by utilizing dif-
ferent convexity definitions in various coordinate systems. Additionally, novel and more refined
inequalities can be obtained by employing alternative formulations of variable-order fractional
integrals, further expanding the applicability of fractional calculus in mathematical analysis and
applied sciences.
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