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1. Introduction

Let H be a separable Hilbert space. In the Hilbert space H; = L,([0, x|, H), we consider the self-adjoint operator L generated by the
differential expression

) ==y (0 + QLy(x) (1.1)
with the semi-periodic boundary conditions
y(0)=—y(m),  y(©0)=-y(n). (1.2)

Suppose that the operator function Q(x) in the expression £(y) satisfies the following conditions:

(1) For Vx € [0, 7],Q(x) : H — His a self-adjoint nuclear operator. Moreover, Q(x) has continuous derivative of second order with
respect to the norm in space o1 (H) in the interval [0, 7] and for x € [0, r], Q® (x) : H— H are self-adjoint operators (i = 1, 2). Here
o1(H) is the space of nuclear operators from Hto Has in [1].

(2) sup [[QX) [ <4

[0,7]
(3) There is an orthonormal basis {gn}5 of the space H such that

> Q)¢ < oo

n=1

(4) Q(0)=Q'(r)=0.
Let Lo be the operator generated by the differential expression £o(y) = —y” (x) with the boundary conditions (1.2). The spectrum of
the operator Ly is the set {(2m - 1)2}$=1 and every point of this set is an eigenvalue of Ly with infinite multiplicity. The orthonormal
eigenfunctions corresponding to the eigenvalue (2m — 1)? have the form

[2 2
— cos(2m —1)x - ¢p, \/jsin(Zm—Ux-(pn, n=12---.
bid b4
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/2 [2 .
Yin =/ — COSX-@n, VYan =1/ —SIiNX-@p,
s T
2 2
Y3pn =14/ —COS3X-@n, Yan= 1/ —SiN3Xx-@p,--- (1.3)
T T

=1 pu2=1 pu3=9 us=9: -

For convenience, we denote

Let Ra and R, be resolvents of the operators Lo and L, respectively. The following theorem has been proved in [2].
Theorem 1.1 ([2, Theorem 1])
Spectrum of the operator L is the subset of the intervals

Q=[2m-1)2—Qln, 2m—1)*+[Qllx,] m=1,2,---

which are pairwise disjoint and

1. Every point different from (2m — 1), belonging to the interval Q, of the spectrum of the operator L is a discrete eigenvalue,
whose multiplicity is finite.

2. (2m — 1)? may be the eigenvalue, whose multiplicity is finite or infinite of the operator L.

3. The equality n[)moo Amn = (2m—1)2 holds. Here {Amn}52, are the eigenvalues, belonging to the interval &2, of the operator L and

each eigenvalue has been repeated according to its multiplicity.

Moreover, the first regularized trace formula

> Z(Amn—Z(Zm—1)2)—%/tro(x)dx =0
m=1 | n=1 0

has been obtained for the self-adjoint operator L in [2]. Note that the first regularized trace formulas for the problem (1.1) and (1.2) was
founded in the scalar case in [3,4].
In this paper, we will obtain the second regularized trace formula

T b1 T 2
gy 4 A2m—1)2 1 5 1 3
m; > (A —22m-1h - T/tro(x)dx— ;/trQ (x)dx — St O/Q(x)dx =0

n=1 0 0

for the operator L.

The trace formulas for the scalar differential operators have been found by Gelfand and Levitan [5], Dikii [6, 7], Halberg and Kramer [3],
and many others. The current situation of this subject and studies related to it are presented in this comprehensive survey papers [8, 9].

The trace formulas of the abstract self-adjoint operators with continuous spectrum were first analyzed by Krein [10]. In this work, he
also proved the formula, which had been obtained earlier [11] through physical theories in quantum statistics and crystal theory, math-
ematically. The trace formulas related to the Sturm-Liouville problem with bounded self-adjoint operator given an infinite interval and
having a continuous spectrum were considered in [12,13]. The Faddev’s study of the regularized trace formula for the Sturm-Liouville
equation with the matrix coefficient in [14] has been predecessor for [12,13].

Note that the trace formulas are used in the inverse problems of spectral analysis of differential equations (see, for example, [8]) and
have applications in the approximate calculation of eigenvalues of the related operator [6, 7].

2. Some formulas about the operator QR‘)’L

The formula

o 0o 00 1 ~ 5
”(RFRA)_ZZ( ) (2m—1)2—/\)

is true for every A, which belongs to the resolvent set of L (see [2]). By multiplying with 2)‘—;, both sides of this equality and integrating
over the circle |A| = by = (2p — 1) + 4p, we obtain

1 P
P / Atr(Ry, —RO)dA =Y Y (22m—1)* =A%) 2.1)
m=1n=1

Mlsz
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From R;, —R9 = —R, QRS and (2.1), we obtain

N

p oo ,
D (A —2@m—1") = 3 M+ M

m=1n=1 j=1

Here, N is an integer,

m = VT A2tr[RY (QRY )1
P 2wi ATTTA
[Al=bp
and
y (- T)N 52 0 \N+1
N = tr[Ry, QRN "]dA.

Ml =bp
The following formula can be proved similarly to Theorem 2 in [2]

. —1)/
Mﬁl7 = (m'j) / ktr(QR Yda.

[Al=b,

From relations (1.3) and (2.4), we write

'gi_\

[

|
)=

>~
K
K

(QRS Wimn, Yimn)y, dA

dA

1
(Ql/fmn: Wmn)H1 27_” /

A= m
m=1n=1 Ml_bp

T

4 P 2 2 22
= X_: Z 2m—-1) /(Q(x)<p,,, ¢n)y[cos”(2m — 1)x + sin“(2m — 1)x] dx
=ln= 0

T

p
Z 2m—1)2/trO(x)dx

0

:Hh

Now, we shall compute M,z,. From (2.4), we write

2 1 0)?2 1 o v 0)2
Mp = E / Atr (QRA) dr = ﬁ / A Z Z ((QRA) Ymn, Wmn) dA.

=1n= H
|A|=bp W:bp m=1n=1 1

Moreover, we know that

and

(QRA) Ymn = (Um —A)~ QR (Q¥rmn)

= (um =27 QR 3 30Dt = 1) (Qmn Wirg)yy Qg

r=1q=1

Substituting (2.7) in (2.6), we obtain

- XX XX (Q¥mn, qu)f-h (QVrrg, I/fmn)f-n
M2 = f A ZZZZ: C—pmG—pn | ¥

Ml_b m=1n=1r=1qg=
=0p

3 oo [e. ol e ol o] , .l /\
=220 2 1QUmn Vg, 5~ gy

|A1=bp

(2.3)

(2.4)
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2p o0 2p o© 5
= Q¥mn, 2 -
m=1r§r=1c;|( v qu)hh' 27i ’ i (A= pm)(A — l/«r)
=bp
2p o0 oo 1 Y
+ Z Z ZKQV/mn:‘//rq)H ?— / ————dA+
m=1n=1r=2p+1q=1 1 2”’|M_b (A= pm)A = pr)
=bp
00 oo 2p oo 1
D D 30 3 [ I e B e remrat:)
m=2p+1n=1r=1g=1 b2m ,I/U:bp (A = pm) (A — pr)

A

o0 oo oo oo 5 A
+ 21;“0‘/""""”"7)%' 27i / = mG—n "

m=2p+1n=1r=2p+ |A|=b,

> 1(QVmn, Vg, 1P+

$23000 3 D@ v P
1g9=1 Hm

m=1n=1r=2p+

|(QWmn, Yrg), 1>~

Il
™8 1
|Mg
i™g |

2p oo 00 =9
DI (Fr R (LN

=1

3
[}
S
I
~
1
'U
£
Q

2p oo 2p o [oe] L+
=Y DolQumlz =3 > > Z =" (QY'mn, Yrg)u, |*
m=1n=1 m=1n=1r=2p+1qg= 1“ —Hm
Here, if we take
2p [oe]
Mr+ [

ap =ap(n,q) = Z Z - m|(Q‘/fmnrl/frq)H1|

m=1r=2p41 Hr —Hm

then we write

2p oo 00 00
= 21 21 1QUmall2, =" Y 2.8)

n=1g=1

Qap = ap1 + op2 + ap3 (2.9)
where
p o 2 2 | F 2
_ @r—=1)"+@2m-1) /
=272 X)¢n, cos2(m —r)x dx
m=1r=p+1 0
T 2
+ /(Q(X)(pn: @gq)H sin 2(m —r)x dx
P 2 2| 7 2
_ @r=1)"+2m-1) /
=272 X)@n, cos2(m+r—1)xdx
opy =27 Z Z I —@m_1) (QX)en, ¢q)H (m+ )
m=1r=p+1 0
P 0 2 2 2
_ Qr—12+02m-1) / .
=272 X)@n, sin2(m+r—1)xdx
ap3 b/ Z Z 2r—1)2—(@m—1)? (QX)¢n, @q)H (m+ )
m=1r=p+1
Copyright © 2012 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2012, 35 2185-2197

85UB017 SUOILOD AR 3cedt dde 8y} Aq peueAoB 812 Sa[o1Le YO 9SO S9IN1 10) Al BUIIUO A8]IAA UO (SUOIPUO-PUE-SWLBI /LIS A8 | 1M Aleq Ul |UO//:SdNY) SUONIPUOD pue SWie | 84} 88S *[520Z/0T/yT] Uo ARiqiauluo AS|IM | AISBAIIN YIUXRL ZIP|IA - UBSSIIED Xepnd|iziy epes Ad £952 BLIL/ZO0T 0T/I0p/od A8 i Akeiq | uljuo//:sdny wol) papeo|umod ‘8T 'ZT02 ‘9/yT660T



A.BAYRAMOV, S. K. CALISKAN AND F. A. AKGUN

oo 00
Now we shall find a formulafor >~ > «p1. For the expression a1, we can write
n=1g=1

T 2

0 _ 12
apl = 2772 Z Z (1 + 2@m —1) ) /(Q(x)gon, ©q)H €Os 2ix dx
i 0

2r—1)2—(2m—1)2

=1 r—m=i
m<p

r>p (2.10)
2

b1
+ /(Q(X)gon, ©g)H sin 2ix dx
0

Incasei<p

2m—1)? = Qp—j)—1)7?
2z (2r—1)2—(2m—1)2_;(2(p—j+i)—1)2—(2(p—j)—1)2

Ir—nrgjl
r>p
_"21(2(;)—/')—1 +0)?=2Q2(p—j) =1+ )i+ 7 @1
B = 4i2(p—j) —1+1)

i—=1

2 1T 1-=2i i
T g
For any integers p and i, we let
E={(rm)y:rmeN, r—m=i,m<p; r>p}
Then using (2.11), we write

202m—1)? . 2m-1)?
2 (1+(2r—1)2—(2m—1)2)_l+2 2 C@r—12—(m-1y2

m,reE r—m=i

m=<p
r>p (2.12)
It is easy to see that
p
i 1
B
2j:p_i+12/—1+l p

From here and (2.12), we obtain

a2
Z(H( 2@m—1) ):p+,-20(p—1), (i <p) 213)

— 12— —_1)2
ek 2r—1)2—(2m-—1)

Here, O(p~") depends on p and i, and it satisfies the inequality

|O(p_1 )| < const. p~!

In a similar form, we can show that

22m—1)2 3
erG:E(1 i (2’—1)2—(2m—1)2) =00 (2.14)

fori> p.Here, O(p) depends on p and i, and it satisfies the inequality

|O(p)| < const.p
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From (2.10), (2.13), and (2.14), we obtain

2
o0

T
ap1 = 271;_2p Z /(Q(X)(pn, ﬁﬁq)H cos 2ix dx
0

i=1
2

T
+ /(Q(X)%, @g)H sin2ixdx| ¢ +
0

P 2

p
+Y o™ / (Q(X)@n, ¥q)H €Os 2ix dx
i=1 0
2

T
+ / (Q(X)¢n, pg)Hsin2ixdx| o + (2.15)
0

2

o0 T
+ Z O(p) / (Q(X)@n, @q)H €OS 2ix dx
i=p+1 0

2

b1
+ /(Q(X)QDn, ©q)H sin 2ix dx
0

:’t T
=2 f |@W¢n, wnl” dx— £ / 1(Q)¢n, ¢ dx
0 0

M @3]
+ ®p + oy

Here,

2
p T
|Ol,()11)| = ZIZO(p_1) /(Q(x)<p,,, ©g)H sin 2ix dx| +
0

i=1
x 2

+ /(Q(x)wn, @q)H sin 2ix dx (2.16)
0

m
< const.p~! / Q' (X)@n, q)n|*dx
0

and
00 T 2
D=1 o) / (QX)¢n, @g)sin2ixdx| +
i=p+1 0
2

m
+ /(Q(X)(pn, ©q)H Sin 2ix dx (2.17)
0
4
< const.p’ / 1@ (O n, va)nldx.
0

To obtain these inequalities, we used conditions (1) and (4).
From (2.15)-(2.17), we obtain

00 o0 p T p 4 2
Z Z oap1 = - / tr Q2 (x)dx — ?tr /Q(x)dx +0(p™h (2.18)
0 0

n=1g=1
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because Q(x) satisfies the conditions (1) and (4), it can be shown that

(o ole o)
Z Z apj| < const. =, (=23). (2.19)
n=1qg=1
2p o0
Now, let us compute thesum > > [|Q¥mn H#:
m=1n=1
2p oo 2 p oo T
> 10Ul =2 3 3 | [ (@gngnncostzm — yx
m=1n=1 d m=1n=1 0
T
+ [ @ 0gn gaysin® @m — 1xd 220
0
2 b
2 / tr Q2 (x)dx.
T
0
From (2.8), (2.9), and (2.18)—(2.20), we obtain
T g 2
M2 = g/tr Q(x)dx + %tr /Q(x)dx +op ). (2.21)
0 0

3. The second regularized trace formula for the operator L

In this section, we will obtain the second regularized trace formula for the operator L. For this, we will first show that the formulas

. i .
pll)moo My, =0, j=3, (3.1
lim Mpy=0, N=>6. (3.2)
p—>00
are satisfied.
The inequalities
QR lloy iy <€ 1RSIl <Cp™ " [IRA Iy < Cp™", (1A] = bp) (3.3)

are true (see [2]). Here, C > 0 is a constant. From (2.4), (3.3), and condition (2), we have

J| 0 14 0/
Myl = / MrQRY Y| < 57 / 1QRSIE, gy 1A
[Al=bp [Al=bp
b . b o
<2 J A 2] <=2 [T
[Al=bp [A]=bp
db ) . .
< —j” 47 dA <GPS (G > 0)
T

[Al=bp
This gives
. i .
pILmoo M, =0, (j=6),

but we claim that this is true also for j = 3,4, 5. Now, let us prove formula (3.1) forj = 3.

s 1 i AdA
Mp = 37,,-2222 ZI/ (Mm—l)(ﬂr—l)(ﬂk—l)x

X (QYmn, Vig)Hy < (QVrg, Yk Hy X (QUkis Wmn)H

(3.4)
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Let us take
F(m,r k) = Z Z Z (Q\/:(cos(Zm — Dx +sin(2m — 1)x)¢n, \/;(cos(Zr — 1)x +sin(2r— 1)x)qoq>
n=1qg=1I=1 Hy
X (Q\/Z(cos(Zr — 1)x 4 sin(2r — 1)x)gq, \/g(cos(zk — 1)x 4 sin(2k — 1)x)g0,)
Hy
X <Q\/E(cos(2k — D)x +sin(2k — 1)x)¢y, \/g(cos(Zm — 1)x + sin(2m — 1)x)<p,,)
Hi
Because F(m, r, k) = F(r,m, k) = F(k,m,r) = F(k,r,m) = F(m, k,r) = F(r,k, m) and from (3.4), we obtain
T 2 & AdA
M=% 3 3 / F(m, 1, k)
e P k=p 11325, A=2m=1))A - @2r=1)HA - (2k-1)?)
1 4 p o] Lda
I D D B a7 v e L
m=1 ,=1 k=p+1M|=bp
m#r
1T & & A dA
ta 2 | aamima— @t
TP A=, (3.5)
P %) e} 2
2m-—1)
= 2 F ’ Ik
mg r=§i-1k=p+1 (@ =02 = @m—2)(@k—12—@m—12) ™"k
14 p o0 2
2m—-1)
43D X F(m,r, k)
= T kg (2m—=1)2—Q2r—1)2)(2m—1)2 - (2k—1)2)
m#r
4 0 2
(2k—1)
_2 Z Z F(m, m, k)
1 ke ((k—1)2—(2m —1)2)2
Let
0 x0 x0 T
Fr(m,r,k) =873 Z Z Z/ (Q(X)@n, ¢q),, cos 2(m — r)x dx
n=1qg=11=1
1
X / (QX)@g, 1), cos 2(r — k)x dx (3.6)
0
1
[ @@ogn gnycos 2k~ myx i,
0
Fa(m,r, k) = F(m,r, k) — F1(m, r, k), (3.7)
P o0 o0 2
2m—-1)
A=Y > > Fi(m, k), (3.8)
et e ke (r—=12—2m—-1)2)(2k—1)2 —(2m—1)2)
14 p 0 2
2m—-1)
Bpi = Fi(m,r k), (3.9
P n; ,2 k;ﬂ @m—12 =@ —1)@m=12 = @k=1y) ™"k
m#r
Cpi = Xp: i 2k —1)° Fi(m, m, k) (i=1,2) (3.10)
pi = i\m, rrl, K, =1 .
=1 kit ((2k—1)2 —(2m —1)2)2
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From (3.6), we obtain
Fi(m,r,k) = F1(m,k,r), F1(m,m, k) = F1(m, k, k)

From here and (3.8), we have

p 00

Ay =2 @m -1 Fr(m,r,k
=22 ) Z (@ 12— @m0 k=12 —@m—1p) Mot

m=1 r=p+1 k=p+1

r>k (3.11)
2m—1)?
+ F1(m,m, k),
mZ1 k_% (2k—1)2—(2m-1)?)

In a similar form, we can show that

2k —1)2

e Z ; k%ﬂ (@12 — @m 1)@k 12— @1 e (=12) 312
m<r
Let
p (o] o] 2
2m—-1)
= Fi(m,r,k), (3.13)
mg r=2;r1 k;ﬂ (@ =7 =@m=D2) (k=12 =@m=1p) ™"
r>k
By = —Bp (3.14)
m=1k=p+1 ( - ) ( m-= )
Hence, from (3.5)-(3.15), we obtain
My = 4A, — 4B, — 2C; + 2Ap; + 4By — 2Cp) (3.16)

Let us find a formula for the A}
LetEy ={(m,r,k):m,r,keN; r—m =i, k—m=j; m <p; r,k> p} where p,iandj are integers such that p > j, i > j. Then

_y v o (2r—1 O

= 2_:1 qu i Z (@ =0T —@m- D (@k=12—@m=nz ™"H
m=1 r=p

k k—

IA+
S =

r>

(2m—1)?

p oo oo (2m_ 1)2 . k
+ Z Z Z (r=1)2=02m—=1)2)((2k—1)2—(2m—1)?) 1(m, 1, k)
p

= m% (2r=1)2—2m—1))((2k—1)2 = (2m—1)?)
I>/
) Z Z Z/ (QG)gn: ¢g)y cos 2ix dX/ (QU)¢q, 1), cos 2(i — j)x dx
n=1q=1/=1} 5

x / (Q(X)@1, 9n)y €OS 2jx dx

1|dde oy Aq peusenob ate sae O ‘88N J0 S9N o Akeig1 T SUIUO AS|IM UO (SUONIPUOD-PUE-SUISIW0D A8 |1 AseIq 1[pulUO//:Sdny) SUORIPUOD Ppue SIS | 8U1 89S *[6Z0Z/0T/7T] Uo AigiTauliuo AB|IM * AISIBAIUN YIUNSL ZIP|IA - UexSIeD Yepnd|izi epes Aq £962 BWW/Z00T 0T/10p/Wod As 1M Aeiq1jeuluo//sdny wo.j pepeojumoqd ‘8T ‘'2T0Z ‘9.rT660T

P ad (2m—1)2 . B

i 21 2 X @ emo ek n_an—ny ™R
m=l r=p+41 k=p+1
k k—m>p
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If we let
g X X x T b4
Bij = =} >0 2/ (Q(X)¢@n, ¢q),, cos 2ix dx/ (QX)@q, 1), cos 2(i — j)x dx
n=1g=11=1 o
r (3.17)
X / (Q(X)@1, 9n)y €Os 2jx dx
0
9] p ,
2m—1)
A= ( ij (3.18)
’ igz j=1 m,r%a (@ =17 = @m= k=17 —@m-n2 | /i
i>j
p (o] 00 5
2m—1)
A12 — ( . | 'k
’ ’”Zz] ,=§+1 k=§+1 (@r=1)2-2m-1)%)(2k-1)%-(2m—-1)?) 11k
r>k , k—m>p
then we write
1_ a1, a12
Ao =Ap 4 (3.19)
Similarly, to prove formula (2.13), we can show
(2m—1)? 1
Z (r—=12-02m—-1)2)(2k—1)2—(2m—1)2) 16 + pO(1) (3.20)

m,r,keEq
where O(1) satisfies the condition
|O(1)| < const.

and it depends on p, i, and j. Moreover, if Q(x) has a continuous derivative of second order at [0, 7] with respect to the norm in o1 (H),
then we can show that

1Bl < rra - (3.21)

From (3.18), (3.20), and (3.21), we obtain

i=2 J=1
i>j
Because
o p 0o p
o
Z Z % < const.p~! Zifz | <const. p~ " Inp,
— £~ pi‘j - -
i=2 j=1 i=1 Jj=1
we find
o) p ,311
1 _
Al =" Z s o(1) (3.22)
i=2 j=1
i>j
Here, 0(1) is an expression, which satisfies the condition
pILmoo o(1)=0
and it depends on p. From (3.19) and (3.22), we obtain
o0 P IS
1_ Pi 12
Ap=>" Z 1g A o) (3.23)
i=2 J=1
i>j
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Now let us find a formula for the B}J:

Let
P 2
m_ 2k—1)
8= 2 ¥ > (k=172 = @m—1(@k—12 == ™0
m=1 r=1 k=p+1
m<r , k—m<p
and
B2 — Xp: Z Z (2k—1)2 Fi1(m,r,k)
P — —~ S (k=12 —C2m—-1)2)(k—1)Z—(@r—1)2) """
m<r , k—m>p

Then from (3.12) and (3.14), we have

By =B} + By’ (3.24)
By using (3.6) and (3.17), we write B} as in the form
= Y Z 2 Gl By (3.25)
A —\ e (@k=12—2m -2 (k-2 - (@2r=1)2) | "7 '
j= \IKEEZ
i>j

where E; is a set defined by
Ey ={(m,r,k): m,r,ke Nyr—m=ik—m=j;m,r <p;k>p}
such thati < j < p. Moreover, we can show that

2k —1)2 T i
2 Gk k=== —1g T o0 (326

m,rkek,

From (3.21), (3.25), and (3.26), we obtain

p p—1
Bi O(1)
gl — ij
1=y X[+
j=2 i=1
j>i

and, because Bj; = i, we write

PR By
1 _
By = > ZT@'“LO“)

j=2 i=1
i<j
From (3.24) and this last equation, we obtain
4 Bi
Bp= D Z -+ By +0(1) (3.27)
i= j=1
i>j

By using (3.21), we have

P Bp| &1

ZT SZ@—OU)

i=2 i=2
o p i o P 1 o p1
PP IEDIDI-- Ll DO I DI ELU
i=p+1 j=1 i=p+1j=1 i=p+1 j=1
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From here and (3.27), we have

Z Z Pi -+ By* +o(1) (3.28)
i=2
i >j
From (3.16), (3.23), and (3.28), we obtain
My = 4A3% — 4BJ? — 2C) + 2Ap) + 4By — 2Cpy + 0(1) (3.29)
Here, it can be seen that
lim A}? = lim B)>= lim C) = Jim Apo = lim By = lim Cpy =0 (3.30)
p—>00 p—>00 p—>00 — 00 p—>00 p—>00

From (3.29) and (3.30), we obtain
lim M> =0
p—>00
In a similar form, it is proved that

lim M3 = lim M)=0
p—>00

p—>00

Now let us prove the formula (3.2); by employing (2.2) and (3.3), we obtain

|Mpn| = / A2tr [R;, (QR)NT"]dA
w by
blzJ 0 \N-+1
5 IR (QRZ)™™ oy (1) [dA|
|A|=bp

=

< ] 1R 1 QRN g, iy A
[A|=bp

< co2p™! / 1QRY I8 11(QR2) oy iy [dA| < const. p>~™
[Al=bp

This shows that

pIme MpN =0, N> 6.

By using the relations (2.2), (2.5), (2.21), (3.1), and (3.2), we find

2

p 00 4 p T p .1 p 1
2_:1 Z;(qun —22m-1*h = -~ 21(2m —1)? / trQ(x)dx + ~ / trQ% (x)dx + St / QX)dx | +o(1)
m=1n= m= 0 0

0

From here, we get
acg e 40m—12 | 17 1 T ’
Z 302, —22m-1)%) - 4@m—1)° / trQ(x)dx — — / trQ2 (x)dx — —5tr / Qwydx | | =0 (3.31)
— b4 b4 b4
- 0

n=1 0 0

The left-hand side of this equality is called the second regularized trace of the operator L. Thus, we have proven that the main result
of this article is given by the following theorem.

Theorem 3.1
If the operator function Q(x) satisfies the conditions (1)-(4), then the formula (3.31) holds for the second regularized trace of
the operator L.
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