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Abstract: In thig study, we have constructed an inverse scattering prob-
lem on the semi-axis with a self adjoint potential matrix. We first tried to
find potential function /(). For this, integral representation of the given
system has been written, and then some relationships established between
€(x) and kernel function of the integral representation, from the aim of the
relationships, we obtained Volterra integral equation. This Volterra equa-
tion has been solved by analytically and numerically, after that results are
compared.

AMS Subject Classification: 26433
Key Words: inverse scattering problem, Volterra integral equation, Ade-
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1. Introduction

In this paper, solution of the inverse scattering problem on the semi-axis for
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differential equation systems which inchiding

D 4 e, ) = das (e, ),
~2EN) | e, ) = dafe ), § = v=T

are investigated by using Adomian method, B

problem (1) are

lex i ()| < ce=,

u1(0, ) = ua(0, A),

klj':]'!z!

(1)

*

oundary conditions for the

0<z < oo

(2
(3)

where & > 0 and ¢ are constants, ¢k 4(2) are complex valued functions.

is a symmetric matrix. Determini
scattering function which is defin
equation system (1) which provid
inverse scattering problem.
Inverse scattering problems have been studie

0 elx)

Gl = ( efz) 0

)

ng efx) coefficient with respect to S(2)
ed on the semi-axis for the solution of the
es conditions (2)-(3) to be unique is called

d by many people, Zakharoy

and Shabat applied “inverse scattering” method to the Schridinger equation

[11] at the form

Dirac equation system

i = dew +xalgl®, x>0.

0 1

=L 4 0

). v

1 {2"1-.}}
ya(z, A)

(

is freated as auxiliary linear equation.

Inverse scattering problems for Dirac s
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in the gsystem (1), it twrns into Dirac equation system
TED | oy, ) = xe )

that mass of system is m = 0 which T is

o (% 1), wen= (23). o0 (89 %)

¢

2. An Inverse Scattering Problem and Solution Method

Integral representation u(wx, A) for the system (1} is the restricted solution
of system (1) when A is a real number. Then,

ur(z, ) = Ae™™ 4 o(1)
ualz, A) = Be™ +o(1), & = +00,

(1)

where A and B are constants.
System (1} is equivalent to the following integral equation system,

o0
urle, ) = 4e 4 3 [ D eltua(e, Nt
% (5)
un(a, 3) = B — - [ Dol t, Nk
= )
If we substitute (4) into the (1) and after applying the successive approxi-
mation methad,we obtained solution of the system (1) as

e oo
'l'-G]_(.T,_A] = Ael—ikp + Alel {xal'?]:e-ﬁwds + Bleﬁl:;:i 3)3“-)‘%&3 )
3 J J (ﬁ)

[e=] 4]
uglz, A} = Be 4 Ang;{ﬁ,s}E'mds + Bngg(m"s}Bmds.
& T

An expression (6) is known as integral representation of system (1), There
iz the following relationship between functionH;;(z, s} and potential matrix
Cix) in the integral representation.

o R e N RS E
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where |Hy;(z,5)| < ce_'*'g.?"", 0<=z<s ij=1,2andcis constant.

Froof of Expression (7). The following equation is obtained by substi-
tuting uy(z, A) that is in the integral equation (5) into the integral represen-
tation (6) and doing several calculations

oo

A'f [ (e, 8) — % me[.t,s —z — telt)dtle 4 ds

oo o=
+B [ [Histinsy = E:E"‘; (‘“I ‘5’) -% f Haglt, o+ 2~ t)e(t)dte™ds = 0,

E

where,e™™ £ 0, ¢~ £ 0 and, A and B are not equal to zero for every
time. Therefore,

Hu{nc, 3} - %/Hm {‘E; & —3.‘+ t)jc(’t:ldt — 0,
&

£+ 8

=5
; )-%/sz_{t,s+$-t}c{t}dt={].
T

1
Hiz(x,s) — 2‘—3,(: (

Tor s = o we obtain

Hiaa, ) = 5cle),

and the equality )
. 1
Hy (z,2) = '-.is-'ﬂfﬂ .

is obtained by doing necessary calculations after substituting uy(z, A) which
is at the integral equation (5) into the integral representation (6). Thus,
carrectness of the (7) is shown.

2.1. §(A) Scattering Function

Let. us treat condition (2) in the integral representation (6)

A (1+ / [Hu{ﬂ,:j—Hm(e_,;}je-mdt)
0
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=B (1+ f [Ha2(0,8) — H12(0, t}]ei’“’df) ;
0

where

1+ T[H]]{U,t] - Hgll (0, B)]e~*dt
Sxy = 'am - ‘ i
14 [ [Hza(0,t) — Hia0, t)]edt
o

Function S(}) is called scattering function that provides B = S(A)A.
Function S{A) is a Meromorf function for —gg < ImX < gg. The pole points
of the function S{}) and its inverse are not real. Function S(), mulls of the
numerator of the fTunction for Ay, 7 = 10T and nulls of the denominator
of the function for Ay, k= 1,...,« are called scattering data for self-adjoint
potential matrix.

Inverse scattering problem is finding C(z) coefficient potential function
of the system (1) with respect to given scattering data.

The following integral equation system is obtained by the aim of the
integral representation (6] and scattering data

Hy(z,o+8) + f Higlz, s + 0 f(~20—¢ — )t =0, (©)
1

o0
9(2z + E)Hua(z, 2+ &) + f Hy (2@ + )g(20+€ + t)dt = 0. (10}
0

Tntegral equation system (9)-(10) is known as Gelfand-Levitan-Machenko
equation system, where z > 0, £ > 0 and
oo -in

0= [ B0 -1ear, a
— ooy
T

=5 [ 7001, (12

functions f(—z) and g(z) are restricted functions providing following condi-
tions,

|f(=2)] € De™%%, |g(x)] < Dei%, D is constant.
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Functions f(—=) and g(z) are calculated by solving integrals {11)-(12). Tn-
tegral equation system (9)-(10) is obtained by the aim of these functions.
The solution of the system is exist and unique. Functions ) (z, @ + &) and
Hya(z, % +¢) are found from the solution of system (9)-(10). The C{x) coef-
ficients are found by using expression (7). We have already called scattering
data to the given S(A) scattering function and this functions nulls and pale
points. To solve (9)-(10) Gelfand-Levitan-Machenko integral equation sys-
tem could not be easy and could not be pessible analytically by the aim of
the scattering data. Because of the above reasons we need to use munerical
method Lo solve the problem. If we use transformation u =x+ £, s=u+t
in the {9)-(10), we have

Hl]_{:ﬂ,u] + fHu(m,.st(*u— S)dﬁ =) 4 {13)

Mm+MHm&m}h[HMmﬂﬂu+ﬂw=0. (14)

As can be seen, equations (13)-(14) are linear Volterra Integral equation
systems. )

We have obtained series solution of the (13)-(14) Volterra Integral equa-
tions using Adomian method [1]. Therefore a problem treated as an example
about the theme and solved analytically first, then solved by using Adomian
method, after that results are compared.

Now letus explain solving linear Volterra integral equation system by
using Adomian method shortly

-t £
F@:Gm+fxmgﬁm¢, (15)
i}

where

F(8) = (fi{t), - falt)
G() = (g1(t)s o gn (N7
K(t,s) = [K;(t.s)] fori=1,.,mj=1.,n.

Solutlon of (15} is

110 = 50) + [ S Kilt,) fids,
5 o =t
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fo®y =3 At i),
rie={}

oc t T feul
30 A fin(t) = gs0)+ [ 3 K5 (3 A (o).
m=0 n i=1 m=0

b

t
Simaa(t) = f > Kij(t,s) fim(s)ds, i=1,.mm=0,1,2.,
I i=1

N
=Y fal, =1,
k=0
fomnt() =50 + | Y Kislt5) fym()s,
0 7=t
i=1,.n m=012.. (21)

Thus, solution of the given linear Volterra integral equation system (15) is
obtained as (21).

3. An Example

Let us solve the inverse scattering problem which is defined by

S(A) =_)'-—:I:,', —gg < ImA < g,
A—i
‘system (1) and conditions (2)-(3). We are going to solve the problem first
analytically, and then using Adomian method.

'3.1. Analytical Solution

By using equation (11) and (12),

. 1 Vil )\+I —iht g
fm“ﬁf[m‘l]? i
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]

are obtained. Since

[ 10vix= 2w R 0D,

we have
Res (f(£),8) = 2ict, () = —2¢".

Thus, function g(t) becomes

i

[ otar = 2mi 3 Res ).

-2

Res{glt), i) = 2%, o() =2¢7%
Therefore,

fle)=—27" glz) =27
If we substitute functions f(—z) and g{x) into the _(13}—(1'4} Volterra integral

equation system, we treat

o
Hiylo,) + [ Hola,s) [~2et9as =0,

. | (22
—ne~letd) 4 o (@, u) + f Iy (z,8) [ze-i"**)} ds=0.
z
Then, we obtain
o
Hy(z,u) =27 leg(:ﬂ? sle "ds,
- (23)

oo
ng({ﬂ, u_}: "-2'3.—{':”} —2e7™ f Hyp ('.v;,-s:]e"-ds i
T

[=v] o0
A= [ Hutsgetis, A= [ Hu e,
o &
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"

then

Hy(z,u) = 267%4;, Hpplz,u) = -2~ _pg—u g, (24)

If we substitute (24) into (23), we find

: -5z
. -
Sirem T w

Ay

We substitute 4; and Ay into (24), and obtain:

—Qe—(12+€) —2e g~
T s v

Hu{.‘ﬂ,ﬂ: +E} =

. — 9 (2 +E) e P
Hyp(w,z+ &) = Tt el = TieE

where © + £ = u. For £ = 0, we obtain

—2e~1® . —2g 2
Do o) =g

Thus, we obtain the analytical solution of Volterra integral equation system
(22). As can be seen expression (6), when c(z) = 2iHy,(x, z), cz) potential
function of equation system (1) is obtained ag

Hy(e,z) =

(25)

—dje~2=
C($:} = H—e_azs € 2 [}, - (26)

3.2. Numerical Solution

Let us solve linear Volterra integral equation system (_22} by using Adomian
Decomposition Method. We first modify the equation (22) as

o
Hyl(z,u) = f 2~ o (2, 5)ds, (27)
J
b+
Hia(s,u) = —2e-@+9) _ f 2O E (4, 5)ds. (28)

z

Then we use Adomian method which is given as follows,

Hyplz,u) =0, Hig(z,u) = ~2e~Et+u]
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P

H“_m+[ T, U f?e (u+a}lem(£’ s}d.s,

le‘,m%—lcmi.u} i [ 26_(u+8}H1.1m{E| E)dﬁ, m=0,12..

After first iteration, we have

H]\(z,4) = Huglz,u) + Hipi(z,u) = —2e ™4™,
Hly(z,v) = Higolz,u) + Higi (2, u) = —2e~%"=.

After second iteration,

HQ {z, u:l Hiw (5',‘, u) e Hul(.:r,u.] + Hug{x, ti) = —28_‘-‘&_33:? )
Hfz(ma u) = Hyon(z,u) + Hizi(z,u) + Hiza(z,u) = —2e7%e™ + 2e ™ e™5"

Therefore, after fifth iteration, we have

HE, (2, 0) = =2 %e 3 + 267%™ 70 — 27 Ve 117,
12($ %} - _2_3_“'3_: 4+ ze—u'e--ﬁz — 28—&18—93_

Then, we obtained numerical solution of the Volterra integral equation sys-
tem (22) as

Hi(z,u) = —2e Ve (1l — e~ o8 — ),
Hpplm,u) = —2e e (1 — ™17+ &% — ).

If we substitute Hia(w, ) into the equation (7), then we obtain
olz) = —die™ @ (1 —e 17 478 — ...,

where we replace u by ». We have illustrated analytical and numerical
-solution of the given problem in Table 1.

4. Conclusion

The fundamental goal of this study has been to construct an approximation
to a numerical solution of the inverse scattering problem. We introduced a
numerical methad (see Table 1) for numerical presentation of solution of the
problem under consideration. The mumerical values in Table 1 eoincide with
the exact solution.
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*i

Exact value of e{z)

Numerical value e(z)

Absalute error

0.0

-2.000000001

-4.000000004

200000000

0.1

-L.960655991

-1.984727631

0.02407164

0.2

-1.850014801

-1.850293761

0.000278861

0.3

-1.GBTL01371

-1.68710449i

0.000003121

0.4

-1, 495309831

-1.405399871

0.000000041

0.5

-1.296108541

-1.296 108541

0.00000000

0.6

-1.104572303

-1.104572301

0.00000000

0.7

-0.920843981

-{1.92984398i

0.00000000

0.8

-0.7759563T1

-0.775956371

000000000

0.9

-0.643609731

-0.643609731

0.00000000

1.0

-0.53160445i

-0.531604451

0.00000000

Table 1: Comparison of analytical and numerical value of ¢(z]
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