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In the present paper, the microbuckling or internal stability loss in the viscoelas-
tic composites containing unidirected fibers under compression along the fibers is 
studied by use of piecewise homogeneous body model. In this model, it is used the 
3-D geometrically non-linear exact equations of viscoelasticity theory. The com-
posite material was considered as an infinite viscoelastic body with a row unidi-
rected periodically located elastic fibers that have an initial infinitesimal imperfec-
tion. When the initial imperfection starts to increase and becomes indefinitely, this 
is taken as a stability loss criterion and co-phase microbuckling mode out of plane 
are taken into account. The numerical results about the influence of the interaction 
between the fibers on the values of the critical time are obtained and presented.
Key words: critical time, internal stability loss, microbuckling, row fibers, 

unidirected fibrous composites, viscoelastic composite

Introduction

As we can see some of them in [1-19], there are a lot of experimental and theoretical 
investigations focus on composites including fibers and nanofibers. It is very important to know 
the mechanisms of the fracture of the composites under uniaxial compression along the rein-
forcing elements. For this purpose it is needed to investigate the stability loss in the material 
structure (internal instability or structural). So, the theoretical investigations of the fracture on 
the unidirectional composites under uniaxial compression along the reinforcing elements are 
mean to investigate the stability loss in the material structure, and the value of the external crit-
ical forces is taken as the failure forces value in compression (see: [14, 15, 19-22]). The review 
of investigations carried out in this field is given in [4, 6, 12, 13, 17, 23].

It follows from these review that, with the use of piecewise homogeneous body model, 
two approaches are used to investigate the fracture and the stability of the composite materials 
in compression along the reinforcing elements. One of them is certain hypotheses application 
related to deformation of each components and to the character of interacting between them. 
The other is application of the 3-D linearized theory of stability (TDLTS). The approaches re-
lated with the first one used in [14, 19-21, 24, 25] and others, but in the papers given in [5, 10, 
13] and others the second approaches were preferred. It is clear that for considered problems, 
obtained results with the use of the TDLTS are more reliable than those obtained by use of the 
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approximate theories. However, in the studies done by use of the TDLTS listed above were used 
the time-independent materials. 

In the papers [26, 27], an approach is proposed to investigate stability loss in the 
time-dependent layered composite material using the TDLTS. In the paper [8], the approach 
[26] is developed for the unidirected fibrous composite material. However in [8], an infinite 
length fiber embedded into infinite viscoelastic is considered. The filler concentration in the 
composite is small and the interactions between the fibers is ignored in [9], the approach given 
in [8] developed to take into account the interaction two fibers and it is assumed that the infinite 
viscoelestic media contains two neighboring fibers. 

In [4], the approaches [8, 9] are developed to analyze the stability loss in the infinite 
viscoelastic matrix containing a row unidirected periodically located elastic fibers. It is as-
sumed that the midlines of the fibers are located in a plane and they have co-phase curving 
relative to each other. 

In this investigation, the approaches [4] is developed to study the stability loss in the 
case where the midlines of the fibers are in parallel planes and the fibers have co-phase curving 
according to each other. This case will be called co-phase out of plane. The stability loss crite-
rion is taken as the imperfection starts to increase and becomes indefinitely. By this way, in the 
considered problems, it is estimated the values of critical time which occurs as a result of the 
interaction between the fibers. Below, we will deal with determinations of these critical times 
values and the co-phase out of plane stability loss mode of row fibers will be investigated.

The investigations are made by the use of the piecewise-homogeneous body model in 
the framework exact 3-D geometrical non-linear equations of the linear viscoelasticity theory. 
Throughout the studies repeated indices are summed over their ranges, but underlined repeated 
indices are not summed. Furthermore, the tensor notation will be used to simplify the consid-
eration. 

Formulation of the problem

Periodically located row fibers embedded into an infinite body is considered. The fi-
bers have insignificant initial imperfections. We associate 1 2 3k k k kO x x x  Cartesian and cylindrical 

k k k kO r zθ  cylindrical co-ordinates system with the midline of each fiber, fig. 1, 
,..., 2, 1,0,1,2,...,q = −∞ − − +∞  denote the fibers number. As can be seen in fig. 1 between these 

co-ordinates we have the following relations: 

	 2 20kx x= ,   3 30 3kx x x= = ,   1 12 10kx kR x= + ,   0
0 12

ki i
kr e kR r eθ θ= + ,   0kz z z= = 	 (1)

It is assumed that the length of the period of the initial infinitesimal curving of the fi-
bers is the same and the middle lines of the fibers are located in the parallel planes with respect 
to each other, we suppose that the middle lines of the fibers are in the plane 1 0qx = . The equa-
tions of these lines are given:

	 2 3
2sink kx L xπ =  

 

	 (2)

By this initial imperfections, we will investigate the co-phase stability loss out of 
plane. Note that the corresponding results about stability loss mode of two fibers in a pure elas-
tic matrix have been obtained in [13, 16].

It is assumed that, the cross-section perpendicular to the middle line of each fiber is a 
circle with constant radius, R, and this is invariant along the entire length of the fiber. It is intro-
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duced a small parameter /Lε =  , (0 1ε≤  ).where, L is initial curving amplitude of the fiber 
and  is the length period of the initial curving. (L is smaller than  ). The degree of fiber’s 
initial imperfection is characterized by this parameter.

The values related to the fibers will be denoted by upper indices, 2k, the values related 
to the infinite matrix will be denoted by upper index (1). We assume that matrix and the fibers 
materials are homogeneous, linear viscoelastic, and isotropic. The development of the infinites-
imal initial imperfection of the fibers is investigated when the body is compressed at infinity by 
uniformly distributed normal forces with an intensity p acting in the direction of fibers. For this 
purpose, in the cylindrical system of co-ordinates and in the geometrical non-linear statement 
and we write the governing field equations within the infinite matrix and fibers:

	 ( ) ( )( ) 0q in j q j
i n ng uσ ∇ +∇ =  ,   ( ) ( ) ( ) ( ) ( )2 q q q q n q

jm j m m j j m nu u u uε = ∇ +∇ +∇ ∇ 	

	 ( ) *( ) ( ) *( ) ( )
( ) ( )( ) 2 ( )k k k n k k

iin ineσ λ δ µ ε= + ,   ( ) ( ) ( ) ( )q q q q
rr zze θθε ε ε= + + 	

where *( )kµ  and *( )kλ  are the following operators.

	 *( ) ( ) ( )
0

0

(.) (.) ( )(.)d
t

q q q tλ λ λ τ τ= + −∫ ,   *( ) ( ) ( )
0

0

(.) (.) ( )(.)d
t

k k k tµ µ µ τ τ= + −∫ 	 (4)

We assume that, the completely cohesion conditions are satisfied on the inter-medium 
surface Sk, fig. 1:

	 ( ) ( )(2 ) (2 ) (1) (1)

k k

k in j k j in j j
n n k j n n k jS S

g u n g u nσ σ+∇ = +∇ ,   (2 ) (1)

qq

q
j j SS

u u= 	 (5)

Figure 1. The considered material structure and co-ordinates

(3)
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where qjn  are the unit normal vector components of the surfaces qS . In addition, the conditions 
(2 )
( )| |k
ijσ < ∞ , (2 )

( )| |k
iu < ∞, (1)

qrzz pσ →∞→ , (1)
( ) 0

qrijσ →∞→ , ( )ij zz≠  are valid in the considered 
case. Conventional tensor notation is used and physical components of the corresponding ten-
sors are showed by subscripts in parentheses in eqs. (3)-(5).

Method of solution

It is used a version of the boundary shape perturbation method [7] to investigate the 
corresponding problem. Using the fiber cross-section condition and eq. (2), we easily derive the 

qS  interfaces equations:

	
{

}
2 2 2 1 3 2

3 3 3 3

1 22 2 2 4 2 2 2 2 2
3 3 3 3

{ [ ( )] sin 1} ( )[ ( )] ( ) sin

[ ( )] [ ( )] [ ( )] {1 [ ( )] }sin

k k k k k k k

k k k k k

r t t t t

R t t t t

ε δ θ ε δ δ εδ θ

ε δ ε δ δ ε δ θ

−  ′ ′= + + + 

 ′ ′+ − − + 

	

	 2
3 3 3 3 3( ) ( )sin ( ) ( )k k k k k kz t t r t t tεδ θ ε δ δ′ ′= − + ,   3

3
3

( )( ) d
d
k

k
tt

t
δ

δ ′ = 	

The equation of the middle line of the kth fiber is denoted by 3( )k tεδ  where 3 ( , )t ∈ −∞ +∞  
is a parameter. The boundary shape perturbation method, the unknowns are presented in series 
form in ε :

	 { } { }( ) ( ) ( ) ( ), ( ), ( ),
( ) ( ) ( ) ( ) ( ) ( )

1
; ; ; ;m m m q m q m q m q

ij ij i ij ij i
q

u uσ ε ε σ ε
∞

=

=∑ 	 (7)

After some calculations, the following expressions are obtained from eq. (6) for the 
components of the unit normal vector to Sk:

	 3
1

( , )k
q qk q

k
r R a tε θ

∞

=

= +∑ ,   3 3
1

( , ),k
q qk q

k
z t b tε θ

∞

=

= +∑    3
1

1 ( , )k
qr qk q

k
n c tε θ

∞

=

= +∑ ,	

	 3
1

( , )k
q qk q

k
n d tθ ε θ

∞

=

=∑ , 3
1

g ( , )k
qz qk q

k
n tε θ

∞

=

=∑ 	

where 3( , )qk qa tθ ,…, 3g ( , )qk q tθ  functions in eq. (8) can easily be calculated from eq. (6). 
For each approximation in eq. (7), a set of equations can be obtained by substituting 

eq. (7) in eq. (3). We expand each approximation (7) values in the series form in the vicinity of 
( qr R= , 3qz t= ) by using eq. (8). Contact conditions satisfied in qr R= , 3qz t=  for each approach 
in eq. (7) is obtained by using qrn , qn θ , and qzn  given in eq. (8) and substituting last expressions 
in eq. (5).

It is clear that, the eq. (3) are valid and the conditions (5) are replaced by the same 
ones satisfied in qr R= , 3qz t=  for the 0th approximation. It is assumed that ( ) ,0 1k j

nu∇   is 
satisfied and therefore ( ) ,0j k j

m mg u+∇  can be replaced by j
nδ  where j

nδ  are Kronecker symbols. 
From that, we obtain the following system of equations and contact conditions, respectively, for 
the zeroth approximation:

	 ( ) ,0 0q ij
iσ∇ = ,   ( ),0 ( ),0 ( ),02 q q q

ij j i i ju uε = ∇ +∇ 	 (9)

	 (2 ),0 (1),0
( ) ( )

q q

q
ij ijr R r R

σ σ
= =

= ,   (2 ),0 (1),0
( ) ( )

q q

q
i ir R r R

u u
= =

= ,   ( ) , ,ij rr r rzθ= ,   ( ) , ,i r zθ= 	 (10)

(6)

(8)
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If the last assumption is taken into account, the following system of equations can be 
obtained for the first approximation:

	 ( ) ,1 ( ) ,0 ( ) ,1 0q ij q in q j
i nuσ σ ∇ + ∇ =  ,   ( ),1 ( ),1 ( ),12 q q q

ij j i i ju uε = ∇ +∇ 	 (11)
Additionally, the constitutive relations are written:

	 *( ) *( ) ( ),1( ),1( ),1
( ) ( )2q q qqq n

iin ineσ λ δ µ ε= + 	 (12)
The contact conditions can be written as follows using physical components of the 

displacement vector and stress tensor for the first approximation:

	

2 ,0 2 ,0
2 ,1 2 ,0( ) ( )

( ) 1 1 ( )1,1 1,0
1,0 1,0

2 ,0 2 ,0
( ) ( )1,0 1,0

2 ,0 2 ,0
2 ,1 ( ) ( )

( ) 1 11,1
1,0 1,0

0

0

q q
q qi r i r

i r q q rq i r

q q
q i zq i z

q q
q i i

i q q

f
r z

u u
u f

r z

θ θ

σ σ
σ φ γ σ

γ σ γ σ

φ

∂ ∂   
   + + + +      ∂ ∂   

   + + =   

∂ ∂   
  + + =     ∂ ∂   

	 (13)

where ( ) , ,i r zθ= . The rest of the contact conditions are obtained from eq. (13) by means of 
cyclic permutation of the indices ,r θ , and z only in the components stress tensor (the first index 
is permuted) and displacement vector. In eq. (13) the following notation is used:

	 [ ]2 , (2 ), (1),
1,

q s q s s
sφ φ φ= − ,   1 3( )cosq q qf tδ θ= ,   1 3( )cosq q qR tφ δ θ′= −

	 3
3

( )
( ) cosq

rq q q
t

t R
R

δ
γ δ θ

 
′′= − 

 
,   3( )

sinq
q q

t
Rθ

δ
γ θ= − ,   3( )coszq q qtγ δ θ′= − 	 (14)

	 3
3 3

2( ) sin sin( )q
tt tδ α
π = = 

 
 



,   2α π
=


	

We can obtain similar contact conditions for the subsequent approximations.
Let as determine the unknown values of these approximations. Assume that the mate-

rials of each fiber are the same and the material of the fibers is pure elastic with elastic constants 
(2)E  (Young’s moduli), (2)ν  (Poisson coefficient), material of the matrix is viscoelastic with 

operators (6). We will suppose (2) (1)
0ν ν= , where (1) (1)

00 |tν ν ==  (t is time) and the stresses arising 
in the 0th approximation as a result of (2) (1)ν ν≠  for 0t >  will be ignored, because these stress-
es have an order (2) (1)( )O ν ν−  and according to [12], do not have only considerable effect on 
numerical results. Thus, taking the above stated into account consider the determination of each 
approximation separately.

Let us determine the zeroth approximation. This approximation has an exact analytical 
solution in the pure elastic case. Here, we obtain a solution to the corresponding quasistatic prob-
lem by replacing the elastic constants by corresponding operators. The followings are obtained:

	
(2)

(1),0 (2 ),0
*(1); k

zz zz
Ep p
E

σ σ= = ,   (2 ),0 (1),0
*(1)

k
zz zz

p
E

ε ε= = ,   (2 ),0 (1),0 (1),0k
z z zzu u zε= =  

	 (1),0 (1) (1),0
r zzu rν ε= − ,  (2 ),0 (2) (2 ),0k k

r zzu rν ε= − ,  (1),0 (2 ),0 0qu uθ θ= = ,  (2 ),0 (1),0
( ) ( ) 0k
ij ijσ σ= =  	(15)

	 1 2z z z= = ,   (2) (2 )kE E= ,   ,..., 2, 1,0,1,2,...,k = −∞ − − +∞ ,   ( ) , , , ,ij rr r z rzθθ θ θ= 	
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where *(1)E  and *(1)ν  are the following operators:

*(1) (1) (1)
0

0

( )d
t

E E E t τ τ= + −∫ ,   *(1) (1) (1)
0

0

( )d
t

tν ν ν τ τ= + −∫ 	 (16)

It is time to get the first approximation. Using the solution of 0th approximations, we 
derive the following for eq. (11).

( )
( ),1( ),1 ( ),1 2 ( ),1

( ),1 ( ),1 ( ),0
2

1 1 0
kk k k

k k krrr rz r
rr zz

u
r r z r z

θ
θθ

σσ σ σ σ σ
θ

∂∂ ∂ ∂
+ + + − + =

∂ ∂ ∂ ∂
	

( ),1 ( ),1 ( ),1 2 ( ),1
( ),1 ( ),0

2
1 2 0

k k k k
k kr z

zzr
u

r r z r z
θ θθ θ θ

θ
σ σ σ

σ σ
θ

∂ ∂ ∂ ∂
+ + + + =

∂ ∂ ∂ ∂
(17)

( ),1( ),1 ( ),1 2 ( ),1
( ),1 ( ),0

2
1 1 0

kk k k
k kzrz zz z

rz zz
u

r r z r z
θσσ σ σ σ
θ

∂∂ ∂ ∂
+ + + + =

∂ ∂ ∂ ∂
	

Equation (12) will not change, but, because of pure elasticity of the fiber material, 
eq. (12) for the fibers are replaced:

(2 ),1 (2) (2 ),1 (2) (2 ),1
( ) ( )2k k n k

iin ineσ λ δ µ ε= + 	 (18)

Moreover, the geometrical relations for both the matrix and fibers have the following 
form:

	
( ),1

( ),1
k

k r
rr

u
r

ε ∂
=

∂
,  

( ),1 ( ),1
( ),1

k k
k ru u

r r
θ

θθε
θ

∂
= +

∂
,  

( ),1
( ),1

k
k z

zz
u

z
ε ∂

=
∂

,  
( ),1 ( ),1( ),1

( ),1 1
2

k kk
k r

r
u uu

r r r
θ θ

θε θ
 ∂∂

= + −  ∂ ∂ 
	

( ),1 ( ),1
( ),1 1

2

k k
k z
z

u u
z r
θ

θε θ
 ∂ ∂

= +  ∂ ∂ 
,

( ),1 ( ),1
( ),1 1

2

k k
k z r

zr
u u

r z
ε

 ∂ ∂
= + 

∂ ∂ 
From eq. (15), the contact conditions of the first approximation become:

[ ]2 ,1
1,1 0k

rrσ = ,   [ ]2 ,1
1,1 0k

rθσ = ,   [ ] ( )2 ,1 (1),0 (2),0
31,1 ( ) cosk

rz k zz zz ktσ δ σ σ θ′= − ,	

[ ]2 ,1
1,1 0k

ru = ,   [ ]2 ,1
1,1 0kuθ = ,   [ ]2 ,1

1,1 0k
zu = 	

where t (time) is a parameter in the all equations written for the fiber but an independent vari-
able in the equations written for the matrix. Here, Laplace transform is applied:

0

( ) ( )e dsts t tφ φ
∞

−= ∫ (21)

with s > 0, to all relations and equations, except the contact relations (20), belonging to 
the matrix material. From the procedure, eqs. (17) and (19) are valid for the Laplace 
transforms of the corresponding sought-for quantities and the constitutive relations (12) are 
transformed to the following ones:

(1),1 (1) (1),1 (1) (1),1
( ) ( )2n

iin ineσ λ δ µ ε= + ,   
(1) (1)

(1)
(1) (1)(1 )(1 2 )
E νλ

ν ν
=

+ −
,   

(1)
(1)

(1)2(1 )
Eµ
ν

=
+

(22)

(19)

(20)
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As it has been noted above, the eqs. (17)-(19) coincide with the corresponding equa-
tions of the TDLTS, therefore to solve the obtained equation systems we can use the following 
representations in the cylindrical system of co-ordinates (see: [16]).

	
21

ru
r r z

ψ χ
θ
∂ ∂

= −
∂ ∂ ∂

,   
21u

r r zθ ψ χ
θ

∂ ∂
= − −

∂ ∂ ∂
	

	
2

1 0
3 1 2( ) ( 2 ) ( )zzu

z
λ µ λ µ µ σ χ−  ∂

= + + ∆ + + 
∂ 

,   
2 2

1 2 2 2
1 1
r rr r θ

∂ ∂ ∂
∆ = + +

∂∂ ∂
	

The functions ψ  and χ  are determined from the equations:

	
2

2
1 1 2 0

z
ξ ψ

 ∂
∆ + = 

∂ 
,    

2 2
2 2

1 2 1 32 2 0
z z

ξ ξ χ
  ∂ ∂
∆ + ∆ + =  

∂ ∂  
	 (24)

where 

	
0

1
zzµ σξ

µ
+

= ,    
0

2
zzµ σξ

µ
+

= ,    
0

3
2

2
zzλ µ σξ

λ µ
+ +

=
+

	 (25)

Equations (23)-(25), are used for fibers and matrix. The quantities ( )iu , λ , µ , and 0
zzσ  

are replaced by (1),1
( )iu , (1)λ , (1)µ , (1),0

zzσ , respectively, for the matrix and by (2 ),1
( )

k
iu , (2)λ , (2)µ , 

(2),0
zzσ , respectively, for the fibers. If we take the contact conditions (20) into account, the 

eqs. (24) can be solved:

	

{ }

(2 ),1 (2 ) (2)
1

(2 ),1 (2 ) (2) (2 ) (2)
2 3

sin ( ) [ ( ) ]exp( )

cos ( ) [ ( ) ] ( ) [ ( ) ]exp( )

k k
n n k k

n

k k k
n n k n n k k

n

z A t I t r in

z B t I t r C t I t r in

ψ α α ξ α θ

χ α ξ α ξ α θ

∞

=−∞

∞

=−∞

=

= +

∑

∑
	 (26)

	

{ }

(1)(1),1 (1)
1

(1) (1)(1) (1) (1)
2 3

sin ( ) [ ( ) ]exp( )

cos ( ) [ ( ) ] ( ) [ ( ) ] exp( )

k
n n k k

k n

k k
n nn k n k k

k n

z A s K s r in

z B s K s r C s K s r in

ψ α α ξ α θ

χ α ξ α ξ α θ

∞ ∞

=−∞ =−∞

∞ ∞

=−∞ =−∞

=

= +

∑ ∑

∑ ∑
	 (27)

where 2 /α = π  and ( ), ( )n nI x K x  are Bessel functions of a purely imaginary argument and 
Macdonald functions, in turn. Moreover, the unknowns (2 ) ( )k

nA t ,…, (2 ) ( )k
nC t , (1) ( )k

nA s ,…, (1) ( )nC s  
are the complex numbers and satisfy the relations:

	

(2 ) (2 ) (2 ) (2 ) (2 ) (2 )

(2 ) (2 ) (2 )
0 0 0

(1) (1) (1) (1) (1) (1)

(1) (1) (1)
0 0 0

( ) ( ), ( ) ( ), ( ) ( )

Im Im Im 0

( ) ( ), ( ) ( ), ( ) ( )

Im ( ) Im ( ) Im ( ) 0

k k k k k k
n n n n n n

k k k

k k k k k
n n n n n n

k k k

A t A t B t B t C t C t

A B C

A s A s B s B s C s C s

A s B s C s

− − −

− − −

= = =

= = =

= − = − = −

= = =

	 (28)

We want to obtain the expressions of the first approximation values of by satisfying 
the contact condition (20). To make these operations, the expressions (26) and (27) must be 
represented in the qth ( ,..., 2, 1,0,1,2,...,q = −∞ − − +∞) cylindrical co-ordinate system. We al-

(23)
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ready present the expressions (26) in the qth cylindrical system of co-ordinates and it be used the 
summation theorem, Watson [28], for the ( )nK x  function in expressions (27). The theorem can 
be written for the case at hand:

	 12exp ( ) exp expm m mn n nr i n m R i r iθ φ θ= − + 	

	 12( )exp ( 1) ( ) ( )exp ( ) expn n k m k mn m
k

K cr i I cr K c n m R i k ikν
ν ννθ ν φ θ

∞

−
=−∞

 = − − − ∑ 	 (29)

	 0mnφ =    for   n m> ,   mnφ π=    for   m n> ,   c = constant,   12r R< 	

Using eqs. (23)-(25), (27)-(29), and eq. (22) the expressions Laplace transform of the 
values of the first approximation related to the matrix are obtained. 

Now, we consider the determination of the inverse Laplace transform. For this pur-
pose, we will use the Schapery [29] method. This technique is described in [30]. 

Obtained infinite system must be replaced with the corresponding finite system of 
equations to get numerical results.. It can be proven the validity of these replacements. Note 
that such a proof was also performed in [7]. Consequently, we can replace algebraic equations 
infinite system by the following one for numerical investigations: 

	 (1)0 (1)0 (1) (2)0 (2)0 3 (1),0 (2),0

0 1
2 2 ( )

qNN
q

n v nv n n n zz zz
v q

Y Y F F Y
ν

δ σ σ
= =

 
+ + = π −  

 
∑ ∑ ,   1,2,...,n Nν= 	 (30)

where 0,1,2,...,n = ∞ , 3
3 1δ = , and 3 0,nδ = if 3n ≠ . The values of Nν  and qN  in eq. (30) are de-

termined from the convergence requirement of numerical results. In this way we determine the 
unknowns for any selected t and within the framework of the first approximation find the criti-
cal time from the criterion:

	
[ ]

(2 ),1

(0, ); 0, 2
max k

r
z

u
θ∈ ∈ π

→∞


	 (31)

The critical time (or critical compressive force for pure elastic problem) we denote as 
.crt  ( .crp ). 

Numerical results and discussion

We assume that the constitutive relations for the matrix material are described by the 
operators:

	 *(1) (1) *
0 ' 00 1 ( )E E Rαω ω ω∞ = − − − ,   

(1)
*(1) (1) *0

0 ' 00 (1)
0

1 21 ( )
2

Rα
ν

ν ν ω ω ω
ν ∞

 −
= + − − 

 
	

	
(1)

(1)* (1) *0
0 00 (1) (1) (1)

0 0 0

1 2 31
2 (1 ) 2(1 )

Rα
ν

λ λ ω ω ω
ν ν ν′ ∞

  − = + − −  
+ +   

	 (32)

	 (1)* (1) *0
00 (1) (1) (1)

0 0 0

3 31
2 (1 ) 2(1 )

Rα
ω

µ µ ω ω
ν ν ν′ ∞

   = − − −  
+ +   

	

where (1)
0E , (1)

0ν  are the instantaneous values of Young’s modulus and of the Poisson coefficient, 
respectively, (1)

0λ , (1)
0µ  are the instantaneous values of Lamé’s constants, α′, 0ω , ω∞ are the rheo-

logical parameters of the matrix material, *Rα′  is the fractional-exponential Rabotnov operator [4]. 
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The Rabotnov operators be allowed to describe with required accuracy, the initial 
parts of the experimentally and theoretically constructed creep and relaxation graphs and to 
determine the asymptotic values of these graphs with very high accuracy. Moreover, these oper-
ators have many simple rules for various complicated mathematical transformations. So, these 
operators are employed successfully to describe various polymer materials and epoxy-based 
composites with continuous fibers or layers..

We introduce the dimensionless rheological parameter 0( / )ω ω ω∞=  and the dimen-
sionless time 1 (1 ')

0'( )t tαω +=  and assume that (1) (2 )
0 0.3kν ν= = , (2 ) (2)kE E= . Moreover, we intro-

duce the parameters (1)
0/p E∈= , 2 /κ = π   and investigate the internal stability loss of the infinite 

viscoelastic matrix containing a row fibers. Under internal stability loss we will understand the 
stability loss in the material structure, which arises for certain relations of the stiffness and geo-
metrical parameters of the matrix and fibers and does not depend on boundary surfaces, sizes 
and forms of members of constructions. It is well known that under investigation of stability 
loss problems for viscoelastic materials the external compressive force p must satisfy the fol-
lowing inequalities:

	 . .0
. .0(1) (1) (1)

0 0 0

cr cr
cr cr

p pp
E E E

∞
∞

     
∈ = ≤∈ = ≤∈ =          

     
	 (33)

where .0cr∈  is a .cr∈  obtained at 0t′ = , .cr ∞∈  is a .cr∈  obtained at t′ = ∞ . A lot of investigations 
reviewed in [4] show that, the internal stability loss phenomenon for unidirected fibrous com-
posites occurs under (2) (1)

0E E> . 
Thus, taking the previously-stated consideration into account we analyze the numer-

ical results related to the internal stability loss of the considered viscoelastic matrix containing 
a row of fibers. 

First, we consider numerical results related to the internal stability loss in the previ-
ously described sense for the pure elastic deformation state under 0t′ =  and t′ = ∞. Consider 
the case where (2) (1)

0/ 50E E =  (for all numerical investigation we will assume that (2) (1)
0/ 50E E =

, 2 / 0.3Rκ = π = ) and introduce the parameter 12 /R Rρ =  through which we will characterize 
the interaction between the fibers under their stability loss. The corresponding results obtained 
for .0cr∈  and .cr ∞∈  for various values of ρ  and ω are given in tab. 1. Note that these results relay 
to pure elastic problem and coincide with corresponding obtained in [10]. Table 1 shows that 
the dependence between .0cr∈ , .cr ∞∈  and ρ  is monotonic, i. e. the values of .0cr∈  (or .cr ∞∈ ) in-
crease monotonically with ρ  and approach asymptotically the corresponding values of .0cr∈  (or 

.cr ∞∈ ) obtained for a single fiber [11]. 
In fig. 2 the graphs of the dependencies between .crt′  and ρ  are given for 0.5ω =  under 

0.5α′ = −  and for various ∈. It follows from these graphs that the values of .crt′  approach the 
corresponding values of .crt′  obtained in [8] for a single fiber in a viscoelastic matrix. These 
graphs show that dependencies between .crt′  and ρ  are monotonic. Moreover, these graphs show 
that . 0crt′ →  ( .crt′ → ∞) as .0| | | |cr∈→∈  ( .| | | |cr ∞∈→∈ ) and as a result of the interaction between the 
fibers the values of .crt′  decrease significantly. It follows from the previously-discussed numeri-
cal results that interaction between the fibers in the viscoelastic matrix is more considerable 
than that in the pure elastic matrix. It follows from the comparison of the graphs constructed in 
the various figures that, for the same ∈  the values of .crt′  increase with ω .

In tab. 2 the values of .crt′  are given for various values of α′ which shows the order of 
the singularity of the operator (33). These results are obtained for the case where 0.5ω =  with 
various ∈  and ρ . The tab. 2 shows that under . 0.5crt′ >  ( . 0.5crt′ < ) the values of .crt′  increase 
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(decrease) monotonically with | |α′ . Moreover, this table shows that the interaction between the 
fibers becomes more significantly with | |α′ .

As it has been previously noted, the numerical results analyzed here are obtained 
within the framework of the first approximation. Under obtaining these results the infinite sys-
tem of equations are replaced by the corresponding finite one. For the illustration of the numer-
ical results with respect to the number of the equations in this finite system in tab. 3 the values 
of .crt′  obtained for various number of the equations are given under 0.5ω = , 2.1ρ = , 0.5α′ = −  
for various ∈ . It follows from these table that the convergence of the solution method employed 
is highly effective.

Table 1. The values of ∞∈ .cr  = ∞(for ' )t  and of ∈ .0cr  (for =' 0t ) obtained for 
(2) (1)

0/E E = 50, = 0.3κ , = −0.5α with various 12 /R R

R12/R ∈cr.0
∈cr.∞

ω = 0.5 ω = 1.0 ω = 2.0 ω = 3.0
2.1 –0.0762 –0.0394 –0.0485 –0.0577 –0.0623
2.2 –0.0785 –0.0402 –0.0497 –0.0592 –0.0639
2.5 –0.0849 –0.0426 –0.0531 –0.0636 –0.0689
3.0 –0.0947 –0.0463 –0.0585 –0.0705 –0.0766
4.0 –0.1110 –0.0525 –0.0674 –0.0820 –0.0893
5.0 –0.1233 –0.0572 –0.0742 –0.0908 –0.0990
6.0 –0.1326 –0.0607 –0.0793 –0.0974 –0.1062
7.0 –0.1397 –0.0633 –0.0831 –0.1023 –0.1117
9.0 –0.1491 –0.0666 –0.0879 –0.1087 –0.1189
10.0 –0.1523 –0.0676 –0.0895 –0.1108 –0.1212
15.0 –0.1599 –0.0698 –0.0929 –0.1156 –0.1267
20.0 –0.1621 –0.0703 –0.0938 –0.1168 –0.1282

∞ –0.1630 –0.0704 –0.0940 –0.1172 –0.1287

Table 2. The values of '
.crt  obtained for 

= 0.5ω  with various = 12R Rρ , ′α  and ∈

∈ ρ α'
–0.3 –0.5 –0.7

–0.0830

2.1 0.0000 0.0000 0.0000
2.5 0.0035 0.0004 0.0000
3.0 0.0549 0.0227 0.0028
5.0 0.5600 0.5800 0.6500
7.0 1.3600 2.0300 5.1800
15.0 3.6800 8.2000 52.9700

∞ 4.1300 9.6200 69.1100

–0.0890

2.1 0.0000 0.0000 0.0000
2.5 0.0000 0.0000 0.0000
3.0 0.0159 0.0040 0.0010
5.0 0.3200 0.2700 0.1800
7.0 0.7900 0.9500 1.4500
15.0 1.9100 3.2800 11.5000

∞ 2.1000 3.7500 14.3800

Figure 2. The graphs of the dependencies 
between ′ .crt  and = 12 /R Rρ  for various values  
of ∈ under ′ = −0.5α , = 0.5ω

t’cr.

ρ = R12/R
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Conclusions

In the present paper, the internal stability loss (microbuckling) in the structure of the 
viscoelastic unidirected fibrous composites under compression along the fibers is studied within 
the framework of the piecewise homogeneous body model with the use of the 3-D geometri-
cally non-linear exact equations of the theory of viscoelasticity. This study concerns mainly the 
cases where the interaction between the fibers is taken into account and all investigations are 
carried out for the infinite viscoelastic matrix containing a row of fibers.

As a microbuckling criterion the initial imperfection criterion is used and two cases 
of the location of the initial imperfect fibers (co-phase periodical curving of the fibers out 
of plane) with respect to each other are considered. For the stability of the rising of the ini-
tial imperfection with the time under fixed external compressed forces the 3-D geometrically 
non-linear exact equations of the theory of viscoelasticity is employed. Introducing the dimen-
sionless small parameter characterizing the degree of the insignificant initial imperfection for 
the solution to the corresponding non-linear boundary value problem, the perturbation of the 
boundary-shape method is employed. It is proven that the equations and relations related to 
the first approximation are the corresponding equations and relations of the TDLTS. For first 
approximation the corresponding closed system of linearized equations and contact conditions 
are obtained and for the solution of these equations the Laplace transformation with respect to 
time and method of separation of variables are employed. For determination of inverse Laplace 
transform the Schapery method is used. It is proven that the values of the critical parameters 
can be determined in the framework of the zeroth and first approximations only (see: [9]). So, 
these parameters have been determined in the framework of the 0th and first approximations. 

The numerical results related to the critical time are also analyzed. According to these 
results it is established that, for the considered microbuckling mode of the fibers as a result of 
the interaction between the fibers the values of the critical time decrease. Further, this interac-
tion is more significant than that in the pure elastic buckling. The numerical results obtained in 
the present work in the particular cases coincide with the corresponding ones obtained in the 
other investigations. This situation guaranties the correctness of the developed approach. 
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