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Abstract

Recent advances in neutrosophic lattice theory have highlighted its potential to model uncertainty, indeterminacy, and
inconsistency more effectively than classical and intuitionistic fuzzy approaches. Building upon foundational studies that
introduced neutrosophic lattices and their extensions through soft structures, concept lattices, triangular norms, and lattice-
valued neutrosophic sets, this study contributes to the growing body of research on neutrosophic ideals. We introduce and
investigate several key notions in the context of lattices, including neutrosophic prime ideals, prime neutrosophic ideals,
neutrosophic 2-absorbing ideals, 2-absorbing neutrosophic ideals, neutrosophic primary ideals, and primary neutrosophic
ideals. A special focus is placed on the characterization of neutrosophic 2-absorbing primary ideals, accompanied by an
analysis of the transitions among these concepts and their interrelationships with traditional lattice ideals. Furthermore, these
structures are examined within lattices formed by Cartesian products, offering new perspectives on their behavior in complex
settings.
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1 Introduction

Fuzzy sets, introduced by Zadeh in 1965, extend the classical notion of set membership by allowing
each element to belong to a set with a degree of membership in the interval [0, 1] [24]. This approach
represents a significant advancement in modeling uncertainty. Later, in 1986, Atanassov introduced
intuitionistic fuzzy sets, which added dimension by associating each element with a degree of
membership (truth), non-membership (falsity), and hesitation [2]. Intuitionistic fuzzy sets can be
viewed as a proper generalization of fuzzy sets.
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In the literature concerning fuzzy ideals in lattice structures, various generalizations have been
introduced. The paper titled “Generalizations of Prime Fuzzy Ideals of a Lattice” [19] extends the
classical notion of prime ideals and characterizes fuzzy prime ideals through their a-level sets,
thereby enriching the structural understanding of fuzzy ideals and paving the way for more flexible
ideal types. Building upon these developments, neutrosophic sets, first proposed by Smarandache
[18], have emerged as a powerful tool by allowing degrees of truth, indeterminacy, and falsity to
be defined independently within [0, 1], thus exceeding the constraints of classical and intuitionistic
fuzzy approaches. Among their various formulations, single-valued neutrosophic sets [5] stand out
by combining theoretical generality with computational feasibility, making them well-suited for
extending ideal-related notions in lattice structures. Within this neutrosophic context, 2-absorbing
ideal-type structures can be redefined and explored to achieve greater theoretical depth and practical
expressiveness.

The study of neutrosophic lattices has witnessed significant growth in recent years. The founda-
tional contributions of Kandasamy and Smarandache [10, 11] introduced neutrosophic lattices and
pseudo lattice graphs, laying the groundwork for subsequent theoretical and applied studies. Building
upon this foundation, Ulugay et al. [12] investigated neutrosophic soft lattices, while Singh [14—17]
made extensive contributions through three-way fuzzy and bipolar neutrosophic concept lattices,
interval-valued representations, and complex neutrosophic lattices, demonstrating their applicability
in domains such as air quality analysis and multi-criteria decision-making. Complementary develop-
ments by Zhang et al. [26] on inclusion relations and Hu and Zhang [7] on neutrosophic triangular
norms and residuated lattices have further expanded the structural framework.

Parallel to these theoretical advancements, significant attention has been given to neutrosophic
ideals and filters. Borzooei and Jun [4], along with Jun and Xin [9], explored neutrosophic LI-ideals
within lattice implication algebras, while Zedam, Milles, and Bennoui [25], as well as Bennoui ef al.
[3], examined multiple types of neutrosophic ideals and filters on lattices. James and Mathew [8]
enriched this direction through lattice-valued neutrosophic sets, and Topal and Smarandache [21]
introduced a novel neutrosophic approach to adjectival phrases from a lattice-theoretic perspective.

On the application side, Yang and Qin [23] proposed neutrosophic three-way concept lattices
for conflict analysis, while Vimala et al. [22] applied lattice-ordered neutrosophic soft sets to
aid large-scale companies in selecting the best NGOs for fund distribution during the COVID-
19 pandemic. Most recently, Agarwal et al. [1] extended the scope by studying ideals and filters
on neutrosophic topologies generated by neutrosophic relations, underscoring the versatility of
neutrosophic frameworks in both theoretical and practical settings.

Taken together, these studies illustrate the dynamic evolution of neutrosophic lattice theory. From
foundational structures and conceptual modeling to the characterization of ideals and real-world
applications, neutrosophic lattices have developed into a robust interdisciplinary field. Motivated
by these advancements, the present work extends the study of lattice ideals by introducing and
characterizing 2-absorbing ideal-type structures within the framework of single-valued neutrosophic
sets, thereby bridging theoretical generalizations with practical modeling capacity in complex
uncertain environments.

The rest of this paper is organized as follows. Section 2 presents the necessary preliminaries and
definitions. In Section 3, we introduce the concepts of neutrosophic prime ideal and prime neutro-
sophic ideal, and present their fundamental properties. Section 4 is devoted to the introduction of
neutrosophic 2-absorbing ideals, and their relationship with neutrosophic prime ideals is examined.
In Section 5, we define 2-absorbing neutrosophic ideals and explore their connection with prime
neutrosophic ideals. In Section 6, we introduce the definition of radical for neutrosophic, followed
by the concepts of the neutrosophic primary ideal and the neutrosophic 2-absorbing primary ideal.
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Then, we discuss their relationship with the neutrosophic prime ideals and neutrosophic 2-absorbing
ideals. In Section 7, we introduce the concepts of primary neutrosophic ideal and 2-absorbing
primary neutrosophic ideal. Then, we discuss their relationship with the prime neutrosophic ideals
and 2-absorbing neutrosophic ideals. In Section 8, we investigate how these concepts extend to
lattices formed by the Cartesian product of individual lattices and examine whether their structural
properties are preserved. Finally, Section 9 provides a general evaluation of the findings and outlines
potential directions for future research.

2 Preliminaries

2.1 Ideals on lattices

In this section, we will first provide information about our working area, which is lattices, and then
about the concept of ideals and their types on lattices. Let us start with our working area. First,
we take a partially ordered set. Then, if the supremum and infimum of any two elements selected
from this partially ordered set are defined, we call this set a lattice. Let us express this definition as
follows:

DEFINITION 2.1
[6]. A partially ordered set (/T; <) is called a lattice if for every x,y € I1, inf{x,y}, and sup{x, y} are
defined.

We will revise the definition as in [6], as follows:

DEFINITION 2.2
[6] (IT, A, V) is a called lattice if for Vx,y € [T, x Ay € II,x vV y € I1 where x Ay = inf{x,y},
x V y = sup{x,y}. Also, A denotes the meet operation, and Vv denotes the join operation.

In the context of our research, the lattice [T that we will consider in our investigation will have
zero as its smallest element and one as its largest. So, 0,1 € (I1, A, V).

EXAMPLE 2.3
[6] Let IT = {0, «, B, 1} and let & and B be elements that cannot be comparable (if¢ < Bor 8 < «,
then « and B can be comparable; otherwise, they cannot be comparable). If so,

=={(0,0),(0,), (0, ), (0, 1), (v, ), (e, 1), (B, B), (B, 1), (1, D)}
we can write ((x,y) means x < y). According to this relation, we can draw our diagram as in Fig. 1.

Throughout this work, unless otherwise stated, I7 is a lattice. Now, let’s define an ideal of IT.

DEFINITION 2.4

[20] A nonempty subset A of a lattice [T is called an ideal, if for x,y € I, the following conditions
hold. (i) If x,y € A,thenxVy € A,and (ii) ifx < yandy € A,thenx € A. Whenx Ay € A
implying either x € A or y € A, then a proper ideal A (i.e. A # IT) is named as a prime ideal I7.

In our examples in this study, we will use principal ideals. Roughly speaking, we can say the
following: we select a point on the lattice diagram and take all the points connected downward from
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0
Figure 1. A representative from the family of 4-element lattices.

1

0

Figure 2. A representative from the family of 9-element lattices.

that point. We call this set of points a principal ideal. We will symbolically denote it as (a] = {x|x <
a}, as shown in [6].

EXAMPLE 2.5
Given in Fig. 2 is a lattice IT, and (F ] = {0,«, B8, y,6, F }, (€] = {0, B, €} are ideals on IT.

DEFINITION 2.6
[20] Let IT be a lattice. An ideal A of IT is called a 2-absorbing ideal, if forx,y,z € [T, x AyAz € A
implies that eitherx Ay € AoryAze AorzAx e A.

DEFINITION 2.7

[20] Let IT be a lattice. An ideal A of I7 is called a primary ideal if, forx,y € IT,x Ay € A implies
that eitherx € Aory € A , Where /A denotes the radical of A (i.e. the intersection of all prime
ideals containing A). If there does not exist a prime ideal containing an ideal A in a lattice I7, then
we define v/ A = IT.

2.2 Single valued neutrosophic set

DEFINITION 2.8
[5] Let X be a nonempty set. A single valued neutrosophic set SVNS A of X is an object of the
following form 4 = {< x, T4 (x),I[4(x),F4(x) > |x € X}, where the functions T4 : X — [0, 1],
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Iy : X - [0,1],and Fy : X — [0, 1] define the truth membership function, the indeterminacy
membership function, and the falsity membership function of the element x € X, 0 < T4(x) +
Ly(x) + Fq(x) < 3.

The family of all single-valued neutrosophic sets on X is denoted by SVNS(X).

DEFINITION 2.9
[5]IfA4 = {< x, T4(x), [4(x), F4(x) > |x € X} and B = {< x, Tp(x), [3(x), Fp(x) > |x € X} are any
two SVNS of X ,then
(1) ACB <= Ty(x) < Tpx),l4(x) < Ip(x) and F4(x) > Fp(x), Vx € X;
(2) A=B < T4x) = T(x), Li(x) = Iz(x) and F4(x) = Fp(x), Vx € X.
(3) A% = (<% Fy@),1 - Iy(x), T4(x) > |x € X};
4) AUB={<x,Tqupx),L4upx), Faup(x) > |x € X},where
Tqup(x) = max{T4(x), Tp(x)}, Lqup(x) = max{l4(x), Ip(x)} and F4up(x) = min{F4(x), Fp(x)};
(5) ANB={<x,T4np(x), L4np(x), F4np(x) > |x € X},where
Tang(x) = min{T4(x), Tp(x)}, L4np(x) = min{l4(x), Ip(x)} and F4np(x) = max{F4(x), Fp(x)}.

DEFINITION 2.10
[3] SVNS A4 of X is called a single valued neutrosophic ideal (SVNSI) of I1 if the following conditions
are satisfied for all x,y € X:

OT4xVvy) = min{T (x), T4)}; (D T4(x Ay) = max{T(x), T4(»)};
@1 (x vV y) = min{ly(x), L4(V)}; @)L (x A y) = max{l4(x), 14()};
WF4(x Vy) < max{F4(x), F40)}; VDE4(x Ay) < min{F(x)F4()}.

DEFINITION 2.11
[5] Let X be aset, 4 € SVNS(X) and let @ € [0, 1]. Then the set A, = {x|T4(x) > a,l4(x) >
o, and Fy(x) < a,x € IT} is called a a-the level subset of 4.

3 Neutrosophic prime ideals and prime neutrosophic ideals of lattices

In this section, we will introduce the concepts of neutrosophic prime ideal (NPI) and prime
neutrosophic ideal (PNI). Let’s start with the first definition, NPI.

DEFINITION 3.1
[3] A proper SVNI N =< Ty, Iy, Fy > of alattice IT is called a NPI, if forall x,y € IT, Ty(x Ay) <
ING) VIND), INGAY) < In(G) VvV IN() and Fy(x Ay) = Fy(x) A Fy ().

DEFINITION 3.2
[13] Let IT be a nonempty fixed set. Let A be a nonempty subset of I7. The neutrosophic
characteristic function of the set A, denoted by xa() = (xr, (@), x1, (@), xr, (), is defined as
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follows:

o [010. ifaca
XA =1000,0,1), ifa¢ A

Here, x1,, X1, and xr 4 represent the truth-membership, indeterminacy-membership, and falsity-
membership functions of the neutrosophic characteristic function, respectively.

THEOREM 3.3
A is a prime ideal of IT if and only if x4 =< x7,, X1, XF, > 1s a NPl of I1.

PROOF. (=): Let x4 be a SVNI of I1. Assume that A is a prime ideal of IT. Letx,y € I1.
(1) Ifx,y € A, thenx Ay € A and we have

Xt A =1=<1=1VvI1=xr, XV xr,»),
x, Ay =1<1=1Vv1=y,x®Vx,»),and
XFaxAY)=020=0A0=xr,(x) A xr,(»).

(i) ifx,y ¢ A, then as A is a prime ideal, x A y ¢ A and we have

X1, A =0=<0=0Vv0=yxr,(x)V xr,®),
Xia@xAYy)=0=<0=0Vv0=yx7,® V x,(),and
XFaxAY)=1>1=1A1=xr,x) A xr, ).

(i) Ifx € A,y ¢ A. Thenx Ay € A. We have

xr,xAY)=1=<1=1v0=xr,(x) vV x7, ),
XIA(X/\}’) =1 =< I1=1v0= X]A(x) \/)(IA()/),and
XEaxAY)=0=20=0A1=xp, () A xr, ().

Hence x 4 is a NPI of I1. (<=): Assume that x4 is a NP/ of IT1. Letx A y € A. Then

XTaxAY)=1= x7,(0) V x1,(v) and
X, xAY)=1=< x1,&) V x1, () and
XELAY) =02 xp, (X)) A xF, ().

So either x € A ory € A. In this way, A must be a prime ideal of I7. 0

DEFINITION 3.4
A SVNI N =< Ty, Iy,Fy > of I is called a PNI of IT if for any two SVNI M =< Ty, Iy, Frr >
and K =< Tk, Ik, Fx > of alattice IT if M N K € N imply that either M C N or K C N.

THEOREM 3.5
A is a prime ideal of IT if and only if x4 is a PNI of I1.
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PROOF. (=): Assume that A is a prime ideal of I1. Let M =< Ty, Iy, Fyy > and K =<
Tk, Ik, Fx > be SVNI of IT. Assume that M NK C x4 =< X740, X14> XFs >- M & x4, K € x4,
then there exist x,y € IT such that

XTa () < Tag (), x1, ) < Iy (x), xF, (x) > Fpr(x) and
X1, ) < TgW)x1, ) < Ik®), xr, () > Fx ().

By definition of x 4, we conclude that x,y ¢ A. For, if say x € A, then x7,(x) =1, x7,(x) = 1 and
xF,(x) =01leadto 1 < Ta(x), I < Iy(x) and 0 > Fys(x), which is not possible. Since A is a prime
ideal of IT, we getx Ay ¢ A. Hence x7,(x Ay) = 0. Since M, K are SVNIs of I, we have

Ty () < Tu(x AY) I (x) < In(x Ay), Fy(x) = Fy(x A y) and
Tg () = Tk AR (Y) < Ik(x AY), Fr(y) = Fr(x Ay).
As the image of any element under an SVNS is a non-negative number, from the above, we get
xr,(x ANy) =0

S X1, ) A X1 (V)
< Tm &) A Tg(y)
STux A ANTg(x A Y)
=Ty NTRxAY) < X1, (XAY)
=0.

Xia(xAy) =0
= X1a () A X1, ()
<Iy(x) ANg(y)
= Iu(x AY) Ag(x AY)
=UmNIK)@xAY) < X1, (x A Y)
=0.

xFa(xny) =1

v

XFA(X) V xF, (V)

> Fy(x) vV Fx(»)

> Fy(x Ay) VvV Fg(x Ay)
=FEMUFRKXAY) = xr,(x AY)
=1.

Thus, we get 0 < 0, which is not possible. Hence either M C x4 or K C x4. («<): Assume that
A is a PNI of I1. Suppose that for some x,y € I1,x Ay € Abutx,y ¢ A. Define SVNIs M and K of
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IT as follows.

M(a):{m,l,ox @ € (]
(0,0,1), otherwise

K = [(1,1,0>, ae0l
0,0,1), otherwise

Then M N K C x4 but neither M C x4 nor K C x4, a contradiction. Hence A is a prime ideal of
. O

EXAMPLE 3.6

Let’s examine the lattice [T illustrated in Fig. 1. In this lattice, the ideal A taken A = (0] is not
a prime ideal of [T, because ¢« A § = 0 € Abuta ¢ A, B ¢ A. Therefore x7,(a¢ A ) = 1
and x7, (@) = x7.(B) = 0, x1,@ A ) = 1 and x1,(@) = x1,(B) = O, xr,(@ A B) = 0 and
xF, (o) = xr,(B) = 1. Hence xa =< X1, Xi,» XF,4 > 1snota NPI of IT.

EXAMPLE 3.7

Let’s examine the lattice I7 illustrated in Fig. 1. Define SVNIs M =< Ty, Iy, Fyr > and K =<
Tx,Ix,Fx > of alattice IT as follows. M = {(0;1,1,0), (@;1/2,1/2,1/2),(8;0,0,1),(1;0,0, 1)}
K =1{(0;1,1,0), («;0,0,1),(B;1/3,1/5,2/3),(1;0,0, 1)} Then when A = (0], M N K C x4, but
M xaand K € xa. Thus x4 isnota PNI of I[T.1f A = (a] or A = (B], x is a PNI.

4 Neutrosophic 2-absorbing ideals

In this section, we will introduce the concept of neutrosophic 2-absorbing ideal (N2417) of a lattice.
Then, we will discuss its relationship with the NP/ concept introduced in the previous section.

DEFINITION 4.1
A proper SVNI N =< Ty, Iy, Fy > of alattice IT is called an N24I of I, if for all x,y,z € I1,

INxcAyAz) TN AY)VINGAzZ)V Ty(z Ax)and
INcAyAz) <INxAY)VING Az)VIN(EAXx)and

FnxAyAz) = FNEAY) AFNO AZ) ANFy(z AX).

LEMMA 4.2
A is a 2-absorbing ideal of [T if and only if x4 =< x71,, X1, XF4 > 1sa N2A4I of I1.
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PROOF. (=): Assume that A is a 2-absorbing ideal of I1. Let x,y,z € IT. If x Ay Az € A, then as
A is 2-absorbing, eitherx Ay € Aory Az e AorzAx e A. Thus in this case,

XTAXAYANZ) S X1, APV X1,V A2) V X1, (2 A X),
XIAGAYAZ) S xi, XAV x5, (Y A2) V x1,(z AX), and
XFAXAYANZ) = xF,(XAY) A XF, Y A2) A XF, (2 AX).

IfxAyAz¢ A thenclearly, x Ay ¢ A,y Az ¢ A,and z A x ¢ A. Thus in this case,

XTAXAYANZ) S X1, APV X1,V A2) V X1, (2 A X),
XIAGAYAZ) S xi, XAV x5, (Y A2) V x4z AX), and
XFAXAYANZ) = xF, XAV A XF, Y A2 A XF, (2 AX).

Hence x4 is a N2A4I of I1. (<=): Assume that x4 is an N2A4I of I1. Let x,y,z € II be such that
XAyAze A,butxAy¢ A, ynz ¢ Aandz Ax ¢ A. This implies that x7,(x Ay Az) = 1 and
Xra(x Ay) = xr,(v N2) = x1,(z Ax) = 0. Then,

XTaXAYANZ) L XTAXAY)V XT (W A2V X7, (2 AX),
XIAXAYAZD) L X1y AWV X1,V A2) V X1, (z AX), and
XEAGAYNZ) F XE,(XAY) A XF,(V A 2Z) A XF (2 AX)

a contradiction, as x 4 is a N2AI. O

DEFINITION 4.3
Let X be aset,4 € SVNS(X) and let o, B,y € [0, 1]. Then the set Ay 5,,) = {x|T4(x) > a,l4(x) >
B, and F4(x) < y,x € I1}is called a («, B, y)-the level subset of 4.

LEMMA 4.4
A SVNI N =< Tn,In,Fn > of IT is a N2AI if and only if for each o, 8,y € [0, 1], the level set
A(qa,p,y) is a 2-absorbing ideal of IT.

PROOF. (=): Let N =< Ty, Iy, Fy >bea N2A4l of I1. Leta, B,y € [0, 1]. Letx, y,z € IT be such
thatx Ay Az € Awg,y). Thena < Tn(x Ay Az), B <INxAyAz),andy > Fy(x Ay A z). Since
NisaN2AI,

a<TNxAYAZ) <TN&xAY)VINGAZ)V ITn(EzAX)and
B<INxAyAz) <INxAY)VINOAz)VIy(EzAX)and
Yy ZENGAYAZ) ZENXAY) NENG AZ) ANFN(Z AX),
then either
a<TyxAy)ora <Ty(yAz)ora < Ty(zAx)and
B<IyxAyorB <Iy(wAz)orp <Iy(zAx)and
Yy ZFnGxAy)ory = Fn(yAz)ory = Fy(z Ax).
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10  Yazar et al.

Thus either x Ayory Azorz Ax € A,p,y). S0, A(a,p,y) is a 2-absorbing ideal of IT. (<=): A g,y)
be a 2-absorbing ideal of I1,for each o, 8,y € [0,1]. Let x,y,z € IT and @« = Tn(x Ay A 2),
B=INxAyAz),y =FyxAyAz). Thenx AyAz € Aw,g,y). Since Ay g,y) is a 2-absorbing ideal
of IT, eitherx Ay ory Azorz Ax € A(u,p,y). This implies that

a <TyxAYyAz) <TNxAY)VINWAZ)V T4z Ax)and
B<INXAYyAz) <INxAY)VINGAZ)VIN(EAX)and
y>FN@AYyANzZ) = FN&AY) AFNO AZ) AFy(z AX).
Thus N is a N2AI of IT. O

LEMMA 4.5
Let N =< Ty, Iy, Fn >bea NPI of IT. Then N is a N2AI of I1.

PROOF. Let N be a NPI of I1. Then for all x,y € I1, Tn(x Ay) < Tynx) vV In®B), INx Ay) <
In(x) Vv Iy(y) and Fy(x A y) > Fn(x) A Fy(y). Hence for all x, y,z € I1, we have

Tn(xAynz) S TnGxAY) Vv Tn(2)
InxAyAz) <INy Az)V Ty
Tn(xAyAz) <Ty(EzAx)V Iy()and
INxAYyAZ) SINxAY)VINGE)
INd Ay Az) <IN Az) VINKX)
INxAyAz) <IN(EzAx)VIN()and
Fx(xANynz) = Fn(x Ay) ANFy(2)
FN(x Ay ANz) = FN(y Az) AFy(X)
FyxAynz)=FyEzAx) ANFy®).
Hence
INGAYyANZ) SINGAY VING VINGAZ)V ING) V INGEAX)V TN (),
INxAYyAZ) SINGAY)VING VING AZ)VING VINGEAX) VIV,
FNXAYANZ) = FNOAYAFN@ AFNOAZ) NEN&) AFN(GEZAX) AFNG).

By the definition of a NPI, it follows that for any x,y € IT, T(x) < T(x A y), I(x) < I(x A y), and
F(x) > F(x A y). Hence, we can write

INcAYAZ) S TNGEAY)VINGAZ)V TN(EZ AX),
INGAYAZ) <INGAY)VINGAZ)VIN(EZAX),
FyaxAyAz) = FNaAY) AFNO AzZ) AFy(z AX).

Thus N =< Ty, Iy, Fy > isa N2AI of I1. ]
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Neutrosophic 2-absorbing primary ideals on lattices 11

EXAMPLE 4.6

Let’s examine the lattice I7 illustrated in Fig. 1. Let N =< Ty, Iy, Fy > be the SVNS defined by
In(0) = 1, Iy(0) = 5/6, Fy(0) = 0, Ty(e) = O, In(a) = 3/5, Fn(a) = 1, Tn(B) = 1/2,
In(B) = 1/4, Fy(B) = 1/2, Ty(1) = 0, Iy(1) = 1/2, Fy(1) = 1. Then N is a N2AI of II.
However, N is not a NPI as

0=FnO0)=Fn(@np) 2 1A1/2=Fy(@) AFy(B).

LEMMA 4.7
The intersection of any two distinct NP/ of IT is an N2AI of I1.

PROOF. Let N =< T, Iy, Fy >, M =< Ty, Iy, Fyr >, be two distinct NPI's of IT. We know that
NNM =< Ty, Inove, Enove > where Tnayr = INA Ty, INoyy = In ALy, and Fyay = Fn VvV Fyy.
So, for any @ € 11,

Tanp(e) = Ty(@) A Tp(e), Lanp(a) = I4(er) A Ip(e) and Funp(a) = Fu(r) V Fp(a).
Letx,y,z € IT. We have
Tnemx Ay Az) =Tn(x Ay Az) ATy (x Ay Az)and
Intx Ay AzZ) =INKAYAZ) Alyr(x Ay Az) and
Fyom XAy ANZ) =FNAYAZ)V Eyy(x Ay Az).
Since every NPI is N2AI, we get

Inem@x Ay nz) < [Tn(xAY) VING Az) V Tz AX)]
AN[TyxAY)V Ty Az)V Ty(z Ax)] and
Inau Ay A2) < NG AV V ING AZ) V Iy(z AX)]
ANy AY)V Iy Az)V Iy Ax)] and
Fnomx Ay ANz) Z [FNXAY) AFN(GY Az2) ANFN(z AX)]
VIIFM&xAY) NFy ANz) AFy(z AX)]
Since N and M are NPI, we can write
INe A VINGAZ)VINGCAX) TNV ING)V IN(2)
Tu(x AN T A2V InzAX) < Tu(x) vV T () Vv Ty (z)
INGAD VING AV InGEAX) < IV ING) V I E)
Iy AY) VI A2) VIyEAX) < Iy(x) Vv Iv () V Iy (2)
FNGAY ANFNG AZ) ANFN(GEAX) = Fn(x) AFNGE) A Fn(z)
Fyy A WANFyG A2 ANFy(EZAX) = Fyy(x) AFy ) A Fy(2).
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12 Yazar et al.

Hence, we can write

Inem(x Ay Az) S [TV ING) V IN@IA [Ty () vV T () V Ty (2)]
=[IN) AT @]V [ING) AT ]V [Tn(x) A Ty (2)]
VIING) AT ]V [ING) AT O]V [ING) A T (2)]
VIING@) ATy )]V I[TnE@ ATy V [Tn(z) A Tyr(z)] and

Inom(x Ay ANz) < UNG) VING) V IN@IA () vV Iv () V Iu(2)]
= [ING) A )]V [InG) A Dy D]V [y () A I (2)]
VING) Ay O]V ING) ALuD)] V ING) A L (2)]
VINGE) A )]V N @) A Iy ()] V [N () A Iy (2)] and

Fnou(x Ay Az) = [FNG) AFENOD) AFN@]V [Fu () A Fy(0) A Fy(2)]
=[FNG) V Fu @] AENG) YV Fu WA [FNG) V Fr(2)]
ANENOD) YV EM ] AFNG) V FMWI A FNG) V Fu(2)]
NEN@ Y FMOIAENE) VY FMWI A [Fr (@) Vv Fu ()]

For any SVNI K, we have Tk («) < Tx(a A B), Ix () < Ix(x A B), and Fg(a) > Fg(a A B), for all
a, B € I1. This implies

TN ATMY) S TNGAY) ATu(x Ay) = Tnap(x A y) and
IN) Ay () <IN AY) Ay (x AY) = Innp(x Ay) and
FN@)VEyQ) 2 FNGAY)V Fy(xAYy) = Fnopy(x A ).

So, we can write

Inemr (X Ay Az2) < TN (X) V T (X A Y) V Tvam (x A 2)
V INewr Y AX) YV T (V) V Tnom (v A 2)
V Inom (z AX) V Tnom (z Ay) V T (z) and
INam(x Ay A z) < Iner (%) V Inem (6 A Y) V INom (X A 2)
VINem Y AX) NV It P) V INep (0 A 2)
VAINam(z AX) V Inem (z A Y) V Inom (2) and
Fnom Ay Az) = Fno (X) A Fyom (x Ap) A Fyom (x A z)
ANFnomt (0 AX) A Ener (0) A Fner (0 A 2)

ANFNap(z Ax) A Fyam(z AY) A Fnou(2).
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Figure 3. A representative from the family of 11-element lattices.

13

Since NN M isa SVNI, for all x,y € IT, we have Tnnyr (x) < Tnrar (X A ), INar (%) < Inppr(Xx A )

and Fyny (x) > Fynay (x A y). So we can write
TNt Ay A 2) < Tner(x A Y)Y Tner 0 A 2) V o (z A x) and
INam(x ANy AN z) <IN (X AY) V INor (v A 2) V INnm (2 A X) and
Fnoy(x Ay Az) = Fnoy (X AY) A Fnem (v A2) A Fno(z A x).

Thus N N M isa N2AI of IT.

EXAMPLE 4.8
Let’s examine the lattice I7 illustrated in Fig. 3.
Define N =< Tn,In,Fy > and M =< Ty, Iy, Fyy > as follows.
We note that N and M are N2AIs of IT. But N N M is not a N2A4I of IT. Because;

NNOM={0;1,1,0), («x;1/3,1/4,2/3),(B;1/3,1/3,2/3),(y;1/3,1/2,2/3),(5;0,0, 1),
(6;0,0,1),(F;0,0,1),(¢;0,0,1), (n;0,0,1),(0;0,0,1),(1,0,0,1)}
we can write
Tnemt (G A A6) £ Tnemr(C A )V Tnenr(n A 0) V Tvenr (& A 0) and
Inemt(C A A6) £ Inenat (E A Y It (0 A B) V Inpas (E A 0) and
Fnom (& A AO) Z Fnom (€ Am) A Fnam(n A8) A Fye(§ A 6).

5 2-absorbing neutrosophic ideals

In this section, we will introduce the concept of a 2-absorbing neutrosophic ideal (24NI). Then, we

will discuss its relationship with the PNI concept introduced in the previous section.
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14  Yazar et al.

A(0) = (1,1,0) B(0) = (1,1,0)
Ale) = (1/2,1/4,1/2) B(a) = (1/3,1/2,2/3)
AB) = (2/3,2/5,1/3) B(p) = (1/3,1/3,2/3)
A(y) = (1/2,1/2,1/2) B(y) = (1/3,2/3,2/3)
AS) = (1/2,4/9,1/2) B(8) = (0,0, 1)
A(e) = (0,0,1) B(e) = (1/3,2/3,2/3)
A(F) = (0,0,1) B(F) =1(0,0,1)
4(¢) = (0,0, 1) B(¢) = (0,0, 1)
A(m) = (0,0,1) B(n) = (0,0,1)
A©) = (0,0,1) B(©) = (0,0,1)
A1) = (0,0,1) B(1) = (0,0, 1)

DEFINITION 5.1
A proper SVNI N =< Ty, Iy, Fy > of IT is called a (2ANI) of IT if whenever M N K N L C N for
M,K,L € SVNS(IT), theneither MNK C NorKNLC NorLNM C N.

EXAMPLE 5.2

Let’s consider the SVNIs of the lattice IT depicted in Fig. 1. N = {(0;7/8,7/8,1/8), (a; 1/3,1/3,
2/3),(B;3/4,3/4,1/4),(1;1/3,1/3,2/3)} M = {(0;1,1,0), (a;1/4,1/4,3/4),(B;4/5,4/5,1/5),
(1;1/4,1/4,3/4)) K = {(0;1,1,0), (o;3/4,3/4,1/4), (8;2/3,2/3,1/3),(1;2/3,2/3,1/3)} L =
((0;4/5,4/5,1/5), (a;3/4,3/4,1/4), (B:4/5,4/5,1/5), (1;3/4,3/4,1/4)} We note that N is an
N2AI but N is not 24ANI. Because M NK ¢ N,KNL ¢ N,and LNK ¢ N.

LEMMA 5.3
Let Abeanideal of IT.If xo =< x7,, X1, XF, > 15 a 2ANI of I, then A is a 2-absorbing ideal of
.

PROOF. Assume that x4 =< xr,,x14,XF, > 1s a 2ANI of IT. Let « A B Ay € A for some
a,B,y € I1. Assumethata A ¢ A, BAy ¢ A,and y A ¢ A. Then clearly, «, 8,y € I1. Define
SVNIs

N(x)z[a,l,m, xe @
0,0,1), otherwise

M(x):{a,l,()), x€ (6]
0,0,1), otherwise

K0 = H(l, Lo, xe ]
0,0,1), otherwise
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1,1,0 AB A
NV OMOK) ) = (1,1,0), xe(a.ﬁ v]

(0,0,1), otherwise
Then NONMNK C xabut NOM & xa, MNK € xa,and KNN ¢ xa. This contradicts the
assumption that x4 is a 24NI of I1. (]

LEMMA 5.4
Every prime SVNI of a lattice IT is a 2ANI of I1.

PROOF. Let N =< Ty, Iy, Fy > be a PNI of I1. Suppose that M, K,L € SVNS(IT) and MNKNL C
N. As N is a PNI of IT we have either (1) MNK C NorL C N,orQ)MNL C NorK C N,
or 3) K NL € N or M C N. Without loss of generality, suppose that M N K € Nor L € N.If
M N K C N, then the proof is obvious, and if L C N,then M NL C Nand KNL C N.Thus N is a
2ANI of a lattice IT. U

LEMMA 5.5
The intersection of two PNIs of IT is a 2ANI of IT.

PROOF. Let N and M be two distinct PNIs of IT. Assume that K, L, H are SVNIs of IT such that
KNLNH CNNMbutKNLENNM,KNH ENNM,andLNH £ NNM.KNLNH C N and
KNLNH C M. Since N and M are PNIs, we get; () KNLC NorH C Nand (i) KNL C M or
H C M. We have the following cases: Case(1): f KNL S NandKNL S M,thenKNL S NNM,
a contradiction. Case(2): If H C N and H C M, then we get K N H € N N M, a contradiction.
Case(3): Let KNL C Nand H C M. As N is a PIFI, we get either K C N or L € N.Hence either
KNH CNNMorLNH C NN M, acontradiction in either case. Case(4): Let H C N and
KNL C M. As M is a PIFI, we get either K € M or L € M. Hence either KNH € NN M or
LNH C NNM, a contradiction in either case. Hence, at least one of K N L or L N H or H N K must
be a subset of N N M. Therefore N N M is PNI. ([l

6 Neutrosophic primary ideals

In this section, we will introduce the definition of radical for neutrosophic, followed by the concepts
of neutrosophic primary ideal (NPRI) and neutrosophic 2-absorbing primary ideal (N24PRI). Then,
we will discuss their relationship with the NP/ and N2A41 concepts introduced in the previous section.

DEFINITION 6.1

Let N =< Ty,In,Fn > be a SVNI of a lattice I1. We define the neutrosophic prime (respectively,
prime neutrosophic) radical of N as the intersection of all neutrosophic prime (respectively, prime
neutrosophic) ideals containing N and we denote it by /N =< /T, Iy, /Fy >. We note that
for a SVNI N of L always N C «/N.If N € /N, then Ty € /Ty, Iy € /Iy, and Fy 2 J/F4.
Also, /Ty = T /5 Iy = I /5, and JFy = F /5. Thus, we can write VN =< Y N

DEFINITION 6.2
A proper SVNI N =< Ty, Iy, Fy > ofalattice IT is called a NPRI of I1, if forx,y € IT, Ty(xAy) <

TNV VING), I AY) < In) V /Ivp), and Fy(x Ay) = Fy(0) A VEy ().
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LEMMA 6.3
A is a primary ideal of IT if and only if x4 =< x7,, X14> XF, > 1sa NPRI of IT.

PROOF. (=): Assume that A is a primary ideal of /7. Letx,y € I1. (i) Ifx Ay € A, thenas Aisa
primary ideal of I7, either x € A ory € ~/A. Hence,

XTaAY) < X1 )V XT, D)X, X AY) < x1, () Vv /X1, () and
XFA(x /\y) > XFA(x) A A/ XFA(y)~

(i) Ifx Ay ¢ A, then clearly x ¢ A and y ¢ A. In this case also

XA AY) < XTa )V S XT, D)X, X AY) < x1, () V /X1, () and
XEAXAY) = XF ) A XFA ).

Thus x 4 is a NPRI of I1. (<): Assume that x4 isa NPRI of I1. Letx Ay € A. Then

XTAEAY) < XTa )V S XT, O)sx1a X AY) < x1, () V /X1, () and
XEAXAY) = xF, () A XFL D),

implies that either x7,(x) = 1 or \/x7,(¥) = 1, either x;,(x) =l or /x7,(») =1 and xr,(x) =0
or /XF,(») = 0. Thus either x € A ory € v/A. O

LEMMA 6.4
IfN =< Ty,Iy,Fy >isa NPl of I1,then N =< Ty, Iy, Fy > isa NPRI of I1.

PROOF. Let N =< Tn, Iy, Fn >bea NPl of I1. For all x,y € I1,

v AY) < Ty@) V /TN Iv(x AY) < Inex) Vv Iv(®), and Fy(x A y) = Fy(x) A VEn Q).
Since N € /N , we get the result. O

EXAMPLE 6.5

Figure 4 illustrates the lattice. Let’s examine the ideal A = (y]. We observe that @ = (f ] represents
the sole prime ideal of I7 that includes A. Hence /A = &®. We can write VXA = Xyz = Xo»
where x4 =< X714, X14» XF, >. Since @ is a prime ideal, ./x is a NPl and so x4 is a NPRI.
But x4 is not NPI. Because, since o, 8 ¢ A, xr,(a AB) =1£0=0Vv0= xr,(@)V xr,(B),
Xia@AB) =1 £ 0=0v0 = X1, (@Vx1,(B),and xp, @A) = 0 £ 1 = 1AL =y, @ Axr, (B)-

THEOREM 6.6
Let N be an SVNI of IT1.Then N is NPRI if and only if the level set N, g, is a primary ideal of IT.
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1

0

Figure 4. A representative from the family of 8-element lattices.

PROOF. (=): Assume that N =< Ty, Iy, Fy > bea SVNI of I1. Let x,y € IT be such thatx A y €
Nea,p,y)and x € N g).Y € /N@,p.y)- Then we have

a<TyxAy,a>Tyx,a>Tyy)
B=<INxAY,B>INKX),B > INQ)
Yy 2 FN@x ALy <EnX),y < En().

Since N is NPRI, we have

Ty(x Ay) < Ty(x) V /Ty(y) and
I AY) < Iy() v /Iy (y) and
Fn(x AY) = Fx(0) A VEN®).

Thus, we get o < «, which is not possible. Hence N(q,g,y) is a primary ideal of I1. (<): Assume
that Ny g,,) is a primary ideal I1. Let x,y € IT be such that

Ty AY) £ Tv() v /Ty (y) and

Iv(x AY) £ Iv@) v V/Iy(y) and

FN(xAY) 2 FN(X) AVFNQ).
Let Tnx Ay) = a, INxAy) = B,and Fy(x Ay) = y. Thena > Ty(x), @ > Ty(y), B > Iy(x),
B>ING),y < Fn(x),y < Fy(y). Since N g,,) is a primary ideal, x Ay € Ny, g,,) implies that

either x € Ng g,,) 0ry € /N p,y), 1.€. either Ty(x) > a or /Ty > o, Iy(x) = B or /Iy > B, and
Fy(x) <y or /Fy <y, acontradiction. O
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DEFINITION 6.7
A proper SVNI N =< Ty, Iy, Fy > of alattice [T is called an N2APRI of I, if for x,y,z € II,

TN Ay AZ) < TvG) V /Ty () V /Ty (2) and
ING Ay AZ) <INV VING) V V/Iy(z) and
Fy(x Ay AZ) = Fy() AVENG) A VN ().

LEMMA 6.8
A proper ideal A of IT is a 2-absorbing primary ideal, if and only if x4 =< x7,, X1, XF, > 152
N2APRI of I1.

PROOF. Suppose that A is a 2-absorbing primary ideal of IT. Let x,y,z € IT. If x Ay Az € A, then
XTa(xAYAZ) =1, x1,(c AyAz)=1,and xr,(x Ay Az) = 0. As A is a 2-absorbing primary, we
have either

x/\yerryAze«/ZorzAxe«/Z.

Hence either

XTA(x/\y):loer(y/\z)zloer(z/\x)zland
X[A(x/\y)z1oer(y/\z)=10er(z/\x)=land

XFA(x/\y)=Ooer(y/\z):00er(z/\x)=0.

Thus

XTAXANYNZ) S XTA XAV Y X T VA2V X 7,7 (2 A X)
Xy XAYNZ) S X1, XAV N X VA2V X ri(Z AX)

XFAXNYNZ) = XE, XAV AN X Jmr VA Z) A X (2 AX).

IfxAyAzé A then x7,(xAyAz) =0, x,cAyAz)=0,and xr,(x Ay Az) = 1.Itis clear
that x Ay ¢ A. Hence

XT,XANYNZ) S XTA XAV N X T VA2V X 77 (2 AX)

Xy XANYNZ) S X1, XAV N Xy VA2V Xy (E AX)

XFAXAYNZ) Z XFa(XAY) AN Xy VA2 A X (2 A X).

Thus x4 is a N2APRI. Conversely, suppose that x4 isa N2APRI. Letx Ay Az € A. Then xr, (x A
ynz) =1L xj,cAnyAz)y=1and xp,(x Ay Az) =0.Suppose thatx Ay ¢ A,y Az ¢ VA, and
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z Ax ¢ /A. Since x; is a N2APRI, we have

l=xr,dAYyA2) = X1, AY)V X 7 VA2V X 7,2 A X)
L=x1,AYyAN2) < X1, AN NV Xy WA 2V X ;2 Ax)

0=xr,(xAYA2) Z XPs (X AV AN X yFr VA2 A X yrn(E AX).

19

Since each of x7,(x A y), x JTA W AD, X7z AX) belongs to [0, 1], at least one of these numbers

must be 1. This implies that either
xXANy€eAoryAze VAorzAaxeVA.

Thus A is a 2-absorbing primary ideal.

LEMMA 6.9
IfN =< Ty,Iy,Fy > isa NPRI of IT,then N =< Ty, Iy,Fy > is a N2APRI of I1.

PROOF. Let N =< Ty, Iy, Fn > bea NPRI of I1. Letx,y,z € I1. As N is a NPRI, we have

TN AYAZ) =Ty AYAYAZ) <T@ AY) VT4 A2)

S TING AV VIV AD V Ty Ax)
INGAYAZ) =INGAYAYAZ) <IN AY) VVING A2)

< INGAY VVING A2V VI GE AX)
FNGAYAZ) =FNGAYAYAZ) = FyaxAY) AVFNG A2)

> FN(x AY) AVFNW AZ) AVFy(z Ax)

Thus N is a N2APRI.

EXAMPLE 6.10

Figure 5 illustrates the lattice. Let’s examine the ideal A = (0]. We note that the ideals (8]
{0,8,y,8,€,F,¢,0} and (n] = {0,, B, y,€,n} are the only prime ideals of I7. Hence VA
(n] N (8] = (¢].As A is a 2-absorbing primary ideal and by Lemma 6.4, x4 =< X7,, Xi> XF4
is a N24PRI of IT. However, x4 is not NPRI. In view of the fact that x7,(¢ A §) =1 f 0ovo
xr(a) v Xm(é), X nd) =1 ﬁ 0V 0= x,()V x 1,0 and xp, (@ A8) =0 F# 1 A1

XFa (@) V X 77 (8).

LEMMA 6.11
If N is a N2AI of IT, then N is a N2APRI of IT.

v
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Figure 5. A representative from the family of 11-element lattices.

PROOF. Let N =< Ty, Iy,Fy > be a N2AI of I1. Let x,y,z € II. Since N =< Ty,Iy,Fy > isa
N2AI, we get

INGAYAZ) <TNGAY)VINGAZ)V TN(EZ AX)
INGAYAZ) SINGAY) VINGAZ)VIN(EZAX)

FNGAYyAzZ)y = FNGAY) AFNG AZ) AFN(Z AX)
Since N € /N , we get the result. O

EXAMPLE 6.12

Figure 6 illustrates the lattice. Let’s examine the ideal A = (0]. The only prime ideals of IT are
(t], (x]1, (A]. So, VA = 1N (k1N (A] = (F]. Since A is a 2-absorbing primary ideal of IT and by
Lemma 6.4, xo =< XT4, Xi4> XF, > 1S @ N2APRI of I1. We note that A is not a 2-absorbing ideal
of [T,asd Ane ANF =0e A,butdAe¢ A,e AF ¢ A,andS A F ¢ A. We have

XTA(8/\6/\F)=1ﬁXTA(S/\e)\/XTA(E/\F)VXTA(F/\(S)=O-
XIGAEANF)=1L x1,SAE)VV x1,(€e AF)V x1,(F A8) =0.
XFA(SAE/\F)Zo;éXFA(S/\G)/\XFA(E/\F)AXFA(FA(S):1.

This x o =< X7, X1, XF, > 1snota N24I of I1.

LEMMA 6.13
Let N be a SVNI of IT. If «/N is a NPI, then N is a N2APRI.
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Figure 6. A representative from the family of 14-element lattices.

PROOF. Let N be a SVNI of I1. Suppose that /N is a NPRI. If N is not a N2APRI, then there exist
X, ¥,z € IT such that

TNGAYAZ) % TN AWV VING AZ) VTG AX)
INGAY A2 LN AV VING A2V IE Ax)
FyGAyAz) F FnGAY) AVFNG A2) AN G AX).

This implies that

NG AV VVTING AV Ty Ax) < Ty AY AZ)
ING A VNING A2V VInGEAX) < Iy(x Ay Az)
FNAWAVFNG AZ) AVFNGEAX) > Fy(X Ay AZ).

Since +/N is a NPI, we have

VING Ay Az) =Ty Az) VT = Ty Az) v/ T).
VIvax Ay Az) = VIvy A2V VIve = VIvG Az) v Iv).
VENG Ay A2) = VFyp Az) AVENR) = VN A2) AVENG).

G20z JaquanoN 8z Uo Jasn (NLA) Aleiqr] Alsieaiun suse L zIpIIA A 1LZ/2y€8/8805ezl/9/ce /eI /[edBil/w0o"dno-oispeoe)/:Sdiy Wo.y papeojumoq



22 Yazaretal.

Hence
VING AV VTIyxA2) = VTN A2V VTG vV VTN E)
=VIn(x Ay AZ) VTN G)
VING A2V ING A2 = VING A2V Iy VI
=VINax Ay A2V VING)
VEN@ A2) AVFN(x A2) =y Az) AVFy ) AVENE)
= VFy(x Ay A2) AVFN ().
Thus

TN A VTN AY A2V VTNGE) < TN Ay AZ)
ING AV VING Ay A2V VINE) < I Ay Az)
FNGAY) AVENGAYAZ) AVFN(E) > Fx(x Ay A2).
This implies that
\/E(x/\y/\z) < Tn(xAYAZ)
\/I;(x/\y/\z) <INxAYyAZ)
\/E(x/\y/\z) > FN(xAYAZ),

which is not possible. Hence N is N2APRI. g

EXAMPLE 6.14

Figure 7 illustrates the lattice. Let’s examine the ideal A = («]. The only prime ideals of L
containing the ideal A = (] are (¢] and (]. Hence /A = (1N (n] = (8]. As A is a 2-absorbing
primary ideal and by lemma 6.4, x4 =< X71,, X14, XF, > is a N2APRI. However, /X 4 is not NPI.
In view of the fact thate A [ =y € /A but € ¢ /A and digamma ¢ ~/A. Thus /A is not a prime
ideal of /7. Hence by Theorem 3.1, ,/xa is not a NPI of I1.

LEMMA 6.15
Let N be a SVNI of IT. Then /N = +/+/N.

THEOREM 6.16
Let N =< Ty, Iy, Fy > be a SVNI of I1. Then ~/4 is NPI if and only if ~/A is NPRI.

PROOF. It follows from Lemma 6.2, that if /N is NPI, then /N is NPRI. The converse follows
from the definition of an NPR/ and by Lemma 6.8. O

THEOREM 6.17
Let N be a SVNI of IT. Then /N is N2AI if and only if /N is N2APRI.
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1

0

Figure 7. A representative from the family of 11-element lattices.

7 Primary neutrosophic ideals

In this section, we will introduce the concepts of primary neutrosophic ideal (PRN/) and 2-absorbing
primary neutrosophic ideal (24PRNI). Then, we will discuss their relationship with the PN/ and
2ANI concepts introduced in the previous section.

DEFINITION 7.1
A proper SVNI N of a lattice IT is called a PRNI of IT if for M, K € SVNS(IT), M N K C N implies
that either M C N or K C N.

LEMMA 7.2
If Nisa PNI of I1, then N is a PRNI of IT.

PROOF. Let N =< Ty, Iy, Fny >isa PNl of IT. Let M N K C N for some M,K € SVNS(IT). Since
N isaPNI,either M C NorK C N.Since N C «/N, we get the result. O

THEOREM 7.3
Let A be a primary ideal of IT, A # I1. The neutrosophic subset N =< Ty, Iy, Fy > of IT defined
by

Nwz[@Lm,xeA
(05,/393/), XGH—A

isa PRNI of IT, where o + 8 + y < 3.

PROOF. Let N =< Ty, Iy,Fy > be a SVNI of IT. Since N C /N, we have N(x) < +/N(x) for
all x € IT. Hence if x € A, then /N(x) = (1,1,0) and x ¢ A, then VN(x) = (¢, m,s), where
t>aandm > B,s < y. Let M,K € SVNS(II) such that M N K C N. Suppose that M §Z N
and K g /N. Let x € IT be such that Tv(x) > Ty(x), Iyy(x) > In(x), and Fys(x) < Fy(x). This
implies that x ¢ A, for otherwise, Ty (x) > 1, [y (x) > 1, and Fj;(x) < 0, which is not possible. Let
Tyx) =k >a=Tyx), [iy(x) =n > B =Iykx),and Fyy(x) =1 <y = Fy(x).Lety e IT
be such that Tx () > /TN (), Ix(¥) > /I (), and Fx(») < «/Fy(y). Clearly, y € v/ A, otherwise,
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Tk > VING) = TnG) = L, Ik() > VIN®) = Iv(y) = 1, and Fx(y) < VFN() < Fy(y) =0,
which is not possible. Let Tx (y) = ky > o = Tn(), Ix(y) = > B = Iy(y), and Fx(y) = I, <
y = Fn(p). Since A is primary, x A y ¢ A. Hence N(x A y) = (&, B, y). We have
(Ty N Tx)(x A y) = min{Ty(x), Tk ()} = min{ky, k2} > o = Ty(x A y) and
(Um N Ig)(x A y) = min{lpy (x), [k (0)} = min{ni,n2} > B = In(x Ay) and
(Fu NFR)(x Ay) < max{Fy(x), Fk()} = max{l, b} <y = Fy(x AY),
which is not possible. Thus N is a PRNI of I1. g

THEOREM 7.4
If N =< Ty, Iy, Fy > is a PRNI of Il then the level set A, is a primary ideal of 7.

PROOF. Let o, B € IT be such that o A B € A5y and o ¢ A5 . Define SVNIs M and K of IT as
follows.

_J@s,r), x=a
M(x)_{m,o,l), xta

and

| @sr), x=<p
K(x)_[(o,o, ), x£p

Then M N K C N. Also M g Nasa ¢ Ay, implies Ty(a) < t = Ty(a), In(a) < s = Ty(a),
and Fy () > r = Fys(a). Since N is a PRNI, we have K € +/N. Hence t = Tx(8) < VTn(B),

s=1Ig(B) < VIN(B),and t = Fg(B) > VFn(B). So B € \JA«s,r)- Thus A ) is a primary ideal
of IT. O

DEFINITION 7.5
A proper SVNI N =< Ty, Iy, Fn > of alattice I1 is called a 24PRNI of I1, if whenever, MNKNL C
N for M,K,L € SVNS(IT), then either

MNKCNorKNLC V/NorLNM C +/N.

LEMMA 7.6
Let A be an ideal of IT. If x 4 is a 24PRNI of I1, then A is a 2-absorbing ideal of 7.

PROOF. Suppose that x4 is a 2APRNI of I[1. Leta A B Ay € A for some «, B,y € I1. Presume that
anB ¢ ABAY ¢ VA andy Aa ¢ /A. Then, itis clear that « ¢ A and B,y ¢ +/A. Define
SVNIs

N = [(1, 1,0), xe @
(0,0,1), otherwise
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Mm:{(l,l,ox xe (Bl
(0,0,1), otherwise

K(x):{a,l,ox xe (]
(0,0,1), otherwise

‘We note that

(1,1,0), xe(@nBAYy]

(NNMNK)(x) = {(0’ 0,1), otherwise

Then NNMNK C xabut NONM & xa, MNK & /xa,and K NN € /x4 This contradicts the
assumption that < x4 is a 24APIF1I. O

LEMMA 7.7
If N is a PRNI of I, then N is a 2APNI of IT.

PROOF. Let N be a PRNI of IT. Let M N K N L C N for some M,K,L € SVNS(IT). Since N is a
PRNI of IT, either 1) MNK CNorL C v/Nor(2Q)M CNorKNLC «/Nor(3)M C «/N or
KNLCNor@KCNorMNLC +/N. These possibilities imply that either (i) M N K € N or
(i) KNL C +/N or (iiiy M N L C </N. Hence N is a 24PRNI of IT. O

LEMMA 7.8
If N is a 2ANI of IT, then N is a 2APRNI of I1.

PROOF. Let N be a 2ANI of IT. Let M N K NL C N for some M,K,L € SVNS(IT). Since N is a
2ANI of IT, either M NK CNorKNLCNorMNLC N.Since N C «/]T/, we get the result. [

DEFINITION 7.9
Let N =< Ty,Iy,Fy >bean SVNI of I1. If X =< Tx,Ix,Fxy > is the only PNI containing N,
then we say that N is a X-PNI of I1.

THEOREM 7.10
Let N,M be SVNIs and X, Y be PNI of I1. Suppose that N is a X-PNI and M is a Y-PNI. Then
NN Misa2APRNI of IT.

PROOF. Since N is a X-PRNI, we get /N = X. As M isa Y-PRNI, we get VM = Y. LetK = NNM.
Then VK = X N Y. Now, presume that LN SN Z C K for some L, S,Z € SVNS(IT). Assume that
LNS¢ JKand SNZ ¢ VK.ThenL,S,Z ¢ VK = X N'Y. By Proposition 3.1, VK = X N Y is
a2ANI of IT. Since LN S ¢ VKSNZ ¢ /K we have ZN L C /K. We show that ZN L C K.
Since ZNL C VK C X, weassume that L C X. As L z VKandLNZ C VK C Y, we conclude
that L ¢ Yand Z C Y. Since Z C Yand Z € VK, wehave Z ¢ X.IfL € N and Z C M, then
LNZ C K, and we are done. We may assume that L SZ N. Since N is an X-PRNI and L ;(_ N, we
have SN Z C X. Since Z C Y and S N Z C /K, this is a contradiction. Thus, L € N. Since M is a
Y-PRNI of Mand Z ¢ M, weget LNS C Y.Since L C Xand L NS C Y, wehave LNS C VK,
which is a contradiction.Thus, Z C M. Hence LN S C K. O
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THEOREM 7.11
Suppose that N is a non-constant SVNI of IT such that /N is a PNI. Then N is a 24PRNI.

PROOF. Suppose that for some M,K,L € SVNSUII), MNKNLC Nand M NK ,@ N. (1): We note
that MNKNLCN C /N. Hence, if M N K SZ \/]V, then as /N is PNI we get L C /N and so
KNLCA/N. (ii):If M N K C N, then as /N is PNI, either M C /N or K C +/N. Hence either
MNLC/NorLNK C +/N.Thus, N is a 24PRNI of IT. O

THEOREM 7.12
Let N be a non-constant SVNI of a lattice I7. Then ~/N is a PNI of IT if and only if /N is a PRNI
of IT.

PROOF. Let +/N be a PNI of IT.Let M,K € SVNS(IT) be such that M N K C +/N.As +/N is a
PNI of I, either M C /N or K C +/N. Since /N C +/+/N we conclude that ~/N is a PNI of I1.
Conversely, suppose that /N isa PNI of IT. Let M,K € SVNS(IT) be such that M N K C +/N.As

VN is a PNI, either M C /N or K C +/+/N C +/N. Hence +/N is a PNI of I1. O

THEOREM 7.13
Let N be a non-constant SVNI of a lattice IT. Then /N is a 24NI of IT if and only if /N is a
2APRNI of IT.

PROOF. Let +/N be a 24ANI of IT. Let M, K, L € SVNS(IT) be such that M N K N L € +/N. Since
/N is a 2ANI of IT, either M NK C NorKNL - NorMNL - J/N. Using\/ﬁ = \/N,
we conclude that /N is a 24PRNI of IT. Conversely, suppose that /N be a 24PRNI of IT. Let
M,K,L € SVNS(IT) be such that M NK N L C «/N. As /N is a 2APRNI of IT either M NK C /N

orKﬂLgx/ﬁzﬁorMﬂLg\/«/Nzﬂ.Hence«/Nisa2ANlofH. O

8 Single valued neutrosophic ideals in a direct product of a lattice

Let’s start this section by stating, as mentioned in [20], that “the cartesian product of finitely many
lattices is a lattice.” One of the first questions that comes to mind here is how the partial order
relation “<” will be defined on such a lattice.

DEFINITION 8.1

I, IT,,...IT, are lattices, and let [T = [Ty x I1, X .... x IT,. Then, leti € [1,n] "N and « =
(a1,02,....,a,), B = (B1, B2, .., Bn) € II for every «;, B; € II;. Saying @ < B means «; < f;, for
every i.

Even if I7 is a lattice formed by the Cartesian product, it is still ultimately a lattice. Therefore,
there is no need to redefine the notions of SVNS and SVNI on such a lattice. However, the SVNS (or
SVNI) we obtain from each lattice forming this lattice, through cartesian products, also constitute an
SVNS (or SVNI) in I1. Let’s explain how we will define this.

DEFINITION 8.2
I, I, ...IT, are lattices, and let IT = [Ty x [Ty % .... x [T,. Then, let N| =< Ty,,Iy,, Fn, >, N2 =<
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TNy, Iny, Fny >, .o Ny =< T, In,, F, > denote, respectively, the SVNI on lattices Ty, [T, ..., IT,.
Also, let N = Ny x Ny x ... x Np. Thus, N =< Ty =Ty, X Ty, X ... X Ty, In = Iyy X Iy, X ..o X
In,, Fn = Fny X Fn, X ... x Fy, >, and for « € [T, it is defined as

Tn(a) = Ty, (a1) X Ty, (a2) X ... x Ty, (o) =Ty, (@1) A Ty, (@2) Ao A Ty, (o)

In(a) = Iy, (1) X Iy, (a2) X ... X Iy, (an) =In, (@1) A Iy (a2) A .o A Dy, (@)

FN(Oé) = FN1 (011) X FNZ(OQ) X ... X FNn(oz,,) ZFN1 (Oll) VFNz(Olz) V... VFNn(O{,,).
THEOREM 8.3
Let IT = II} x I, be a direct product of lattices [Ty, 1. If N : [T — [0,1] x [0,1] x [0,1] is a

SVNIs of I7,then there exist SVNIs Ny, N> of [Ty and I, respectively, such that T = Ty, x Th,,
I =1y, x In,, and F = Fy, x Fy,. Moreover, if N is NPI, then so are N1 and N;.

PrROOF. Define Tn,,n;,Fn; : I1; — [0,1] by Ty, (x) = Tn(x,0), Iy, (x) = In(x,0), Fy,(x) =
Fyn(x,0), Tny ) = Tn(0,¥), In, ) = In(0,), Fn, () = Fn(0,). Letx,y € IT;. We have
IN[x O A @,0]=TnExAY,0) =Ty (xAY),
IN[(x,0) A (0,0)] = IN(x Ay, 0) = Iy, (x A ),
Fn[(x, 00 A (,0)] =Fy(x Ay, 0) =Fy,(x Ay) and
In[(x,0) vV (,0)] = Tn(x V y,0) = Ty, (x V ),
IN[(x,0) V (,0)] =Iyx VvV y,0) = Iy (x VY),
Fn[(x,0) vV (,0)] = Fn(&xVy,0) = Fy (x V).
Hence
Tnyx AY) AT (x V) = TN[(,0) A, O] A Tv[(x,0) Vv (v, 0)],
Iny(x AY) Ay, (x vV ) = In[(x,0) A (r, O] A In[(x,0) v (v, 0)],
FyyxAy) vV En (xVy) = Fn[(x,0) A (r,0)] V Fn[(x, 0) v (,0)].

As N isa SVNI, we get

Iny(x AY) AT (x VYY) = TN[(x, 0) A (1, )] A T[(x,0) Vv (v, 0)]
> Tn(x,0) A Tn(,0)
=Tn, A Ty, (),

Iy (x AY) ANy (x vV y) = IN[(x, 00 A (r, )] A IN[(x,0) V (1, 0)]

> In(x,0) Ay (p,0)
= Iy, AN, (),

Fny (x AYy) V Fy (x VYY) = FN[(x,00 A (r, )] V Fy[(x,0) V (»,0)]
<Fn(x,0) VvV Fn(,0)
=Fy () V Fy, ().
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Also

Ty, (x vV y) = Ty, 0) V (,00] = T (x, 0) A Ty (1, 0) = Ty, (%) A Ty, ).
Iy, (x v y) = IN[(6,0) V (7, 0)] = In(x, 0) A Iy (1, 0) = Iy, @) A Iy, ().
Fay(r AY) = Fx[(6,0) A (,0)] = Fx(x,0) V Fy (1, 0) = Fy, () V Fiy, ().
Thus Ny is a SVNI of I1;. Similarly, we can show that N, is a SVNI of I1,. The second part follows
from the definition of an NPI. We have
TnGx,y) = Tn(x,0) v In(0,y) = Tn(x,0) A Tn(0,y) = T, (x) A T, (),
InG,y) = In(x,0) V In(0,y) = In(x,0) A In(0,y) = Iy, (X) AN, (),
Fn(x,y) = Fn(x,0) AFy(0,y) = Fn(x,0) vV Fn(0,y) = Fn, (x) V Fy, ().

EXAMPLE 8.4
Let IT = II} x II; be a direct product of lattices 1y, IT,. Let N1, N, be NPIs of I1; and I3,
respectively. Then Ty = Ty, x Ty,, In = Iy, X In,, and Fy = Fy, x Fi, need not be a NPIs of I1.
Consider the lattices [1; and I1, as shown in Fig. 8. Define Tn,,In,,Fn, : 1T — [0,1] and
Ty, Iny, Fnv, + I — [0,1] as follows Ty, (0) = 1, Ty, (@) = 1/2,Tn,(B) = 1,Tn, (1) = 3/4,
In, (0) = 7/10, I, (@) = 3/5, I, (B) = 2/T.In,(1) = 4/7, Fy, (0) = 0,Fy, (@) = 1/2,Fy, () =
0,Fy, (1) = 2/5, Ty, (0) = 1, Ty, (1) = 0, In,(0) = 1,In,(1) = 0, Fn,(0) = 0,Fn,(1) = 1. We
note that Ny is a NPI of I} and N, that of I1,. We consider N : IT{ x [T — [0, 1] defined by
Tn@,y) = Tn, (x) A Ty, (), In(x, ) = Iy, (x) A Iy, (), and F(x,y) = Fy, (x) V Fn, (). We have

Tn[(0,1) A (1,0)] = Tn(0,0) = 1, Tn(0,1) = 0, Ty (1,0) = 3/4,
IN[0, 1) A (1,0)] = In(0,0) = 7/10,1y(0, 1) = 0,1y (1,0) = 4/7,
En[0, 1) A(1,0)] = Fn(0,0) = 0,Fy(0,1) = 1, Fy(1,0) = 1.

Thus,
Tn[(0,1) A (1,001 £ Tn(0,1) Vv Ty(1,0),
IN[(0,1) A (1,00] £ In(0,1) V In(1,0),
FN[(0,1) A (1,0)] £ FN(0,1) A Fn(1,0).
Hence N is not a NPI of I.

THEOREM 8.5
Let IT = I1; x II be a direct product of lattices [Ty, IT. If N is a SVNIs of IT; and x4 is a SVNIs
of IT. Then N x x4 is a NPI of IT iff N is a NPI of IT;.
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Figure 8. A representative of a family of 4- and 2-element lattices.

PROOF. Suppose that N is a NPI of IT|. We have

[Tn x x7, (1,00 A (x2,¥2)] = [T X X1, ](x1 A X2, 01 A Y2)
=TInGx AX2) A xT, (V1 AY2)

=Tn(x1 Ax2)as xr, (V1 Ay2) =1

[Unv X x4 [, 1) A (2, ¥2)] = [Iv X X1, 101 A x2, 31 A y2)
=In(x1t AX2) A xi, (V1 Ay2)

=Inv(x1 Ax2)as x;, (V1 Ay2) =1

and
[Fn X xp [, 1) A (x2,12)] = [Fv X xF 11 Ax2,y1 Ay2)
=Fy@1 Ax2) V Xr, (V1 AY2)
= Fy@x1 Ax2)as xp,(y1 Ay2) = 0.
Since N is a NPI,
Tn(xr Ax2) =TnGeD) vV InG2) In(xr Ax2) = In(xy) V In(x2), and Fy(x1 Ax2) =
Fn(x1) AF(x2).
Thus

[Tn x x7,0(10 Ax2, 1 Ay2) =[Tyx1) A x1, D1V [Ty (x2) A x1, (02)]
=[Tn X x1,1x1,¥1) V [ITn X x1,1(x2,¥2).

v x x1,](x1 Ax2,p1 Ay2) = [InGeD) A xi, 0DV INGe2) A xr,02)]
= [Iv x xr, 11,30 Vv U X xr, 12, 12),
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and
[Fn % xpal(x1 Ax2,1 Ay2) = [Fn(1) A xpa DA [FNG2) A xFy (02)]
= [Fn X xr,Je1,01) A [FN X X7 1002, 02).
Hence N x M is a NPI of I1. The converse can be similarly proved. O

THEOREM 8.6

Let [T = I1; x I, be a direct product of lattices I1y, IT. Let N1, N, be SVNIs of I} and I3,
respectively. Suppose that N1(01) = N»(02) = (1, 1,0), where 0; is the least element of /7y and 0,
that of IT. If N = Nj x N, is a N2AI of IT then N is a N2AI of IT; and N, that of IT,.

PROOF. Let x,y,z € I1;. Since N is an N2A4[ of I, we have

INxAYyAz,0) S TNEAY,0) VING Az 02) VvV INGKAZO),
INGAYAZ,0) <INGxAY,02) VING Az,02) VINKAZ02),

FNxAy Az 0) S FNxAY,0) AFNY Az, 02) AFN(x Az 02).

By the definition of N, we can write

Tny(x Ay Az) ATy (02) < [Ty (x Ay) A T, (02)]
VTN, (v A 2) ATy (02)] V [Ty, (x A 2) A T, (02)],
Iny(x Ay A2) ANn, (02) < [y, (x Ap) Ay, (02)]
V vy 0 A 2) AN, (02)] V [, (x A 2) A Dy, (02)],
Fny(x Ay A2) V Fr,(02) > [Fy; (x Ay) A F,(02)]
AFN, 0 A2) AFN, (0] A [T (x A 2) A Fiy (02)].

By using 42(02) = (1, 1,0), we get

TnAYyANz) ST APV TN AZ)V TN (X AZ),
IncAYyAZ) S INEAY)VINGAZ) VI (X AZ),

FneAyAz) = FnyeAY) AFN (Y Az) AFy (X A zZ).

Thus Nj is a N2A4I of I1;. Similarly, we can prove that N; is a N2A4I of I1,. O
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THEOREM 8.7

Let IT = Iy x ITp x ... X ITj, be a direct product of lattices Iy, I, ..., [Tx. Let N;, 1 < kbe SVNIs of
IT;, respectively. Suppose that for each i = 1,2, ..., k, N;(0;) = (1, 1, 0), where 0; is the least element
of IT;. If N =Ny x N X ... x Npisa N2AI of IT, then N;,isa N2A4Al of I1;,i = 1, ..., k.

The following example shows that the converse of Theorem 8.5 need not hold.

EXAMPLE 8.8

Consider the lattices [Ty, [T and IT = [Ty x I1; as shown in the Fig. 7. Define Tn,, In,, Fn, : [T} —
[0, 1] and Ty, In, Fy, : [T — [0, 1] as follows T, (0) = 1, Ty, (a) = 1/6, T, (b) = 1/4, TN, (1) =
1/4, I, (0) = 3/4, Iy, (@) = 1/2,Iy,(b) = 1/3,Iy,(1) = 2/3, F, (0) = 0, Fy, (a) = 5/6, F, (b) =
3/4,Fy (1) = 3/4, Tn,(0) = 1, Ty, (1) = 0, In,(0) = 1,1y,(1) = 0, Fn,(0) = 0, Fn, (1) = 1. We
note that Ny is a N2A4I of I1; and N, that of ITp. We consider N : IT} x Il — [0, 1] defined by
Tn(x,y) = Tny @) A T, ), In(x,y) = Iy, (x) A Iy, (v), and Fy(x,y) = Fy, (x) V Fy, (). We have
Tn[(a, DA(LLOOAD, )] = Tn(0,0) = 1. Tx[(a, DA(1,0)] = Tn(a,0) = 1/6. Tn[(1,0)A (b, 1)] =
Tyn(b,0) = 1/4. Ty[(a, 1) A (b, 1)] = Ty (0,1) = 0. We get Ty[(a, 1) A(1,0) A (b, 1)] £ Tn[(a, 1) A
(1,0)] Vv Tn[(1,0) A (b, D]V Tn[(a, 1) A (b, 1)]. Also Iy[(a, 1) A (1,0) A (b, 1)] = In(0,0) = 3/4.
Iy[(a,1) A (1,0)] = In(a,0) = 1/2. Iy[(1,0) A (b, 1)] = Iy(b,0) = 1/3. Iy[(a,1) A (b,1)] =
In(0,1) = 0. We get Iy[(a, 1) A (1,0) A (B, D] £ In[(a, 1) A(1,00]V IN[(1,0) A (b, D]V IN[(a, 1) A
(b, 1)]. Also Fy[(a,1) A (1,0) A (b,1)] = Fy(0,0) = 0. Fy[(a,1) A (1,0)] = Fy(a,0) = 5/6.
Fy[(1,0)A (b, 1)] = Fy(b,0) = 3/4. Fy[(a, 1) A(b,1)] = Fn(0,1) = 1. Hence Fy[(a, 1) A(1,0) A
(b, D] # Fyl(a, ) A (1,001 A Fn[(1,0) A (b, D] A Fy[(a, 1) A (b,1)]. Hence N is not a N2AI of IT.

THEOREM 8.9

Let IT = II} x I, be a direct product of lattices 1y, [T,. Let Ni,N; SVNIs of IT; and Iy,
respectively. Suppose that (i) N1(01) = N2(02) = (1,1,0), where 01 is the least element of [T}
and 0, that of IT, and (ii) N1 (11) = N2(1,) = (0,0, 1), where 1, is the greatest element of /7] and
1, that of IT. If N = Ny x N; is a N2AI of IT, then Nj is a NPI of Ny and N, that of IT,.

PROOF. Suppose that N; is not a NP[ of I1;. Then there exist «, 8 € I1; such that
Ty, (o A B) £ Ty (@) V Tivy (B)In, (@ A B) £ Iy, (@) Vv Iy, N(B) and
FNl(O[ /\ﬁ) z FN](a) /\FNl(ﬂ)

Consider the elements x = («, 1),y = (1,0),z = (8, 1) from I7. We get the following. Ty (xAyAz) =
In(anB,0) = Tn (@ABIATN, (0) = Ty (@nB). IN(xAY) = T (e, 0) = Ty (@) AT, (0) = Ty, (@).
In(y Az) = TN(B,0) = Tn (B) A T, (0) = Ty (B). Tn(x Az) = Tn(a A B, 1) = T (@ A B) A
Tn,(1) = Ty,(1) = 0. IN(c Ay Az) = In(a A B,0) = Iy (¢ A B) AIn,(0) = Iy (o A B).
IN(x AY) = IN(a,0) = Iy (@) AN, (0) = Iy (). IN(y A 2) = IN(B,0) = [1(B) A In, (0) = Iy, (B).
InxAz) =In(a A B, 1) =In(aAB)ANIn,(1) =In,(1) = 0. Fyx Ay Az) =Fy(a A B,0) =
Fy(a A B) V Fny(0) = Fy(e A B). Fn(x Ay) = Fn(a,0) = Fy (o) V Fy,(0) = Fi, ().
Fy(yAnz) =Fyn(B,0) = Fy(B) V Fn,(0) = Fn, (B). FN(x Az2) = Fy(a A B, 1) = Fy (@ A B)V
Fn,(1) = Fy,(1) = 1. Since N is a N24I, we have

INkAYAZ) < TNGAYIVINOAZ)V INEAZ),
INkAYAZ) SINGAY)VING AZ) VINKXAZ),

FNnxAyAzZ) = FNEAY) AFNO AZ) AFN(x A 2Z).
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ie.
Ty (@A B) = T (o) vV TN (B) VO =Ty () VT (B),
Iny(@ A B) < Iy (@) VI (B) VO = In () VN (B),
Fy (@ A B) = Fy (@) ANFn (B) A0 = Fy, (o) A Fy, (B),
a contradiction. Hence N is a NPI. Similarly, we can show that N, is an NPI. O

THEOREM 8.10
Let IT = I1; x II; be a direct product of lattices Ty, IT. Let N1, N, be SVNIs of IT; and [T,
respectively. If N = N1 x Np, then N is a N2A4I of I1.

PROOF. Let («, x), (B,¥), (y,z) € II. To show that N is a N24/, we need to show that

Tn[(a,x) A (B,y) A (y,2)] = Tnl(a,x) A (B )]V INL(B») A (v, 2]V Tn[(e, x) A (v, 2)],
In[(ee,x) A (B,y) A (v, 2)] < In[(a,x) A (B NV INIB,Y) A (v, D]V In[ (e, x) A (y,2)],
Ey[(a,x) A (B,y) A (y,2)] = Fyl(a,x) A (B )] A FNL(B.») A (v, 2] A Frl(a,x) A (y,2)].

i.e. show that

IN(@ABAY,xAYyAZ) STN@ABXAYVINBAY,YyAZ)V IN(@AY,XAZ),
IN@ANBANYy,x ANyAz) SIN@ABXAY)VINBAY,yANz)VIN(@AY,XNZ),

FN(@aANBAY,xAYyNzZ) Z FN(@ABXAY) NEN(BAY,YyANZ) ANEN(@ AY,x AZ).
We have

IN@ABAYXAYAZ)=TN@ABAY)ANTN =XAYAZ),
INABAY,XAYANZ)=IN(@ABAY)ANINXAYAZ),

Fn@aABAYy,xAYyAzZ)=Fn@ABAY)VFNKXAYAZ).
As Ni, N, be NPIs, we can write

Tnyx Ay Az) =Ty () VTN (B)V Ty (),
Iy Ay A2) =1y (@) VI (B) V Iy, (v),
Fyy(x Ay Az) = Fy(@) AFn (B) AFy, (v)

and

Ty AYyNz) =Tn, )V TN, )V TN, (2),
Inx Ay AN 2) =In,(X) V I, (0) V I, (2),

Fny(x Ay Az) = F, (x) A Fy, () A Fy, (2).
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Also, we have

IN@ABXANNVINBAY,y ANV IN@AY,xAz) = [Ty (@A B) A TN, (x AY)]
V[T (BAY)ATN, (A D)]
V [Ty (@ Ay) ATy, (x A2)],
IN(@ ABxAY) VINBAY,yA2) VIN@AY,xA2) = [In(a A B) Ay, (x A )]
VI (BAY) AN, (Y A 2]
V[N (@ Ay) Ay, (x A 2)],
FNn@ABXANANFNBAY,yANZD) ANFEN(@ Ay, xANz) =[Fn (@A B)V Fny(x Ay)]
AN[Fn(BAY) YV Fny(y A2)]

A[Fn (@ Ay) Vv Fy,(x A2)].
Since Ni, N; be NPIs, we can write

{[Tn, (@) Vv Ty (B A TN, () vV T, O}
VAITN, (B) V TN A [T, 0) v T, (D]}
VATy (@) vV Tny (DA [Ty, (x) V Ty, (D]},
{[Ln; (@) V Iny (B)] A [N, () V I, )T}
VAN, (B) V I )] A U, 0) V I, (2]}
VAN, (@) V I (D] A [N, (6) V I, (D]},
{[FN, (@) A Fy (B A [FN, (x) A Fny 0]}
NIEN (B) AFny (DI A TEN, () A F, (2]}
AEN, (@) A Fny (2] A [Fny (0) A F, (2)]}

By applying distributivity,

[Tn (@) V TI(B) V Ty (DI A [T, () V T, ) V Ty, (2)],
Uy, (@) V IN (B) V Iny (D] A Un, () V I, () V I, (2)],
[Fn (@) A Eng (B) A Fny (DA [FN, (0) A Eny (0) A F, (2)]

Thus N is N2AI. O

THEOREM 8.11
Let IT = ITy x IT; be a direct product of lattices [Ty, [T,. Let N;, M; be SVNIs of IT; and T,
respectively. Let Kj; = N; x M;. Then (| K;; = (| N; x (\ M;.
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PROOF. Let (x,y) € I1. We have
[ Kij(x.3) = Ag(N; x Mj)(x,y)

= Nj(Ni(x) A M;(»)
= AiNi(x) A N;M;(y)
(NiN; X AjM;) (x, )

Thus,ﬂKi,-zﬂN,-x ﬂA/[j O

THEOREM 8.12
Let IT = I1; x I, be a direct product of lattices I1;, [T. (i) Let N be a SVNI of I1; and x4, is a
SVNIs of IT. Then \/N X x4, = VN x XA, - (i) Let K be a SVNI of [T, and x 4, be a SVNI of IT;.

Then /x4, X K = xa, X VK.

PROOF. (i) Let S be a NPI of IT such that N x x4, € P. By Theorem 8.2, § = K x Z for some NP/
KofITy and Zof [T,. Then N € K and x4, € Z. It follows that Z = x 4,. Thus § € § x M. This
shows that \/N x x4, = VN X xa .- (ii) It can be proved similarly. g

THEOREM 8.13
Let IT = I1; x IT be a direct product of lattices Iy, IT>. Let N1 be a SVNI of IT} and x 4 be a SVNIs
of IT,. Then Ni x M is a 2ANPRI of I1, if and only if Ny is a 2ANPRI of I1;.

PROOF. Suppose that N1 x M is a 2ANPRI of I1. Let N>, N3, N4 € SVNS(I11) be such that N N N3 N
N4 C Nj. Consider N; x M. Then (N2 N N3 N Ng) x M C Ny x M. This implies (N2 x M) N (N3 x
M) N (Ng x M) € Ny x M. Since N| x M is a 2ANPRI of I1, we get either

(N2 x M) N (N3 x M) CN; x M
or

(N3 x M) N (Ng x M) € /Ny x M
or

(N2 x M) N (N x M) € /Ni x M.
Thus either

N> N N3 € Np
or
N3N Ny C /N
or
Na NNy € /Ny

Hence Nj is a 2ANPRI of I1;. The converse follows by following similar steps. 0
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9 Conclusion

In this study, we have introduced and explored several key concepts related to lattices, specifically
focusing on neutrosophic prime ideals, prime neutrosophic ideals, neutrosophic 2-absorbing ideals,
2-absorbing neutrosophic ideals, neutrosophic primary ideals, and primary neutrosophic ideals.
Subsequently, we have provided a detailed characterization of neutrosophic 2-absorbing primary
ideals within a lattice framework. The study delves into the transitions among these various
concepts and examines their interrelationships with the traditional ideals of a lattice. Additionally,
we have extended our investigation to consider these concepts in the context of lattices formed
by the Cartesian product of individual lattices. This comprehensive examination offers a deeper
understanding of the intricate relationships and behaviors of these neutrosophic ideals in complex
lattice structures.

Based on our findings, we have addressed several key research questions:

1) In what ways do complex neutrosophic prime ideals and prime complex neutrosophic ideals
influence the structural dynamics of lattices?

2) How can the conditions for a bipolar neutrosophic 2-absorbing ideal to become a bipolar
neutrosophic 2-absorbing primary ideal be systematically identified and analyzed?

3) What roles do neutrosophic hesitant fuzzy primary ideals and primary neutrosophic hesitant
fuzzy ideals play in shaping the relationships between neutrosophic hesitant fuzzy and traditional
lattice ideals?

4) How do the characteristics of hesitant bipolar valued neutrosophic 2-absorbing primary ideals
change when considered within lattices formed by Cartesian products?

5) What are the broader theoretical and practical implications of the transitions and interrela-
tionships among neutrosophic vague prime, primary, and 2-absorbing ideals in complex lattice
structures, and how can this framework be applied to practical domains such as decision-making
under uncertainty?

Abbreviations The following abbreviations are used in this manuscript:

SVNS Single Valued Neutrosophic Set

SVNI Single Valued Neutrosophic Ideal

NPI Neutrosophic Prime Ideal

PNI Prime Neutrosophic Ideal

N2AI Neutrosophic 2-Absorbing Ideal

2ANI 2-Absorbing Neutrosophic Ideal

NPRI Neutrosophic Primary Ideal

N2APRI Neutrosophic 2-Absorbing Primary Ideal
PRNI Primary Neutrosophic Ideal

2APRNI  2-Absorbing Primary Neutrosophic Ideal
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