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In this work, we give a characterization of generalizations of prime and primary fuzzy ideals by introducing 2-absorbing fuzzy
ideals and 2-absorbing primary fuzzy ideals and establish relations between 2-absorbing (primary) fuzzy ideals and 2-absorbing

(primary) ideals. Furthermore, we give some fundamental results concerning these notions.

1. Introduction

The fundamental concept of fuzzy set was introduced by
Zadeh [1] in 1965. In 1982, Liu introduced the notion of fuzzy
ideal of a ring [2]. Mukherjee and Sen have continued the
study of fuzzy ideals by introducing the notion of prime fuzzy
ideals [3]. To the present day, fuzzy algebraic structures have
been developed and many interesting results were obtained.

Prime ideals and primary ideals play a significant role
in commutative ring theory. Because of this importance, the
concept of 2-absorbing ideals, which is a generalization of
prime ideals [4], and the concept of 2-absorbing primary
ideals, which is a generalization of primary ideals [5], were
introduced. While the prime fuzzy ideals and primary fuzzy
ideals have been investigated [3, 6], the concepts of 2-
absorbing fuzzy ideals and 2-absorbing primary fuzzy ideals
have not been studied yet. In this paper, we introduce the 2-
absorbing fuzzy ideals and 2-absorbing primary fuzzy ideals
and some generalizations of 2-absorbing primary fuzzy ideals
and describe some properties of 2-absorbing primary fuzzy
ideals.

Let R be a commutative ring with identity. Recall that a
proper ideal I of R is called a 2-absorbing ideal if whenever
a,b,c € Rand abc € I, then either ab € T orac € I or
bc € I [4] and a proper ideal I of R is called a 2-absorbing
primary ideal if whenever a, b, c € R and abc € I, then either
ab € I orac € VI orbe € VI [5]. Based on these definitions,
a nonconstant fuzzy ideal p of R is called a 2-absorbing fuzzy

ideal of R if for any fuzzy points x,, y,,z, of R, x,yz, € p
implies that either x,y, € yor x,z, € por yz, € uand
a nonconstant fuzzy ideal p of R is said to be a 2-absorbing
primary fuzzy ideal of R if for any fuzzy points x,, y,, z, of
R, x,y,z, € uimplies that either x,y, € yor x,z, € /g or
Y2, € +/u. Itis shown that if ¢4 is a 2-absorbing primary fuzzy
ideal of R, then +/p is 2-absorbing fuzzy ideal. We introduce
the notions of weakly completely 2-absorbing fuzzy ideal and
weakly completely 2-absorbing primary fuzzy ideal, which is
a weakened status of the 2-absorbing fuzzy ideals and 2-
absorbing primary fuzzy ideal, respectively. Then relationship
between the 2-absorbing primary fuzzy ideals and weakly
completely 2-absorbing primary fuzzy ideals is analyzed.
Based on the definition of the level set, the transition of
2-absorbing primary ideals of R and 2-absorbing primary
fuzzy ideals of R is examined. By a 2-absorbing primary
ideal of R, a 2-absorbing primary fuzzy ideal is established
(Proposition 20). For a ring homomorphism f : R — S,
it is shown that f~'(£) is a 2-absorbing primary fuzzy ideal
of R, where £ is 2-absorbing primary fuzzy ideal of S. If y is
2-absorbing primary fuzzy ideal of R, which is constant on
Ker f, then it is proved that f(u) is a 2-absorbing primary
fuzzy ideal of S. It is shown under what condition the
intersection of the collection of 2-absorbing primary fuzzy
ideals is 2-absorbing primary fuzzy ideal. It is shown that
the intersection of two 2-absorbing primary fuzzy ideals need
not be a 2-absorbing primary fuzzy ideal if this condition is
not satisfied (Example 27). Also, it is proved that union of a
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directed collection of 2-absorbing primary fuzzy ideals of R
is 2-absorbing primary fuzzy ideal.

2. Preliminaries

We assume throughout that all rings are commutative with
1 # 0. Unless stated otherwise L = [0, 1] stands for a complete
lattice. Z denotes the ring of integers, L(R) denotes the set of
fuzzy sets of R, and LI(R) denotes the set of fuzzy ideals of R.
For u,& € L(R), we say u € & if and only if p(x) < &(x) for all
x € R-Whenr € L, x, y € R we define x, € L(R) as follows:

xr(y)={r 0 B

0 otherweise,

and x, is referred to as fuzzy point of R.
Also, for 4 € L(R) and t € L, define y, as follows:

pe=1{x € R:p(x)>t}. (2)

Definition 1 (see [2]). A fuzzy subset y of a ring R is called a
fuzzy ideal of R if for all x, y € R the following conditions are
satisfied:

(i) p(x — y) = p(x) Au(y), Vx,y € R.
(if) u(xy) = u(x) v u(y), Vx,y € R.

Let ybe any fuzzy ideal of R; x, y € R, and let 0 be the additive
identity of R. Then it is easy to verify the following:

(i) u(0) = u(x), u(x) = u(—x) and y, C pg, where s, t €
Im(y) and t > s.

(ii) If u(0) = u(x — y), then u(x) = u(y), u(x) = siff
x €y, and x ¢ p,, Vt>s.

Definition 2 (see [7]). Let y be any fuzzy ideal of R. The ideals
Yy> (u(0) > t) are called level ideals of .

Definition 3 (see [3]). A fuzzy ideal p of R is called prime
fuzzy ideal if for any two fuzzy points x,, y, of R, x,y, € u
implies either x, € por y, € p.

Definition 4 (see [6]). Let u be a fuzzy ideal of R. Then /,
called the radical of y, is defined by /fi(x) = \/,o, pu(x").

Definition 5 (see [6]). A fuzzy ideal u of R is called primary
fuzzy ideal if for x, ¥ € R, pu(xy) > wp(x) implies pu(xy) <
p(y") for some positive integer #.

Theorem 6 (see [6]). Let u be fuzzy ideal of a ring R. Then /i
is a fuzzy ideal of R.

Definition 7 (see [3]). Let R be a ring. Then a nonconstant
fuzzy ideal p is said to be weakly completely prime fuzzy ideal
iff for x, y € R, u(xy) = max{u(x), u(y)}.

Theorem 8 (see [8]). If y and & are two fuzzy ideals of R, then

Jung=yan &
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Theorem 9 (see [8]). Let f: R — S be a ring homomorphism
and let y be a fuzzy ideal of R such that u is constant on Ker f
and let & be a fuzzy ideal of S. Then,

() VW) = f(vp)
(ii) \ f1(€) = £(O).

Definition 10 (see [4]). A nonzero proper ideal I of a com-
mutative ring R with 1 # 0 is called a 2-absorbing ideal if
whenever a, b, c € Rwith abc € I, then eitherab € I orac € I
orbc e I.

Definition 11 (see [5]). A proper ideal I of R is called a 2-
absorbing primary ideal of R if whenever a,b,c € R with
abc € 1, then either ab € I or ac € VI orbc € VI.

Theorem 12 (see [5]). IfI is a 2-absorbing primary ideal of R,
then VT is a 2-absorbing ideal of R.

Definition 13 (see [9]). An element 1 > « € L is called a 2-
absorbing element if for any x, y,z € L, x A y Az < « implies
eitherx Ay <aorxAz<aoryAz<a.

3. 2-Absorbing Primary Fuzzy Ideals

Definition 14. Let p be a nonconstant fuzzy ideal of R. Then p
is called a 2-absorbing fuzzy ideal of R if for any fuzzy points
X, Vs 2, of R, x,y,z, € pimplies that either x, y, € porx,z, €
YOI Yz, € U

Theorem 15. Every prime fuzzy ideal of R is a 2-absorbing
fuzzy ideal.

Proof. The proof is straightforward. O

Lemma 16. Let y be a fuzzy ideal and t € [0, u(0)]. If pis a
2-absorbing fuzzy ideal, then y, is a 2-absorbing ideal of R.

Proof. Let u be a 2-absorbing fuzzy ideal and ¢t € [0, u(0)].
If xyz € u, for any x,y,z € R, then u(xyz) > t. Thus,
(xyz),(xyz) =t < u(xyz) and (xyz), = x,y,2, € y. Since
p is a 2-absorbing fuzzy ideal, we have x,y, = (xy), € por
x,z, = (xz), € por y,z, = (yz), € u. Hence, xy € p, or
xz € y, or yz € u,. Therefore, y, is a 2-absorbing ideal of
R. O

The following example shows that the converse of the
lemma need not be true.

Example 17. Let R = Z, the ring of integers. Define the fuzzy
ideal p of Z by

1, x=0,
1

p(x) = T x €4z -0, (3)
0, xeZ-4Z

Then y, is (0), 4Z, Z in case t > 1,t > 1/4,t > 0,
respectively. Thus, it is seen that y, is 2-absorbing ideal for
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all t € Imu. Since 2;/,2,,1;/,(4) = 1/4 < u(4) = 1/4 so
21/221/211/4 € ‘l/lbut 21/221/2(4) = 1/2 > [4(4) = 1/4 and
2/511/4(2) = 1/4 > p(2) = 0. Hence, p is not 2-absorbing
fuzzy ideal.

Definition 18. Let y be a nonconstant fuzzy ideal of R. Then p
is said to be a 2-absorbing primary fuzzy ideal of Rif x, vz, €
 implies that either x, y, € por x,z, € \fui or y.z, € +/u for
any fuzzy points x,, y,, z,.

Theorem 19. Every primary fuzzy ideal of R is a 2-absorbing
primary fuzzy ideal of R.

Proof. 1t is clear from the definition of primary fuzzy ideal.
O

Proposition 20. Let I be a 2-absorbing primary ideal of R and
1 # a € L a 2-absorbing element. If y is the fuzzy ideal of R
defined by

1, xel,
p(x) = (4)
o, x¢1,

for all x € R, then p is a 2-absorbing primary fuzzy ideal of R.

Proof. Assume that x,y,z, € pbutx,y, ¢ pand x,z, ¢
and y.z, ¢ +/u for any x, y,z € R. Then pu(xy) < r A's and
u((y2)") < i(yz) < s Atand u((xz)") < \u(xz) < r At
for alln > 1. In this case, u(xy) = aand xy ¢ I, u((yz)") =
and (yz)" ¢ Iso yz ¢ VI, u((x2)") = «, and (x2)" ¢ I so
xz ¢ I Since I is a 2-absorbing primary ideal of R, then
we get xyz ¢ I and so y(xyz) = «. By our assumption we get
(XYZ)ipspt = X, V2, € pand rAsAt < p(xyz) = a. Thus, rAs <
aor sAt < aorrAt < «, since « is 2-absorbing element, which
is a contradiction. Hence, y is a 2-absorbing primary fuzzy
ideal of R. O

Theorem 21. Every 2-absorbing fuzzy ideal of R is a 2-
absorbing primary fuzzy ideal.

Proof. The proof is straightforward by the definition of the
2-absorbing fuzzy ideal. O

The following example shows that the converse of Theo-
rem 21 is not true.

Example 22. Let u € LI(R) be defined as

x € 87,

1)
p(x) = { (5)
0, x¢38Z.

By Theorem 19 and Proposition 20 y isa 2-absorbing primary
fuzzy ideal. For2 € Z,2,2,2, e pbut2,2,(4) =1> u(4) =0
80 2,2, ¢ p. Thus, p is not a 2-absorbing fuzzy ideal.

Lemma 23. Let y be a fuzzy ideal and t € [0, u(0)]. If u is a 2-
absorbing primary fuzzy ideal, then y, is a 2-absorbing primary
ideal of R.

Proof. If xyz € p, for any x, y,z € R, then p(xyz) > t. Thus,
(xyz),(xyz) =t < u(xyz) and (xyz), = x,y,2, € y. Since y is
a 2-absorbing primary fuzzy ideal, we have x,y, = (xy), € u
or x;z, = (xz); € \Jor y,z, = (yz), € /. Hence, xy € y,

Or Xz € ~JH, = [t O ¥z € [, = \/ti;. Therefore, p, is a 2-
absorbing primary ideal. O

Note that if 4, is a 2-absorbing primary ideal of R, then
p need not be 2-absorbing primary fuzzy ideal of R. In
Example 17, p is not 2-absorbing fuzzy ideal and also it is not
2-absorbing primary fuzzy ideal by Theorem 21, although ¢,
is a 2-absorbing primary ideal of R.

Proposition 24. If y is a 2-absorbing primary fuzzy ideal of R,
then +/u is a 2-absorbing fuzzy ideal of R.

Proof. Letx,, y,, z, be any fuzzy points of R such that x, y,z, €
Viand x,y, ¢ /u. Since x,y.z, € [, wegetr AsSAL =
x,y.z;(xyz) < \/u(xyz). By the definition of /i, \/uu(xyz) =
Voo 4(x"y"2") > r As At. Then thereisa k € Z* such that

rASAL < ,u(xkykzk) = pt((xyz)k). It implies that (xrysz,)k € U.

If x,y, ¢ /i then, forallk € Z*, (x, y,)* = x*y* ¢ . Since u
is a 2-absorbing primary fuzzy ideal, we conclude x,z, € /i
or y.z, € \/u. Thus, /i is a 2-absorbing fuzzy ideal. O

Definition 25. Let y be a 2-absorbing primary fuzzy ideal of R.
Then y = +/p is a 2-absorbing fuzzy ideal by Proposition 24.
We say that p is a y-2-absorbing primary fuzzy ideal of R.

Theorem 26. Let py,{,,...,H, be y-2-absorbing primary
fuzzy ideals of R for some 2-absorbing fuzzy ideal y of R. Then
=i, 4 is a y-2-absorbing primary fuzzy ideal of R.

Proof. Suppose that x, y,;z, € pand x, y; ¢ p. Then x, y; ¢ y;
forsomen > j > 1 and x,y,z, € y;foralln > j > 1. Since
p; is a y-2-absorbing primary fuzzy ideal, we have y.z, €

VB =y = o Vi = N = Viorx,z, € \Jii; =

y =y, Vi = e, ¢ = B Thus, u is a y-2-absorbing
primary ideal of R. O]

In the following example, we show that if y,, u, are 2-
absorbing primary fuzzy ideals of a ring R, then y; Ny, need
not to be a 2-absorbing primary fuzzy ideal of R.

Example 27. Let R = Z, the ring of integers. Define the fuzzy
ideals y, and p, of Z by

1, x €507,
py (x) = (6)
0, x¢50Z,
and by
1, xe75Z,
o (x) = (7)
0, x¢752.



Here p, and p, are 2-absorbing primary fuzzy ideals of Z by
Proposition 20. But it is not difficult to show that y; Ny, is
not a 2-absorbing primary fuzzy ideal of Z. Since

1, x¢€150Z,

(1 N ) (x) = { (8)
0, x¢ 15027,

then 25,.3,.2, € yu, N, but 25,3, ¢ py Ny, 2512, ¢ py N Yy,
and 2,3, ¢ y; N u,. Moreover, by the definition of

1, x €307,

Vi = { ©)

0, x¢30Z,

we conclude that 25,.3,.2, € y; Ny, but 25,3, ¢ /pu; Ny,

25,2, ¢ /U Ny, and 2,3, ¢ /uy N . Hence, py Ny, is not
a 2-absorbing primary fuzzy ideal of Z.

Theorem 28. Let y be a fuzzy ideal of R. If \/ui is a prime fuzzy
ideal of R, then y is a 2-absorbing primary fuzzy ideal of R.

Proof. Assume that x, y,z, € pand x, y, ¢ pforany x, y,z €
Randr,s,t € [0,1]. Since x, ¥z, € p and R is commutative
ring, we have x, y.z,z, = (x,2,)(y,z;) € u S /u. Thus, x,z, €
VHor Y.z, € Jpisince /i is a prime fuzzy ideal of R. Hence,
we conclude that y is a 2-absorbing primary fuzzy ideal of
R. O

Corollary 29. If u is a prime fuzzy ideal of R, then y" is 2-
absorbing primary fuzzy ideal of R for anyn € Z*.

Proof. Let pbe aprime fuzzy ideal and x, y,z, € y" butx, y, ¢
y" for any n € Z*. Since x,y.z, € " and R is commutative
ring, we conclude that x,y,z,z, = (x,2,)(y,z,) € y" < .
Hence, x,z, € p = \[u" or y,z, € p = " since y is prime
fuzzy ideal of R. O

Theorem 30. Let {y; : i € I} be a directed collection of 2-
absorbing primary fuzzy ideals of R. Then the fuzzy ideal yu =
Uies 1 is a 2-absorbing primary fuzzy ideal of R.

Proof. Suppose x,y.z, € pand x,y, ¢ u for some x,, y,, 2,
fuzzy points of R. Then there are some j € I suchthatx, y.z, €
pjand x,y, ¢ p;forall j € I. Since y; is 2-absorbing primary
fuzzy ideal, we have y.z, € B or X,z; € \[i;. Thus, y.z, €

j=VYi i = \Uier i = PO X2 i S Uier VHi =
\/ECUEI\/F Uer ¢ ptrxze\/‘;TcU N

\/UieI Hi = p. O

Theorem 31. Let f : R — S be a ring homomorphism. If
is a 2-absorbing primary fuzzy ideal of S, then f' (&) is a 2-
absorbing primary fuzzy ideal of R.

Proof. Assume that x,y.z, € f'(§), where x,, y,, z, are any
fuzzy points of R. Then r AsAt < f_l(f)(xyz) =&(f(xyz)) =
E(f(x)f(0)f(2)). Let f(x) =a, f(y) =b,and f(z) =c € S.
Thus, we get that r A s At < &E(abc) and a,b,c, € &. Since & is
a 2-absorbing primary fuzzy ideal, we conclude that a,b; € &
Eorbye € VEIfab, € & thenr As < E(ab) =

ora.c €
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Efx)f(y) = &(f(xy) = fﬁl(f)(xy); hence, we conclude
that x,y, € 7 (§).
If a,c, € /& then, for somen € Z*,r At < E(d'c") =

ES)"f(2)") < Vsib(f()"f(2)") = VE(f(x)f(2)
VE(f(xz)) = f(VE)(xz) = +/f (). Thus, we get that

x,2, € 1 f71(&). By a similar way, it can be see that y.z, €
V@) O

Theorem 32. Let f : R — S be a surjective ring homo-
morphism. If p is a 2-absorbing primary fuzzy ideal of R which
is constant on Ker f, then f(u) is a 2-absorbing primary fuzzy
ideal of S.

Proof. Suppose that a,b,c, € f(u), where a,,b,, ¢, are any
fuzzy points of S. Since f is a surjective ring homomorphism,
there exist x,y,z € R such that f(x) = a, f(y)
b, f(z) = c. Thus, a,bc.(abc) = r As At < f(u)(abe)
W) f()f(2) = f(wW(f(xyz)) = p(xyz) because u
is constant on Ker f. Then we get x,y,z, € p. Since y is a
2-absorbing primary fuzzy ideal, we conclude x,y, € p or
X,Z; € \JUOr Yz, € \[h
Thus, 7 A's < p(xy) = F@ () = FEFE () =
f(w(ab)soab, € f(u) orr At < \Jli(xz) = /o u(x"2") =
Vit W () = Ve f()(@"") = f(w)(ac) so
4,6, € T,

By a similar way;, it is easy to see that b,¢, €

N[

fWityez, €
O

4. Weakly Completely 2-Absorbing Primary
Fuzzy Ideals

Definition 33. (i) A nonconstant fuzzy ideal y of R is called
a weakly completely 2-absorbing fuzzy ideal of R if for all
a,b,c € R, u(abc) < p(ab) or u(abc) < u(ac) or u(abe) <
p(be).

(ii) A nonconstant fuzzy ideal p of R is called a weakly
completely 2-absorbing primary fuzzy ideal of R if for all
a,b,c € R, u(abc) < u(ab) or u(abc) < +fp(ac) or u(abe) <

JH(bo).

Theorem 34. Every weakly completely 2-absorbing fuzzy ideal
of R is a weakly completely 2-absorbing primary fuzzy ideal.

Proof. The proof is straightforward. O

The following example shows that the converse of Theo-
rem 34 is not necessarily true.

Example 35. Let R = Z, the ring of integers. Define the fuzzy
ideal u of Z by

x €87,

1)
mw={ (10)
0, x¢8Z.

Assume that u(xyz) > u(xy) for any x, y,z € R. Thus,
pulxyz) = 1and 0 = p(xy) so we get xyz € 8Z and xy ¢
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8Z. Since 8Z is primary ideal of Z, we get z € 2Z. By the
definition of radical u

1, x€2Z,
Vi (x) =
0, x¢2Z,
(11)
Vi (xz) = 1,
Vi (yz) = 1,

hence, \/u(xz) = u(xyz) or \ju(yz) = u(xyz). Therefore, u
is a weakly completely 2-absorbing primary fuzzy ideal. But
since u(2.2.2) = 1 > 0 = u(2.2), we conclude that y is not a
weakly completely 2-absorbing fuzzy ideal.

Proposition 36. Every primary fuzzy ideal of R is a weakly
completely 2-absorbing primary fuzzy ideal.

Proof. Let u be a primary fuzzy ideal of R. Assume that
p(xyz) > u(xy) for any x, y,z € R. Since y is primary fuzzy
ideal, we conclude +/u(z) > u(xyz). Since /u is a fuzzy
ideal, we have \/u(xz) > +Ju(z) = u(xyz) or \/u(yz) =
Vi(z) = p(xyz). So p is a weakly completely 2-absorbing
primary fuzzy ideal. O

Lemma 37. Let u be a fuzzy ideal of R. Then y is a weakly
completely 2-absorbing primary fuzzy ideal of R if and only if
Yy is a 2-absorbing primary ideal of R for all t € [0, u(0)].

Proof. Assume that xyz € y, and xy ¢ y, for any x, y,z € R.
We show that yz € /i, or xz € \/u;. Note that u(xyz) > t >
p(xy). Since u is a weakly completely 2-absorbing primary
fuzzy ideal of R, we have \/ii(xz) > u(xyz) > t or \/u(yz) >
u(xyz) > t. Thus, xz € \Ji, = /i Or yz € \Ji, = /pt;. So we
conclude that y, is a 2-absorbing primary ideal of R.
Conversely, assume that g, is a 2-absorbing primary ideal
of Rforallt € [0, u(0)]. If u(xyz) > u(xy) forany x, y,z € R,
then there is a k € [0, 4(0)] such that u(xyz) = kand k =
ulxyz) > p(xy). So xyz € py and xy ¢ . Since py is a 2-
absorbing primary ideal of R, we get that xz € /i = /i, or
VZ € \[t = /- Hence, \Ju(xz) > k = p(xyz) or \[u(yz) =
k = p(xyz). Therefore, u a is weakly completely 2-absorbing
primary fuzzy ideal of R. ]

Theorem 38. If u is a weakly completely 2-absorbing primary
fuzzy ideal of R, then \/u is a weakly completely 2-absorbing
fuzzy ideal of R.

Proof. If u is a weakly completely 2-absorbing primary fuzzy
ideal, then by Lemma 37 g, is a 2-absorbing primary ideal
of R for any t € [0, u(0)]. By [5, Theorem 2.2], \it; = /i,
is 2-absorbing ideal of R. Then it is easy to see that from
Definition 33 /g, is a 2-absorbing ideal of R if and only if
+/# is a weakly completely 2-absorbing fuzzy ideal. O

Definition 39. Let u be fuzzy ideal of R. Then p is called a
K-2-absorbing primary fuzzy ideal of R if for all x, y,z € R,
u(xyz) = u(0) implies that pu(xy) = u(0) or \/u(yz) = u(0)
or /u(xz) = u(0).

Proposition 40. Every weakly completely 2-absorbing pri-
mary fuzzy ideal is a K-2-absorbing primary fuzzy ideal.

Proof. Assume that p is a weakly completely 2-absorbing
primary fuzzy ideal. If u(xyz) = w(0) for any x, y,z € R,
then u(0) > u(xy) = u(xyz) = u(0) or u(0) = /u(0) >
Vil(xz) = u(xyz) = w(0) or u(0) = u(0) > u(yz) =
ulxyz) = u(0) since u is a weakly completely 2-absorbing
primary fuzzy ideal. Hence, u(xy) = u(0) or \/u(xz) = u(0)
or \/u(yz) = u(0). We conclude that y is a K-2-absorbing
primary fuzzy ideal.

Note that the following example shows that a K-2-
absorbing primary fuzzy ideal need not be a weakly com-
pletely 2-absorbing primary fuzzy ideal. O

Example 41. Let R = Z, the ring of integers. Define the fuzzy
ideal 4 of Z by

1, x=0,
1
‘u(x) = E, x €30Z -0, (12)
1
5, xe€Z-30Z.

Then p is a K-2-absorbing primary fuzzy ideal. But since

1

©(2.3.5) = % > \/{u(23),1(2.5),u(35)} = 3 (13)

or

u(23.5) == > \/{VE(@23), Vi (2.5), Vi (3.5)}

(14)

>

W= N~

then y is not a weakly completely 2-absorbing primary fuzzy
ideal.

Corollary 42. Every weakly completely prime fuzzy ideal is a
weakly completely 2-absorbing primary fuzzy ideal.

Proof. Since every weakly completely prime fuzzy ideal is pri-
mary fuzzy ideal, by Proposition 36 every weakly completely
prime fuzzy ideal is a weakly completely 2-absorbing primary
fuzzy ideal. O

Theorem 43. Every K-2-absorbing fuzzy ideal is a K-2-
absorbing primary fuzzy ideal.

Proof. The proof is straightforward. O

The following example shows that the converse of Theo-
rem 43 is not true.

Example 44. Define the fuzzy ideal y of Z by

x € 87,

13
= 15
e {0, isr (15)



Then p is a K-2-absorbing primary fuzzy ideal but since
p(2.2.2) = \Jp2.2) = \/ o p(4") = 1 = u(0) and u(2.2.2) =
1 = u(0) # u(4) = 0, we have that y is not a K-2-absorbing
fuzzy ideal.

Theorem 45. Let f : R — S be a ring homomorphism. If & is
a weakly completely 2-absorbing primary fuzzy ideal of S, then
£1(&) is a weakly completely 2-absorbing primary fuzzy ideal
of R.

Proof. Assume that fﬁl(f)(xyz) > fﬁl(f)(xy) for any x, y,
z € R.Then f'(§)(xyz) = &(f(xyz)) = E(f(x) f(0) f(2)) >

Oy = &fxy) = &f(x)f(y). Since & is a
weakly completely 2-absorbing primary fuzzy ideal of S,

we conclude that E(f(x)f(y)f(z)) = fﬁl(f)(xyz) <
VE(f(x) f(2)) = VE(f(x2)) = f (VE(x2)) = [ f1(E)(x2)
or EfX)fNf) = fEy2) < VEFWf(2) =

VE(f(y2) = [ (VE(y2) = \[ /1) (y2). Thus, £ (§) isa
weakly completely 2-absorbing primary fuzzy ideal of R. [

Theorem 46. Let f : R — S be a surjective ring homomor-
phism. If u is a weakly completely 2-absorbing primary fuzzy
ideal of R which is constant on Ker f, then f(u) is a weakly
completely 2-absorbing primary fuzzy ideal of S.

Proof. Assume that f(u)(abc) > f(u)(ab) for any a,b,c €
S. Since f is surjective ring homomorphism, f(x) = a,
f(y) = b, and f(z) = c for some x,y,z € R. Thus,
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fabe) = FWFEFODf@) = F@(fyz) >
Fu)ab) = FE(FE)F3)) = F@(f(ey). So,as p is con-
stant on Ker f, f(u)(f(xyz)) = u(xyz) and f(u)(f(xy)) =
p(xy). This means that f(u)(abc) = u(xyz) > ul(xy) =
f(p)(ab). Since p is a weakly completely 2-absorbing primary
fuzzy ideal of R, we have p(xyz) = f(u)(f(x)f(y)f(z)) =
fwlabe) < u(xz) = f(y(f(xz)) = f(y@lac) =
Vf(lac) or u(xyz) = f(W(f(x)f(y)f(2)) = f(w)(abc) <
VI(yz) = f(i)(f(y2)) = f(/@)(be) = /f(u)(bc). Hence,
f(p) is a weakly completely 2-absorbing primary fuzzy ideal
of R. ]

We state the following corollary without proof. Its proof
is a result of Theorems 45 and 46.

Corollary 47. Let f be a homomorphism of a ring R onto
a ring S. Then f induces a one-one inclusion preserving
correspondence between the weakly completely 2-absorbing
primary fuzzy ideals of R which is constant on Ker f and the
weakly completely 2-absorbing primary fuzzy ideals of S in such
a way that if y is a weakly completely 2-absorbing primary
fuzzy ideal of R constant on Ker f, then f(u) is the corre-
sponding weakly completely 2-absorbing primary fuzzy ideal of
S, and if & is a weakly completely 2-absorbing primary fuzzy
ideal of S, then (&) is the corresponding weakly completely
2-absorbing primary fuzzy ideal of R.

Remark 48. Note that the following diagram shows the
transition between definitions of fuzzy ideals:

K-2-absorbing —  K-2-absorbing primary

1

weakly completely prime — w. c. 2-absorbing — w. c. 2-absorbing primary

1

prime —

2-absorbing  —

16
1 (16)

2-absorbing primary

N primary 7

5. Conclusion

This article investigates the weakly completely 2-absorbing
primary fuzzy ideal and 2-absorbing primary fuzzy ideal
as a generalization of primary fuzzy ideal in commutative
rings. Also some characterizations of 2-absorbing primary
fuzzy ideal are obtained. Moreover, we see that a 2-absorbing
primary fuzzy ideal by a 2-absorbing primary ideal of a
commutative ring is established, so the transition between the
two structures can be analyzed.
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