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The concept of T-semihyperrings was introduced by Dehkordi and Davvaz as a generalization of semirings, semihyperrings, and
I'-semiring. In this paper, by using the notion of triangular norms, we define the concept of triangular fuzzy sub-I'-semihyperrings
as well as triangular fuzzy I'-hyperideals of a I'-semihyperring, and we study a few results in this respect.

1. Introduction

In [1], Nobusawa introduced I'-rings as a generalization of
ternary rings. Let M be an additive group whose elements
are denoted by a, b, ¢, . .. and I another additive group whose
elements are y, 3, «, . . .. Suppose that ayb is defined to be an
element of M and that yaf is defined to be an element of T
for every a,b,y, and f3. If the products satisfy the following
three conditions: (1) (a, + a,)yb = a,yb + a,yb, a(y, +y,)b =
ay,b+ay,b, ay(b,+b,) = ayb,+ayb,; (2) (ayb)pBc = ay(bfc) =
a(ybP)c; (3) if ayb = 0 for any a and b in M, then y = 0;
then M is called a T-ring in the sense of Nobusawa [1]. Barnes
[2] weakened slightly the conditions in the definition of T'-
ring and gave a new definition of a I'-ring. Let M and I be
two additive abelian groups. Suppose that there is a mapping
from M xT' x M — M (sending (a, y, b) into ayb such that
(1) (a; + a)yb = a,yb + a,yb, a(y, + y,)b = ay,b + ay,b,
ay(b, + b)) = ayb, + ayb,; (2) (ayb)Bc = ay(bBc); then
M is called a I'-ring in the sense of Barnes [2]. Nowadays,
I-rings mean the I'-rings due to Barnes and other I'-rings
are known as I'y-rings, that is, gamma rings in the sense
of Nobusawa. Barnes [2], Luh [3], and Kyuno [4] studied
the structure of I'-rings and obtained various generalization
analogous to corresponding parts in ring theory. The notion
of I'-semirings was introduced by Rao [5] as a generalization
of semirings as well as I'-rings. Subsequently, by introducing

the notion of operator semirings of a I'-semiring, Dutta and
Sardar [6] enriched the theory of I'-semirings. Algebraic
hyperstructures represent a natural extension of classical
algebraic structures and they were introduced by the French
mathematician Marty [7]. Algebraic hyperstructures are a
suitable generalization of classical algebraic structures. In a
classical algebraic structure, the composition of two elements
is an element, while in an algebraic structure, the composition
of two elements is a set. Since then, hundreds of papers and
several books have been written on this topic, for example,
see [8-10]. In [11, 12], Dehkordi and Davvaz studied the
notion of a I'-semihyperring as a generalization of semiring,
semihyperring, and I'-semiring.

Fuzzy sets are sets whose elements have degrees of
membership. Fuzzy sets have been introduced by Zadeh
(1965) as an extension of the classical notion of sets [13].
Let X be a set. A fuzzy subset A of X is characterized
by a membership function p, X — [0,1] which
associates with each point x € X its grade or degree of
membership yﬂ(x) € [0,1]. Fuzzy sets generalize classical
sets since the characteristic functions of classical sets are
special cases of the membership functions of fuzzy sets, if
the latter only take values 0 or 1. After the introduction of
fuzzy sets by Zadeh, reconsideration of the concept of clas-
sical mathematics began. In 1971, Rosenfeld [14] introduced
fuzzy sets in the context of group theory and formulated
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the concept of a fuzzy subgroup of a group. Das characterized
fuzzy subgroups by their level of subgroups in [15], since
then many notions of fuzzy group theory can be equivalently
characterized with the help of notion of level subgroups. The
concept of a fuzzy ideal of a ring was introduced by Liu [16]. In
1992, Jun and Lee [17] introduced the notion of fuzzy ideals in
I-rings and studied a few properties. In [6], Dutta and Sardar
studied the structures of fuzzy ideals of I-rings. Also, see [18].
The study of fuzzy hyperstructures is an interesting research
topic of fuzzy sets. There is a considerable amount of work
on the connections between fuzzy sets and hyperstructures.
In [19], Davvaz introduced the concept of fuzzy H,-ideals of
H,-rings. Then, this concept was studied in depth in several
papers, for example, see [20]. Also, see [21]. In [22, 23],
Ersoy and Davvaz investigated some properties of fuzzy I'-
hyperideals of I'-semihyperring. Now, in this paper, we define
the concept of triangular fuzzy sub-I'-semihyperrings and
fuzzy I'-hyperideals of a I'-semihyperring by using triangular
norms, and we study a few results in this respect.

2. Basic Concepts

Let H be a nonempty set and let p*(H) be the set of all
nonempty subsets of H. A hyperoperation on H is a map
o : Hx H — ¢*(H) and the couple (H,o) is called a
hypergroupoid. If A and B are nonempty subsets of H, then
we denote Ao B=J,cppep@ob,xoA={x}oAand Aox =
A o {x}. A hypergroupoid (H, ) is called a semihypergroup
if for all x, y,z of H we have (x o y) o 2 = x o (y o z), which
means that (J,c,., % ° 2 = U,e,., X © v. A semihyperring is
an algebraic structure (R, +,-) which satisfies the following
properties: (1) (R, +) is a commutative semihypergroup; that
is,(x+y)+z=x+(y+z)andx+y=y+xforallx, y,z €
R; (2) (R,) is a semihypergroup; (3) the hyperoperation -
is distributive with respect to the hyperoperation +; that is,
x-(y+z2)=x-y+x-z2,(x+y)-z=x-z+y-zforall
X, ¥,z € R; (4) the element 0 € R is an absorbing element;
thatisx -0 = 0-x = 0 for all x € R. A semihyperring
(R, +,-) is called commutative if and only ifa-b = b-a
for all a,b € R. Vougiouklis in [24] studied the notion of
semihyperrings in a general form; that is, both the sum and
product are hyperoperations; also see [25]. A semihyperring
(R, +,-) with identity 1, € Rmeansthat 1 -x = x-1; = x for
all x € R. The concept of I'-semihyperring is introduced and
studied by Dehkordi and Davvaz [11]. Let R be a commutative
semihypergroup and I' be a commutative group. Then, R is
called a I'-semihyperring if there existsamap RxI'x R —
©"(R) (image to be denoted by aab for a,b € Rand a € I
and " (R) is the set of all nonempty subsets of R satisfying
the following conditions:

(1) aa(b + ¢) = aab + aac,
(2) (a + b)ac = aac + bac,

(3) ala + B)b = aab + afsb,
(4) ax(bfc) = (aab)fkc,

for all a,b,c € R and for all &, 8 € I. One can find
many examples of I'-semihyperrings in [11, 12]. In the above
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definition if R is a semigroup, then R is called a multiplicative
I'-semihyperring. A T-semihyperring R is called commutative
it xay = yax for every x,y € Rand o € I. We say that
I'-semihyperring R with zero if there exists 0 € R such that
a€a+0,0 € 0aa,0 € an0 for alla € Rand « € T. Let
A and B be two nonempty subsets of I'-semihyperring R and
x € R WedefineA+B={x|x€a+b;acA be B}
and ATB = {x | x € aab;a € A, b € B, « € T} A
nonempty subset R, of I'-semihyperring R is called a sub-T-
semihyperring if it is closed with respect to the multiplication
and addition. In other words, a nonempty subset R, of I'-
semihyperring R is a sub-I'-semihypergroup if R, + R, € R,
and R;TR; C R,.

A right (left) I'-hyperideal I of a I'-semihyperring R is
an additive sub-semihypergroup (R, +) such that ITR < I
(RTT < I). If I is both right and left T-hyperideal of R,
then we say that I is a two-sided I'-hyperideal or simply a I'-
hyperideal of R. In [22, 23], Ersoy and Davvaz studied fuzzy
I-hyperideals of T-semihyperrings. We recall the notion of
a fuzzy T-hyperideal of a I'-semihyperring. Let R be a I'-
semihyperring and y be a fuzzy subset of R. Then (1) y is
called a fuzzy left I'-hyperideal of R if min{u(x), u(y)} <
inf ¢, {u(2)} and p(y) < inf,, {u(2)} for all x,y € R
and y € T; (2) p is called a fuzzy right T-hyperideal of R if
min{u(x), u(y)} < infz€x+y{[4(z)} and p(x) < infzexw{[/t(z)}
forall x, y € Rand y € I'; (3) uis called a fuzzy I'-hyperideal
of R if it is both a fuzzy left T-hyperideal and a fuzzy right
I'-hyperideal of R.

The concept of a triangular norm was introduced by
Menger [26] in order to generalize the triangular inequality
of a metric. The current notion of a t-norm and its dual
operation is due to Schweizer and Sklar [27]. By a t-norm
T we mean a function T [0,1] x [0,1] — [0,1]
satisfying the following conditions: (T1) T(x, y) = T(y,x);
(T2) T(x, T(y,2)) = T(T(x, y),2); (T3) T(x, y) < T(x,2) if
y < z; (T4) T(x,1) = x, for all x, y,z € [0,1]. For every
t-norm T, we set A = {x € [0,1],T(x,x) = x}. A t-norm
on [0, 1] is called a continuous t-norm if T is a continuous
function from [0, 1] x [0, 1] to [0, 1] with respect to the usual
topology. Note that the function “Min” is a continuous t-
norm. A triangular conorm (t-norm for short) is a binary
operation S on the unit interval [0, 1], that is, a function
S : [0,1] x [0,1] — [0,1], which for all x, y,z € [0,1]
satisfies (T1)-(T3) and (S4) S(x,0) = x. From an axiomatic
point of view, t-norms and t-conorms differ only with respect
to their respective boundary conditions. In fact, the concepts
of t-norms and t-conorms are dual in some sense. Anthony
and Sherwood [28] redefined a fuzzy subgroup of a group by
using the notion of t-norm.

3. T-Fuzzy Sub-I'-Semihyperrings and
T-Fuzzy I'-Hyperideals

In this section, we define the notion of T-fuzzy sub-
I-semihyperrings and T-fuzzy I-hyperideals of a I-
semihyperring and we study some of their properties. Let T
be a t-norm and u be a fuzzy subset of a I'-semihyperring R.
Then, we say p has imaginable property if Imp € A ..
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Definition 1. Let R be a I'-semihyperring, T be a t-norm, and
p be a fuzzy subset of R. Then, u is called a T-fuzzy sub-I'-
semihyperring of R if

(@) T(u(x), u(y)) < inf ey {u(2)}s

(2) T(u(x), u(y)) < inf ¢, {pu(2)},

forallx,y € Randforall y € I

A T-fuzzy sub-I'-semihyperring of R is said to be imag-
inable if it satisfies the imaginable property. Clearly, if R is a
I'-semiring, then y is a T-fuzzy sub-I'-semiring of R when

(1) T(u(x), p(y)) < plx + y),

(2") T(u(x), u(y)) < ulxyy),
forallx,y € Randforall y € I.

Example 2. Suppose that R = N, the set of natural numbers,
and T is a nonempty subset of R. For any x, y € Rand y € T,
we define x + y = {x, y} and xyy = {x,y, y}. Then, Ris a
I'-semihyperring. We define the fuzzy subset u of R by

if xel

pu(x) = O

Ol Ul W

otherwise

and we consider the t-norm T'(r,s) = rs/(2 — (r + s — rs)),
where 1, s € [0, 1]. Then, for any x, y € Rand y € I, we have

inf {y(z)} = min {M (X)’.“()’)}

zEx+ty

ifx,yeTl

)

otherwise,

O |U | W

inf {u(2)} = min{u(x),u(y).pu(»)}

5
zexyy 9

On the other hand, we have the following cases:
(1) x,y €T,
(2)x¢TandyeTl(or,xeland y ¢ 1),
(3)x,y ¢TI

Regarding the above cases, we have T(3/4,3/4) = 9/17,
T(3/4,5/9) = 15/40, and T'(5/9,5/9) = 25/81. Thus, in every
case, we obtain

T(w@),p(y)) < inf {u()},

3)
T(u().u(y) < inf {u(2)}.

Therefore, y is a T-fuzzy sub-I'-semihyperring of R.

Lemma 3. Let R be a I'-semihyperring, T be a t-norm, and u
be a T-fuzzy sub-T-semihyperring of S. Then
Ty (p(x1)5-op (%)) < inf

ZEX +tX,

{u},

(4)
Tulp(x),eopx,)) < inf  Au(@)},

X1

3
forallx,,...,x, € Randy € I, where
T, (tp,...»t,)
ty ifn=1 (5)
=T (t,1,) ifn=2
T(t;p Ty (b ostispp bips e ty)  ifn> 2.

Proof. The proof is straightforward by mathematical induc-
tion. O

Lemma4. Let R beal-semihyperring, T be at-norm, and y be

a T-fuzzy sub-T-semihyperring of S. Let A and B be nonempty
subsets of R. Then

T (inf {u (@} inf {u 0)}) < inf {u ()},

(6)
7 (inf {u @} inf {4 0)}) < inf {0 ()},
forally eT.
Proof. The proof is straightforward. O

Theorem 5. Let R be a I'-semihyperring, T be a t-norm, and
y be a fuzzy subset of S with imaginable property and b the
maximum of Imu. Then, the following two statements are
equivalent:

(1) p is a T-fuzzy sub-T-semihyperring of S,

(2) u'[a,b] is a sub-T-semihyperring of S whenever a €
Apand0<a<hb.

Proof. (1)=(2): Supposethata e Arand0<a<b.Ifx,y €
‘u"l[a, b, then inf ., {u(2)} > T(u(x), u(y)) > T(a,a) = a,
which implies that x + y € p'[a, b]. Similarly, assume that
ae€Arand0<ac<blfx,yeyu'lablandy €T, then

infzexyy{l’l(z)} > T(u(x), u(y)) = T(a,a) = a. Then, we have

xyy €y '[a,b], and so " [a, b] is a sub-T-semihyperring of
R.

(2) = (1): Suppose that x, y € Sand y € I Since Imy <
A, both u(x) and u(y) are in A . Now, we have

T(T(u(x),u(9),T ((x), 1 (y)))
=T(T(p(x),T (u(y),u(x))),u(y))
=T(T(u),T(x),u().u(y) @
=T(T(u(x),p(x),T (u(y),u(»)))
=T (u(x),u1(y)),

and so T'(u(x), u(y)) € Ap. Assume that a = T(u(x), u(y)). If
a = 0, then

Y
Y

T(u(x),u(y)=0< inf {u(2)},

(8)
T(pu(),u(y)=0< inf {u(2)}.



Now, let 0 < a = T(u(x), u(y)) < ulx) A u(y) < u(x)
b. Hence x,y € u '[a,b], which implies that x + y
M_l[a, b] and xyy ¢ pt_l[a, b]. Therefore T'(u(x), u(y))
infzeﬁy{y(z)} and T'(u(x), u(y)) < infzexw{y(z)}.

CiA in A

Definition 6. Let R be a I-semihyperring, T be a f-norm, and
p be a fuzzy subset of R. Then

(1) uis called a T-fuzzy left I'-hyperideal of R if

T(w@),p(y)) < inf {u@)}, VxyeR

©))
p(y) < Zieggy {u@}, Vx,yeR, Vyel.
(2) pis called a T-fuzzy right I'-hyperideal of R if
T(w@),p(y) < inf {u@)}, VxyeR
(10)

p(x) < inf {u@}, Vx,yeR, Vyel.
zexyy

(3) p is called a T-fuzzy I'-hyperideal of R if it is both
a T-fuzzy left I'-hyperideal and a T-fuzzy right I'-
hyperideal of R.

Theorem 7. Let R be a I'-semihyperring, T be a t-norm, and
y be a fuzzy subset of S with imaginable property and b the
maximum of Imy. Then, the following two statements are
equivalent:

(1) p is a T-fuzzy T-hyperideal of R,

(2) u'[a,b] is a T-hyperideal of R whenever a € Ay and
0<ac<h.

Proof. The proof is similar to the proof of Theorem 5. O

Let ybeafuzzy subsetof Rand t € [0, 1]. ThesetU(y;t) =
{x € R| pu(x) > t} is called a level subset of . So, we obtain
the following corollary.

Corollary 8. Let R be a T-semihyperring and p be a fuzzy
subset of R. Then

(1) u is a Min-fuzzy sub-I'-semihyperring of R if and only
if every nonempty level subset is a sub-T-semihyperring
Of R;

(2) p is a Min-fuzzy T-hyperideal of R if and only if every
nonempty level subset is a T-hyperideal of R.
Corollary 9. Let A be a subset of R. Then

(1) the characteristic function y, is a T-fuzzy sub-T-
semihyperring of R if and only if A is a sub-T-
semihyperring of R;

(2) the characteristic function x  is a T-fuzzy I'-hyperideal
of R if and only if A is a I-hyperidealof R.
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Theorem 10. Let R be a I'-semihyperring and K be a sub-I'-
semihyperring of R. Let T be the t-norm defined by T(a,b) =
max{0,a + b — 1} and p be a fuzzy subset of R defined by
r ifxeK

s otherwise,

b - { an

foralla,b € [0,1] and x € R, wherer,s € [0, 1] suchthats < r.
Then, w is a T-fuzzy sub-T-semihyperring of R. In particular, if
r=1ands =0, then y is imaginable.

Proof. The proof is similar to the proof of Theorem 2.6 in
[29]. O

Definition 11. Let R, and R, be I, and I,-semihyperrings,
respectively. If there existsamap ¢ : R; — R, and a bijection
f:T; — T, such that

p(x+y)={p@lzex+yl=9®) +9(y),

pxyy)={p@ lzexyyl=9@) f(¥)e(y),

for all x,y € R, and y € T, then we say (¢, f) is a
homomorphism from R; to R,. Also, if ¢ is a bijection
then (¢, f) is called an isomorphism and R, and R, are
isomorphic.

Proposition 12. Let R, and R, be I, and T,-semihyperrings,
respectively. Let (¢, f) be a homomorphism from R, to R,. If
A is a T-fuzzy sub-T-semihyperring of R,, then ¢~ ' (1) is a T-
fuzzy sub-T-semihyperring of R, too.

Proof. Suppose that x, y € R, and y € I'. Then, we have
8 J 0 @) - i Do)
Ao @)}
> inf A
fP(Z)GqIJ&)w(y){ (p@)}

>T(A(p(x),A(9(y)))
=T(¢7" W), W (7))

> inf
p(z)€p(x+y)

(13)

. 1 o
zlel;)f;y {go 1) (Z)} = 2162,2, {A (90 (Z))}
- (P(Z)IEI(;{xyy) {A (QD (Z))}
Z pocotabio) {1 (@)}

>T (Mg (x)),A(9(y)))
=T(p" M @97 W ().

Therefore, ¢ '(A) is a T-fuzzy sub-T-semihyperring of R;.
O

Proposition 13. Let R, and R, be I, and T,-semihyperrings,
respectively. Let (¢, f) be a homomorphism from R, to R,. If
A is a T-fuzzy T-hyperideal of Ry, then ¢~ ' (A) is a T-fuzzy T-
hyperideal of R, too.

Proof. The proofis similar to the proof of Proposition 12. [
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Let {a;},; and {bj}je] be two sets of real numbers in [0, 1].

Then, we say T is infinitely distributive if

r(sptadsito})=sriro)) g
j€J

If T is continuous, then T is infinitely distributive [30].
Lemma 14. Let T be a continuous t-norm and {y;},.; be a
family of T-fuzzy sub-T-semihyperring of R. Then, [\ t; is
a T-fuzzy sub-T'-semihyperring of R.

Proof. For any x, y € Rand y € I, we have

o, {(m) <2>} - inf {inf s 21}

i€l

- mf{ inf {y, (z)}}

iel |ze€xty

2 llfellf {T (s () > i (¥))}

=T <iir€11f {4 (0} inf {u; (y)}>

=T ((ﬂ#) (x), <ﬂu> (y)> ;
A, {(ﬂ”) (z>} - i {inf o}

= inf{ inf {u; (Z)}}

iel |ze€xyy

2 llfellf {T (i () i (9))}

=T <iir€11f {s (O} inf {g (y)}>

- T((Qui> (x%(@m) (y)>-

(15)
O

Lemma 15. Let R, and R, be I and T,-semihyperrings,
respectively, and (¢, f) be an onto homomorphism from R, to
R,. Then, for every t € [0, 1], we have p(u), = [\ses0 P(s—e)-

Proof. The proof is similar to the proof of Lemma 3.5 in [31].
O

Proposition 16. Let R, and R, be I, and T,-semihyperrings,
respectively, and let u be a fuzzy subset of R,. Let (¢, f) be
an onto homomorphism from R, to R,. If u is a Min-fuzzy
sub-T-semihyperring of Ry, then ¢(u) is a Min-fuzzy sub-I'-
semihyperring of R, too.

Proof. Suppose that y is a Max-fuzzy sub-I'-semihyperring of
R,. By Corollary 8, ¢(u) is a Max-fuzzy sub-I'-semihyperring

of R, if every nonempty level subset U(@((¢);1)) is a sub-T-
semihyperring of R,. Thus, assume that U(¢((¢);t)) is any
nonempty level subset. If ¢t = 0, then U(¢((¢);t)) = R,, and
if 0 < t < 1, then by Lemma 15, we have U(p((¢);t)) =
Niseso P(U(ps t — €)). By Corollary 8, U(u; t — €) for each t >
€ > 01is a sub-T'-semihyperring of R,. Hence, (U (y;t —€)) is
a sub-I'-semihyperring of R,. By Lemma 14, ¢(U(y; t)) being
an intersection of a family of sub-T'-semihyperrings is also a
sub-I'-semihyperring of R, and the proof is completed.  [J

Definition 17. Let R, and R, be two I'-semihyperrings and
let 4 and A be fuzzy subsets of R, and R,, respectively. The
product of ¢ and A is defined to be the fuzzy subset y x A of
R, x R, with (4 x )(x, y) = T(u(x), A(x)), for all (x, y) €
R, xR,.

Proposition 18. Let R, and R, be two I'-semihyperrings and
let y and A be fuzzy subsets of R, and R,, respectively. Then

(1) if p and A are T-fuzzy sub-T-semihyperrings of R,
and R,, respectively, then y x A is a T-fuzzy sub-T-
semihyperring of R, X Ry;

(2) if w and A are T-fuzzy T-hyperideals of R, and R,,
respectively, then yu x A is a T-fuzzy I'-hyperideal of
R, X R,.

Proof. 1t is straightforward. O

In [12], Dehkordi and Davvaz studied Noetherian and
Artinian T-semihyperrings in crisp case. A collection & of
subsets of a I'-semihyperring R satisfies the ascending chain
condition (or Acc) if there does not exist a properly ascending
infinite chain A; ¢ A, C --- of subsets from &/. Recall that
a subset B € &/ is a maximal element of & if there does not
exist a subset in &/ that properly contains B. Similar to [18],
in the following, we obtain some results related to fuzzy sets
and Noetherian I'-semihyperrings.

Proposition 19 (see [12]). Let R be a I'-semihyperring. Then,
the following conditions are equivalent:

(1) R satisfying the Acc condition on right (left) T-
hyperideals,

(2) every nonempty family of right (left) I'-hyperideals has
a maximal element,

(3) every right (left) I-hyperideals is finitely generated.

Definition 20 (see [12]). A T'-semihyperring R is right (left)
Noetherian if the equivalent conditions of the above propo-
sition are satisfied. In the same way, we can define an
Artinian T'-semihyperring. Let I be a I'-hyperideal of a T-
semihyperring R and I be a Noetherian I'-semihyperring.
Then, I is called a Noetherian I'-hyperideal of R.

Example 21 (see [12]). Let A, = [n,n,,,] for everyn € Z,
R = U,z A, and I = Z. Then, R is a Noetherian I'-
semihyperring with respect to the following hyperoperations:

X®Y = Ay XYy = Apyms (16)

wherex € A,and y € A,,.



Theorem 22. Let {A; | k € N} be a family of I'-hyperideals
of a T-semihyperring R, where A} > A, > Ay---. Let pbea
fuzzy subset of R defined by

lfoAk\Ak+1> k:0,1,2,...

o0 17)
l:f X € mAk,
k=0

k+1
wix) = 1*

for all x € R, where A, stands for R. Let T be a t-norm with
Imy € A Then, y is a T-fuzzy T-hyperideal of R.

Proof. Let x,y € R. Suppose that x € A, \ Ay, and y €
ANA,,  fork=0,1,2,...andr = 0, 1,2,.... Without loss of
generality we may assume that k < r. Then, obviously y € A,.
Since A, is a I-hyperideal of R, it follows that x + y € A,
and xay € Ay which imply that inf ., u(2) > k/(k + 1) =
T(u(x), u(y)) and infzemypt(z) > k/(k+ 1) = u(y) for all
ael.Ifx e Arand y € (2, A thenx+y S (ioy A
Hence, infzexﬂ,‘u(z) =1 = T(u(x), u(y)) and infzemyy(z) =
1> u(y). If x ¢ oy Ax and y € (2, Ay then there exists
n € Nsuchthatx € A \A, . Itfollowsthatx+y € A, which
implies that infzgxﬂ,y(z) > n/(n+1) = T(u(x),u(y)) and
infzemy//t(z) >n/(n+1) = u(y) for all & € I'. Finally, assume
that x € (op Agand y ¢ [oog A then y € A, \ A, for
some 1 € N. Therefore, x + y € A, and thus inf ., ,u(z) >
n/(n+1) = T(u(x), u(y)) andinf ¢ o p(2) > n/(n+1) = p(y),
for all « € T. Hence, y is a T-fuzzy I'-hyperideal of R. O

Theorem 23. Let R be aT-semiring satisfying descending chain
condition, let y be a fuzzy subset of R, and let T be a t-norm
with Imp € A Let u be a T-fuzzy T-hyperideal of R. If a
sequence of elements of Im p is strictly increasing, then y has
finite number of values.

Proof. Let {t;} be a strictly increasing sequence of elements
of Imy. Then 0 < t; < t, < .-+ < 1. Then, U(ust,)
is an ideal of M for all r = 2,3,... Let x € U(u;t,).
Then p(x) > t, > t,_;, and so x € U(ut, ;). Hence
U(ust,) < U(ust,_y). Since t,_; € Imy, there exists
X, € M such that u(x,_;) = t,_;. It follows that x,_; €
U(ust,_;) but x,_; ¢ U(ust,). Thus, U(ust,) ¢ Upst, ;)
and so we obtain a strictly descending sequence U(y;t;) >
U(p;t,) > U(usts) D --- of T-hyperideals of R which is not
terminating. This contradicts the assumption that M satisfies
the descending chain condition. Consequently, y has finite
number of values. O

Theorem 24. Let R be a T-semiring, u be a fuzzy subset of
R, and T be a t-norm with Imyu < Ar. Then, the following
conditions are equivalent:

(1) R is a Noetherian I'-semihyperring,

(2) the set of values of any T-hyperideal of R is a well-
ordered subset of [0, 1].

Proof. (1) = (2): Let u be a T-fuzzy I'-hyperideal of R.
Suppose that the set of values of 4 is not a well-ordered subset
of [0, 1]. Then, there exists a strictly decreasing sequence {t;}
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such that u(x;) = t;. It follows that U(u;t,) ¢ U(p;t,) € -+
is a strictly ascending chain of I'-hyperideals of M, where
Ulwt,) = {x e M | u(x) > t}, foreveryr = 1,2,....
This contradicts the assumption that R is a Noetherian I'-
semihyperring.

(2) = (1): Suppose that the condition (2) is satisfied
and R is not a Noetherian I'-hyperring. There exists a strictly
ascending chain

A CA,CA;C--- (18)

of I-hyperideals of R. Note that A = [);2) A is a I-
hyperideal of R. Define a fuzzy subset in R by

a ifx¢A,
pux)=1q1 (19)

- where r =min{k e N | x € A.}.
;

We claim that y is a T-fuzzy I'-hyperideal of R. Let x, y € R.
Ifx ¢ Ay \A;_,and y € A\ A, thenx -y C
Ay and xay C Ay It follows that inf ., u(z) = 1/k =
T(u(x), u(y)) and infzemyy(z) > 1/k > u(y), forall § € T.
Suppose that x € A and y € A \ A, forallr < k.
Since A, is a I-hyperideal of R, it follows that x + y C A,.
Hence, inf, ., u(z) > 1/k > 1/(k + 1) > p(y) and so
infz€x+yy(z) > min{u(x), u(y)} = T(u(x), u(y)). Similarly,
for the casex € Ay \ A, and y € Ay, we have inf ., ,u(z) >
min{u(x), u(y)} > T(p(x), u(y)) and inf ¢, pu(2) > u(y),
for all B € T. Thus, u is a T-fuzzy I'-hyperideal of R. Since the
chain is not terminating, ¢ has a strictly descending sequence
of values. This contradicts the assumption that the value set
of any ideal is well-ordered. Therefore, R is a Noetherian
I'-semihyperring. O

For a family {y, | « € A} of fuzzy subsets in R, we define
the join V¢, u, and the meet V., u, as follows:

<\/P‘oc> (x) = sup {pt, (x) | & € A},

aEA

(20)

(/\Mx> (x) = inf {y, (x) | € A},

a€A

for all x € R, where A is any index set.

Theorem 25. The family of T-fuzzy I-hyperideals in R is a

completely distributive lattice with respect to meet “N” and join
7

Proof. Since [0,1] is a completely distributive lattice with
respect to the usual ordering in [0, 1], it is sufficient to
show that V¢ u, and A i, are T-fuzzy I'-hyperideals of
R for family {u, | a € A} of T-fuzzy I'-hyperideals of R.
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For any x, y € R, we have

zZEX+Y

inf <\/ua> (2) = sup {T (o (), 4o () | o € A}
acA

> T (sup {py (x) | @ € A},

sup {p, () | e € A})

- T((ae\/Aya) (x),<ae\/AMa) (y)>,

inf (/\m) (2) = inf {T (g (x), 1o () | & € A}

= T((/\.‘"a) (x%(/\ua) (y)>-

(21)
Now, let x, y € M and 8 € I'. Then
inf <\/y‘x> (z) = sup {u, (y) | a« € A}
zexfy weh
(22)
= <\/ua> (>
a€EA
inf </\‘u‘x> (z) 2 inf {y, (y) | @ € A}
zexPy wel
(23)

<“/€&m>(y)-

Hence, Ve, and Ageppt, are T-fuzzy I'-hyperideals of R.
This completes the proof. O
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