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ABSTRACT

Linear Control Systems on Homogeneous Spaces
Okan DUMAN

Department of Mathematics

Doctor of Philosophy Thesis

Supervisor: Prof. Dr. Eyiip KIZIL
Co-supervisor: Prof. Dr. Adriano Joao DA SILVA

The thesis focuses primarily on the study of linear control systems on homogeneous
spaces, in particular in the context of the 3D Heisenberg Lie group H and its closed
subgroups. The main motivation stems from a result of P. Jouan [1]], which shows
an interesting connection between control affine systems on manifolds and linear
control systems (abbreviated as LCSs) on Lie groups or homogeneous spaces.
The goal is to provide a comprehensive characterization of all possible LCSs on
homogeneous spaces of H and to investigate their dynamical properties. The
comprehensive analysis covers various dimensions of closed subgroups, providing
a thorough understanding of LCSs on homogeneous spaces of H. The first chapters
lay the foundation by introducing basic concepts related to linear vector fields, LCSs
on Lie groups, and the classification of closed subgroups of H. Building on this,
subsequent chapters deal with the projection of LCSs onto homogeneous spaces,
considering invariance criteria for subgroups under the flows of systems. The core
analysis revolves around controllability and control sets, with detailed investigations
of non-normal subgroups of different dimensions. A special attention is given to
the more complex structures and controllability issues of certain cases. Each case
is studied in detail, step by step, and the geometric descriptions obtained are given,

with emphasis on their topological and geometric properties.

In the initial chapters, we provide an overview of fundamental concepts in theory,
aiming to enhance comprehension of the subsequent sections of the thesis. Chapters
[3|and [4] focus on constructing the necessary results for explicitly characterizing all

possible LCSs on the homogeneous spaces of the Heisenberg group. Chapter [5]

Xii



deals with the dynamics of these systems and provides a detailed analysis of their
controllability issues. In the final chapter, the results obtained so far are reviewed
and the implications of the findings are also presented, along with the consideration

of new problems to be addressed in future research.

Keywords: Linear control systems, Heisenberg group, Homogeneous spaces.
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OZET

Homojen Uzaylarda Lineer Kontrol Sistemleri
Okan DUMAN

Matematik Anabilim Dali
Doktora Tezi

Danigman: Prof. Dr. Eyiip KIZIL
Es-Danigsman: Prof. Dr. Adriano Joao DA SILVA

Bu tez, temel olarak 3D Heisenberg Lie grubu H ve onun kapali alt gruplan
0zelinde, homojen uzaylar tizerindeki dogrusal kontrol sistemlerinin incelenmesine
odaklanmaktadir. Ana motivasyonu, P. Jouan’in manifoldlar iizerindeki kontrol
afin sistemleri ile Lie gruplari veya homojen uzaylar iizerindeki dogrusal
kontrol sistemleri (kisaca LCSs) arasinda oldukga ilgin¢ bir baglanti oldugunu
gosteren bir sonucu olusturmaktadir. Tezdeki hedef, H ile olusturulan homojen
uzaylar iizerindeki miimkiin olan tiim dogrusal kontrol sistemlerinin kapsaml
bir karakterizasyonunu saglamak ve dinamik Ozelliklerini arastirmaktir. Bu
detayli analiz, cesitli boyutlardaki kapali alt gruplar1 kapsamakta ve H Lie
grubunun homojen uzaylari iizerindeki LCS’lerin tiim yonleriyle anlagilmasina
olanak saglamaktadir.  Ilk boliimlerde lineer vektor alanlari, Lie gruplar
tizerindeki LCS’ler tamtilarak bir temel olusturulmakta ve H grubunun kapali
alt gruplarinin siniflandirilmasi yapilmaktadir. Tiim bunlara dayanarak, sonraki
boliimler, sistemlerin akiglar1 (flow) altinda alt gruplar i¢in invaryantlik kriterleri
g6z Oniine almacak sekilde, LCS’lerinin homojen uzaylar iizerine projeksiyonunu
ele almaktadir. Bu analizlerin odak noktasi, farkli boyutlardaki normal olmayan alt
gruplarin detayli incelemeleri ile kontrol edilebilirlik ve kontrol kiimeleri etrafinda
yogunlagsmaktadir. Belirli durumlarda ortaya ¢ikan cok daha karmagik yapilar ve
bunlarin kontrol edilebilirlik problemlerine 6zel bir 6nem verilmektedir. Ortaya
cikan her bir durum, adim adim ayrintili olarak incelenip, elde edilen geometrik

tasvirler; topolojik ve geometrik 6zelliklerine vurgu yapilarak aciklanmaktadir.
Ik boliimlerde, tezin sonraki boliimlerinin daha iyi anlagilmasmi saglamak

X1V



amactyla teorideki temel kavramlara genel bir bakis sunulmaktadi. [3] ve
Mfuncii bolimler, Heisenberg grubunun homojen uzaylart iizerindeki olasi tiim
LCS’lerini acik bir sekilde karakterize etmek i¢in gerekli sonuglar1 ingsa etmeye
odaklanmaktadir. [inci boliim, bu sistemlerin dinamiklerini ele almakta ve
bunlarin kontrol edilebilirlik problemlerinin ayrintili bir analizini sunmaktadir.
Son boliimde, su ana kadar elde edilen sonuclar gozden gecirilmekte ve
bulgularin sonuglari, gelecekteki arastirmalarda ele alinacak yeni problemlerin

degerlendirilmesiyle birlikte sunulmaktadir.

Anahtar Kelimeler: Lineer kontrol sistemleri, Heisenberg grubu, Homojen

uzaylar.

YILDIZ TEKNIK UNIVERSITESI
FEN BILIMLERI ENSTITUSU
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1

INTRODUCTION

A dynamical system, in a broad sense, encompasses anything that changes or
evolves. This term applies not only to technical systems, such as vehicles, electrical
circuits, or power plants, but also to the behavior of structures like skyscrapers or
bridges when they are subjected to forces such as strong winds or earthquakes.
The principles of dynamical systems are not limited to engineering, but also have
applications in various fields, including economics, biology, and social sciences.
Typically, dynamical systems are described as interacting with their environment
through inputs and outputs. When analyzing such systems, one can observe
the monitored outputs for specified inputs. By responding to these outputs with
appropriate inputs, the system can be steered toward a desired state. This process
is known as control and is widely applicable in domains dealing with dynamical

systems.

Mathematical control theory, a branch of applied mathematics, studies the
fundamental principles, theories, and challenges involved in the analysis and design
of control systems. These systems, considered as dynamical systems, follow ODEs
on finite-dimensional smooth manifolds. Thus, a control system is essentially a
family of ODEs, where the family is parameterized by control parameters. The
laws governing their behavior are not completely predetermined, but are shaped by
these control parameters in the associated system. All differential equations in this
family are defined on the same manifold, called the state space of the control system.
There is flexibility in the selection of allowable values for the control parameters,
allowing us to select any dynamical system from the family, and we can freely
change these values over time. Once a control is fixed, our control system becomes
a non-autonomous ODE. A solution to these equations is uniquely identified by
the initial condition and is referred to as an admissible trajectory of the control
system w.r.t. the specific control. Consequently, this trajectory represents a curve
in the state space. The initial condition (or state) serves as the starting point for

the trajectory. In particular, different controls typically yield different trajectories



starting from the same fixed state. Together, these trajectories form the reachable

set associated with the given initial state.

The central focus of the control theory is to deal with the reachability issue, which
involves precisely determining the states that can be reached from a given initial
state. After having confirmed the possibility of reaching a certain state, the goal is
to reach it in the most efficient way. To clarify, we aim to answer the following
question, which is called controllability problem: “Given an initial state of the
system, is it possible to reach any arbitrary state via admissible trajectories in
positive time?”. Or, alternatively, are there certain regions in the state space in
which the controllability is guaranteed? Since the analysis of this problem is not a
trivial task, branches of mathematics such as geometry, algebra, and topology are
heavily used. For this reason, control theory is often used together with Lie theory,
and thus some control problems are modeled on Lie groups or their coset manifold

spaces.

1.1 Background and Motivation

The origin of mathematical control theory can be traced back to 1868 when J. C.
Maxwell described the mechanical governor used to control the speed of a steam
engine. He articulated the device’s functionality through mathematical principles.
Advancing into the present day, the 1950s saw the emergence of modern control
theory. R. E. Kalman played a crucial role in its development, particularly through
his contributions to filtering, the algebraic analysis of linear systems, and linear
quadratic control. Similarly in the 1960s, R. E. Bellman and L. S. Pontryagin
introduced powerful techniques for obtaining laws for optimal control within the
related context. Later, this field broadened in the 1970s thanks to the research of
R. Brockett, followed by V. Jurdjevic and H. J. Sussmann, making it an even more
attractive area of research. To this day, the study of the control systems has a rich
history, with a particular focus on linear control systems (abrev. LCSs) on R",
which plays a crucial role in understanding various real-world applications (see, for
example, [2-5]). In this context, we briefly discuss LCSs on Euclidean spaces,
as it serves to better understand the main topic of this thesis, namely LCSs on
homogeneous spaces of a Lie group, and has recently received a lot of attention.
An LCS on Euclidean space R"” is defined by the following family of parametrized
ODEs:
q(t) = Pq(t) +wi(t)b" + wa(t)b? + - -+ + wi ()™

where P € R™" IV € R", w € U, and U means the control space of the control
parameters w = (wy, wy, . . . Wy, ). It follows that the drift ¢(¢) = Pq(t) is controlled



by m engines ' € R" through the different component of the integrable function
w = (W1,wa,...wy) : [0,T,] — 2 C R™, where (2 is topologically closed with
0 € int(f2). The system is called unrestricted if 2 = R™ and restricted if 2 is
bounded. This system in its matrix form can be considered as

¢=Pg+ Bw, qeR"

where P is n X n and B is n X m matrix, and w = (wy,...,w,,) is an admissible
control. L. Markus, in [5]], studied this system in the context of matrix groups.
Subsequently, V. Ayala and J. Tirao, in [|6], extended the study to a connected Lie
group. More precisely, let G be a connected Lie group, and g be its Lie algebra
identified with the vector space of all left-invariant vector fields. An LCS on G is
defined by a family of ODEs:

m

Lo () =Ve) + D w(t)B (q(t))

=1

where the dynamics of X is governed by the drift vector field )V which belongs
to the normalizer of g in the Lie algebra of all smooth vector fields on G, and
the control vectors B!, B2, --- , B™ are left-invariant vector fields. The control
function w = (wy, - ,wy) : [0,00) — Q@ C R™, with 0 € int(Q2), belongs
to the set of admissible controls. By admissible controls we mean a set which is
Upg = {w € L(R,R™) : w(t) €  fora.e. t} or the set of all piecewise constant
functions U/ defined on R that take values in €).

In the absence of a comprehensive global theory with general hypotheses, several
authors have studied LCSs on various state spaces, including nilpotent, solvable,
simple, semi-simple, compact/non-compact, abelian Lie groups and the direct and
semi-direct product between them, as well as flag manifolds [7-13]]. There are
several reasons for the importance of LCSs on Lie groups. First, LCSs on Lie
groups are more natural and inherently preserve the Lie structure after the invariant
ones. Second, they can serve as approximations to certain nonlinear systems.
Additionally, P. Jouan demonstrated in [1] that any affine control system on a
connected manifold whose dynamics generates a finite-dimensional Lie algebra is
diffeomorphic to an LCS on a Lie group or a homogeneous space. This highlights
the significance of understanding the topological and geometric behavior of the
system Y. Since equivalent systems have the same topological, dynamical, and
algebraic properties, it becomes possible to obtain information about any arbitrary
system 2y, that satisfies Jouan’s condition by either a linear system X or a

homogeneous system X\ . This is one of the main reasons why it is necessary



to classify LCSs Y. on different classes of Lie groups.

1.2 Outline and Structure

In the thesis, the focus will be on the study of LCSs on homogeneous spaces.
Here, we consider the 3D Heisenberg Lie group H together with its closed
subgroups (discrete subgroups included and normal subgroups excluded E]) to form
its homogeneous spaces and classify on such state spaces all possible linear control
systems, which is not a trivial task. The main motivation for this thesis comes
from the above-mentioned result of P. Jouan, which emphasizes a quite interesting
connection between a control affine system on a manifold and an LCS either on a
Lie group or on a homogeneous space. More precisely, a control affine system on
a manifold is equivalent by mean of a diffeomorphism to an LCS on a Lie group
or a homogeneous space if and only if the vector fields that describe the system are
complete and generate a finite dimensional Lie algebra. It follows that one might
find in some suitable context a control system on a manifold that is equivalent to a
linear control system on a homogeneous space of H. Hence, we find it convenient
to give in this study complete characterization of all possible linear systems on
homogeneous spaces of H and deal with dynamical properties of such systems
as a concrete case. To have such linear systems on homogeneous spaces of the
Heisenberg group we have to determine explicitly the conditions that guarantee
well-defined induced dynamics on various quotient spaces. Since this requires a
certain invariance criteria of subgroups of H under the flow of the drift (i.e., a linear
vector field) of the original dynamics (See [1, Proposition 4.1]) we start with listing
these conditions first to obtain the induced or projectable drift and control vectors

(i.e., left-invariant vector fields) on the corresponding homogeneous spaces.

One of the key insights to understanding the dynamical properties of a control
system is to study control sets in both topological and/or algebraic sense. These sets
provide the maximum regions in the state space where approximate controllability
occurs. It should be noted that determining controllability property, characterizing
eventual topological properties of control sets of all induced LCSs becomes highly
non-trivial job. For example, even in the case of low-dimensional groups, the
properties of control sets for such dynamics on Lie groups and homogeneous spaces
might differ significantly (See [7, [8]]). For this reason, we are going to perform a
detailed analysis of all possible LCSs on the homogeneous spaces that are obtained

for each closed subgroup. Moreover, using these homogeneous spaces as the state

"We exclude normal subgroups of H since otherwise the corresponding homogeneous spaces
receive a Lie group structure and linear control systems on such state spaces has been already studied
in a series of papers. See, [6, 810, |14].



spaces, we are able to fully characterize the control sets and controllability of

one-input LCSs.
The thesis is divided into six chapters:

In Chapter [2, we mention some generalities in control setting to facilitate a better

understanding of the rest of the thesis.

In Chapter [3] in the first part, we give the definition, properties and essential facts
related to a linear vector field, as well as insights into LCSs on Lie groups. Then
we outline the conditions necessary to project an LCS onto a homogeneous space.
Again here, we fix the format on which the whole exposition is based on. More
precisely, rather than the group of upper triangular matrices with only 1s in the
main diagonal we prefer to interpret the Heisenberg group H as the cartesian product
R? x R and express all the necessary arguments such as the group multiplication,
invariant and linear vector fields and their Lie brackets, etc to be in accordance
with this format. This gives us the form of a typical LCS on H. Together with
that, we are able to obtain any closed subgroup of H with dimensions 0,1 and 2 up
to isomorphism. Moreover, we focus on a certain invariance criteria of subgroups
(that is, discrete and non-normal subgroups) of H under the flow of a linear vector
field. By using the classification of closed subgroups in this chapter, we are able to
obtain in Theorem [3.13] the conditions a linear vector field should satisfy in order
to achieve the desired invariance condition of the subgroups under consideration.
Such results allow us to show how many types of LCSs exist on the homogeneous

spaces of H depending on the dimension of the manifold L\H.

In Chapter[d] we define what we mean by an LCS on homogeneous spaces of H and
list, up to equivalence, all possible such systems.

In Chapter 5] a detailed analysis of the controllability issue and the control sets
of each of the determined dynamics is conducted. This chapter is divided into two
main parts. The classification of both normal and non-normal closed subgroups of H
is presented in Theorem [3.1T]and Remark [3.12] The main emphasis in this chapter
is on studying the structures of homogeneous spaces by non-normal subgroups,
since the treatment of the other case has already been handled in recent literature
by a number of papers. These non-normal subgroups of dimension one for H are
as follows: (i) L = Re; x Z and (ii) L = Re; x {0}. The first part of this chapter
deals with the controllability issue of LCSs on the corresponding homogeneous
spaces L\H ~ R x T and L\H ~ R x R. In particular, any induced control
system X on L\H is equivalent to one of the systems indicated in the diagram .

After investigating the controllability of such a system on the homogeneous space



R x T, our subsequent focus in this part is on the controllability of the induced
control systems on the other homogeneous space R x R. We have to emphasize
that the latter case presents a much more intricate and complex structure, which
makes this part both challenging and interesting enough. This means that the
controllability of these LCSs will be studied here in a very detailed manner by
means of a rather technical case-by-case analysis. Finally, in this part, the structures
of the control sets for the considered systems are explicitly presented for each case
and its sub-case, whenever they exist. In the second part of this chapter, we consider
the zero dimensional (discrete) non-normal closed subgroup L = Ze; x Z of H and

associated homogeneous space L\H ~ T x R x T.

In the final chapter, Chapter [6| we discuss the results we have obtained so far and

what new problems our findings will provide a solution for in the future.



2

BASIC KNOWLEDGE OF GEOMETRIC
CONTROL THEORY

This chapter is dedicated to the introduction of fundamental concepts and notations
in control theory, which are essential for the development of this thesis. First,
it presents initial definitions and results concerning Lie groups and homogeneous
manifolds. Then, the basic properties of a control system on differentiable

manifolds and their control sets are elucidated.

2.1 Lie Groups and Their Homogeneous Manifolds

In this section, basic definitions and some results about Lie groups and
homogeneous spaces will be given. For further insights into this topic and additional

details beyond what is given here, refer to [|15]] and [16].

Definition 2.1. A Lie group is a smooth manifold G endowed with a group structure

such that the map p : (s,t) — st~! from G x G to G is smooth.

Definition 2.2. Let S be an abstract subgroup of a Lie group G. If S is an immersed

submanifold and the product p|sxs — S is smooth, then it is called a Lie subgroup.

As we will detail below, note that if S is a closed subgroup of a Lie group G,
this implies that S is not only a submanifold but also a Lie subgroup of GG. This
means that S inherits the induced topology of GG. Certainly, it is indeed possible to
have a Lie subgroup that is not a closed subset. An illustrative example is the map
¢ :R — S' x S defined by s — (€™, e*™5*), where « is irrational (i.e., the line
of irrational slope). This map is a one-to-one homomorphism and an immersion.

Despite being dense in the torus, its image is not an embedding.

In the Lie theory, there are two significant maps known as translations. Let us briefly

discuss them.



Definition 2.3. The left translation L, : G — G is defined as ¢ — pq, and the right
translation 12, : G — G is defined as ¢ — ¢gp forall p € G.

Can be seen that these maps are diffeomorphisms, which provide a way to navigate
within a Lie group. Specifically, any p € G can be brought to the identity element
e € Gvia Ly, and (dLy-1), : T,G — T.G becomes a vector space isomorphism.

Definition 2.4. A vector field B on a Lie group G is called left-invariant if Bo L,, =
(dL,)Bforall p € G.

It is worth noting that if 5 is a left-invariant vector field, then B, = (dL,), (B.)
holds for all p € G. In other words, the value of the vector field at p is entirely
determined by its value at the identity element. Moreover, the collection g of all
left-invariant vector fields on G forms a real vector space, and this vector space
can be identified with the tangent space of GG at the identity w.r.t. an isomorphism,
denoted as g ~ T.G.

Remark 2.1. In the realm of differentiable manifolds, using a tangent vector v to
“transport a point in the direction of v’ in a coordinate-independent manner is not
feasible. This limitation is due to the fact that there is not a unique curve on the
manifold among the numerous curves that share v as a tangent. On a Lie group,
however, this becomes achievable, since the existence of left-invariant vector fields

ensures a unique flow in the direction of v.

Definition 2.5. A one-parameter subgroup of G is represented by a smooth
homomorphism ¢ : R — G.

For a given left-invariant vector field B, a unique one-parameter subgroup denoted
¢p is defined, satisfying £5(0) = e and SB(T) = B for all 7. This £5(7) essentially
is said to be the local flow and is commonly referred to as the flow of B. Now we
are ready to define the exponential map. The exponential map exp : g — G is
defined as exp(B) = ¢p(1), where B is a left-invariant vector field and {g is the
associated one-parameter subgroup. We have g(7) = & 5(1) = exp(7B), since

changing the parameterization corresponds to changing the tangent vectors.

In the following, we want to briefly mention a special class of Lie groups and their

properties (for details see [15}|17]]), which will play an important role in the thesis.

Definition 2.6. A Lie algebra is called nilpotent if there exists an integer o > 1
such that all brackets of [Bi,|[Bs,[Bs, - ,[Ba, Bati]--]]] are zero for all
By, Bay1 € 8.



Let us write an alternative definition: Define g = [g,g] = span{[Bi, Bs] :
Bi, By € g}, and iteratively, g°*™' = span|g, g°]. This creates a descending
sequence of ideals in g such that g D g*> D ... D g® D g™ D .... If at some

a+1

point g = {0}, then g is called nilpotent. The smallest integer «v at which this

vanishing occurs is called the step of the Lie algebra.

Definition 2.7. A Lie group is said to be nilpotent if it is connected and its Lie
algebra is nilpotent.

This definition means that we have a criterion for checking the nilpotency of
connected Lie groups as follows: A connected Lie group G is nilpotent iff its Lie
algebra g is nilpotent. Then we have a strong connection with Lie groups and their

Lie algebras by the following.

Proposition 2.2. Suppose that GG is a connected and simply connected nilpotent
Lie group and g is its Lie algebra. The exponential map exp : g — (G is a
diffeomorphism.

In this manner, the relation between exp (B;)exp (Bs) and exp (B; + By) for

By, By € gis considered as follows:

Definition 2.8. The Baker-Campbell-Hausdorff formula (BCH) is given by
exp(By) exp(Bs) = exp(C(By, By))

where C' (B, By) is a series depending on By, By € g and its brackets. The first few
terms are determined by

1 1 1
C(By,B;y) = By + By + 5[31732] + EHB17B2LBQ] — E[[BhBQLBl] + o

The subsequent terms in the series depend on the brackets containing four or more
elements. This series converges for sufficiently small of B; and Bs. In particular, if
the group (' is nilpotent, this series is finite for all By, By € g.

Example 2.3. Let us take the Heisenberg Lie group of dimension three

1 U1 Us
H= 0 1 vy | :v,v9,v3€R
0 0 1

The map £ : H — R3? given by £(P) = (v, v, v3) is a diffeomorphism of H and

R3 for P € H. By the matrix multiplication, it is seen that the group operation * on

9



H can be defined by

(v1,v2,v3) * (p1, p2, p3) = (V1 + p1, V2 + pa, U3 + p3 + v1p2)

and it is different than the usual vector addition in R3, where the identity is
(0,0,0) and the inverse of (vy,vs,v3) is (—vy, —vUg,v1v2 — v3). That is why
this correspondence is not an isomorphism in algebraic sense. So, related to the
basis vectors of Euclidean space of dimension 3 we can define three different type
of curves. We first define the curve 0 : R — R3 for ¢; = (1,0,0) such that
o(t) = (£,0,0). In fact, o is a curve through the origin of R? and 5(0) = ¢;. Now,
take ¢ = £~ ! o o to define a curve in H passing through the identity as follows

€ H VteR.

-
~
~
~—
Il
AaY
L
~—
Q
—~
~
SN~—
N~—
Il
o O
S =
= o O

So, calculating the differential of this curve at the identity we will have one of the

generators of the Lie algebra h of /. That is,

y / 1t 0 010
— ] o)== 010[|=]000]|=Bc¢€b
at),_, dt ),
0 01 000
Similarly, depending on e, and e3, we respectively have
000 001
BQ = 0 0 1 and Bg = 000
000 000

And finally the Lie algebra h of I can be written in the terms of its generators as
follows
f = Span { By, By, B3} .

Since [By, Bs] = Bj is only one non-null Lie bracket, h = Span, 4, { By, Bo}. In
fact, B3 belongs to Z(h), the center of b.

Note that we have the following
1
exp(By) exp(Bs) = exp | By + By + 5[31, By

since By, [B1, Bs]] = [B2, [B1, Ba]] = 0, i.e., Heisenberg group is said to be 2-step

10



nilpotent.

Example 2.4. Let G be a Lie group. The connected component of the identity
G is an open subgroup and, as a consequence of the embedding property of open

submanifolds, it is a Lie subgroup.

Example 2.5. For a Lie group G, any one-parameter subgroup
{exp(TB) : B € g,7 € R}

is a Lie subgroup. In fact, when the curve 7 — exp(7B) is closed, an injective
immersion S' — @ is established. Conversely, if the curve is not closed, the
one-parameter group defines an injective immersion R — G. In either case, the
map 7 — exp(7.X) represents an injective differentiable homomorphism, leading

to the conclusion that its image forms a Lie subgroup.

The closed subgroup Theorem, established by Cartan, guarantees that every closed
subgroup S of a Lie group G is indeed a Lie subgroup. In other words, S has a
differentiable manifold structure, which makes it a Lie subgroup. This theorem
is a fundamental result in Lie group theory, which finds extensive applications in

various contexts:

Theorem 2.6. Every closed subgroup S of a Lie group G is a Lie subgroup. In
particular, S has an embedded manifold structure, which establishes it as a Lie

subgroup. The associated Lie subalgebra s C g is given as

s={Becg:VreR, exprB € S}.

It is appropriate to highlight a key result about coset manifold spaces that will be
used frequently in this thesis. Specifically, when S is a closed subgroup, the quotient
topology on S\G is Hausdorff. Furthermore, the space S\G of left (or right)
cosets is referred to as a homogeneous space. The following theorem elucidates

the properties of the corresponding quotient differentiable structure:

Theorem 2.7. Consider a Lie group G with a closed subgroup S C G. In such
a case there exists a differentiable structure on S\G which is associated with the

quotient topology, satisfying:

(1) dim(S\G) = dim G — dim S

(2) The canonical projection  : G — S\G is a submersion.

11



(3) Any map ¢ : S\G — M with the smooth manifold M is differentiable iff
@ o 7 is differentiable.

2.2 Control Systems and Control Sets

We will begin by defining what we mean by a control system, followed by
an introduction to controllability and control sets, along with their topological,

geometric, and algebraic properties. See [2]] and [[18]] for more details.

Definition 2.9. Let M be a finite dimensional smooth manifold and let R™ denote
the m-dimensional Euclidean space. Given a compact convex subset 2 C R™
satisfying 0 € int (), we mean by a control-affine system evolving on M the
following (parametrized) family of ODEs

Y p(t) = folp(t) + ij(t)fj(p(t)),

where fy, f1,..., [, are smooth vector fields defined on M and the control
parameter w = (wy,...,w,,) belongs to the set U of the piecewise constant
functions such that w(t) € Q. Additionally, f is called the drift vector field and
fi,--., fm the control vector fields.

First, in our analysis we will assume that all vector fields fy, f1,..., f,, are
complete, which means that the solutions of the corresponding differential equations
exist for all real numbers. For an initial state p € M and w € U there exists a unique
solution ¢(¢, p,w) of ¥, defined on an open interval containing ¢ = 0, satisfying
#(0,p,w) = p. It is important to remark that, in the general case, t — ¢(t,p,w)
is the unique locally absolutely continuous curve that satisfy to the associated
differential equation almost everywhere in the Carathéodory sense. However, since
we consider that all vector fields in the system ), are complete, the solutions of
this system are defined in the whole real line. Therefore, it is possible to obtain a
map
O:RxMxU— M, (t,p,w) — o(t, p,w)

satisfying the cocycle property
o(t+ 7, p,w) = d(t,0(7,p,w), Orw)
forallt,7 € R, p € M, w € U. Here, the shift flow © : R x U — U is defined by
(Ow) (1) :==w(t+ 7).

12



Moreover, it follows that for all 7, 75 > 0 and wy,ws € U

¢(7'27¢(7'17p7w1)aw2) = (11 + 72, p,w)

where

w(r) = { wi(t), T €][0,7]

wo(t — 1), T€E (1,72 + 7]

We note that if we consider 2 to be convex and U C L*(R, R™), it follows that{ is
compact and can be endowed with a metrizable structure in the weak*-topology of
L>(R, R™). Furthermore, it is obtained that both the maps ¢ and © are continuous
with regard to this topology. See [2,/19] for detailed exposition.

Definition 2.10. For any p € M and 7 > 0 the following sets

O (p):={geM:3wel,tec|0,r]with ¢t p w)=q}
O, (p) ={qge M :3wel,tecl0r]with¢(t,q,w) =p}

are the set of reachable points from p up to time 7 and the set of controllable points
to p within time 7, respectively. Therefore, the sets referred to as the reachable and
the controllable set (also known as the positive orbit and negative orbit) of p are,

respectively as follows

0" (p) =] 0%, (p)

7>0

0~ =|J 0=, ().

7>0

Definition 2.11. We say that the control system X;,

(1) is locally accessible at p if the sets OZ (p) and OZ_(p) have non-empty
interior for all 7 > 0

(2) is locally accessible if (1) holds at every point p € M

(3) satisfies the Lie algebra rank condition (abrev. LARC) if L(p) = T,,M for all
p € M, where £ denotes the smallest Lie algebra of vector fields containing
Y

(4) is said to be controllable if M = O (p) forall p € M.

Remark 2.8. A particular consequence of the LARC is that, when it holds, the sets
OZ.(p) and O (p) have non-empty interior for all 7 > 0 and p € M (see [18]).
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Next we introduce the concept of control sets encountered [2].

Definition 2.12. A non-empty set C C M is a control set of 3, if it is maximal,

w.r.t. the set inclusion, with the following properties:

(1) Vp e C Fw €U suchthat ¢ (R, p,w) CC

(2) It holds that C C O*(p) forall p € C.

According to [2, Proposition 3.2.4], any subset C of M with a nonempty interior
that is maximal with respect to the item (2) of Definition [2.12] is identified as a
control set. To understand the dynamics of a control system, it is essential to capture
the topological, geometric, and/or algebraic properties of its control sets. For
instance, they allow us to obtain many dynamical properties of the system, such as
equilibrium and recurrence points, periodic and bounded orbits, etc. Furthermore,
the exact controllability is satisfied in its interior, which means that points can be
steered into each other by a solution of the system in positive time. More precisely,
a control set C is called invariant in positive time if for any 7 > 0 and w € U we
have that ¢(7,C,w) C C. Analogously, C is invariant in negative time if for any
7> 0 and w € U it holds that ¢(—7,C,w) C C.

The upcoming theorem provides a concise summary of essential traits associated

with control sets having non-empty interior, see [2, Theorem 3.1.5].
Theorem 2.9. Let C be a control set of ¥y, with non-empty interior and assume
that X2y is locally accessible. The followings are satisfied

(1) Cis connected and int C = C.

(2) Foranyx € C and y € int C it holds that

int C C OF(x) and C=O*+(y)NO (y).

(3)  Suppose that ¢(7,x,w) is a periodic trajectory, i.e., ¢(T + p,z,w) =
(T, z,w) for some p > 0 and all T € R. From here, if v € int C then
o(t,x,w) €int C forall T € R.

(4) C =C iff Cis invariant in positive time iff C = O+ (x) for any x € C.

(5) C=int C iff C isinvariant in negative time iff C = O~ (x) forany x € C.

14



3

LINEAR CONTROL SYSTEMS

In this chapter we will first give the definition, properties and fundamental facts
about linear vector fields and concerning linear control systems on the Lie groups.
In Section 3.1} we present the conditions for projecting an LCS onto homogeneous
space. In Section [3.2] we introduce 3D Heisenberg Lie group and its Lie algebra.
Then we obtain explicitly form of linear and invariant vector fields on it and
determine the flow of a linear vector field, form of automorphisms and derivations.
Then, we obtain the form of an LCS on H. In Section 3.3} we characterize all
closed subgroups L of H and those invariant w.r.t. the flow of a linear vector field.
In particular, we consider separately normal and non-normal closed subgroups to
distinguish the corresponding homogeneous spaces with manifold or Lie group
structure. Such results will allow us to demonstrate the various LCSs that exist
on the homogeneous spaces of H, according to the dimension of the coset manifold
L\H.

Let G be a connected Lie group with Lie algebra g and e stands for the identity

element of G.

Definition 3.1. The normalizer of a Lie algebra g is defined by
normy,c)(g) ={Y ev(G):VBeg [V, B] € g}

where v(G) represents the set of all smooth vector fields on G.

A vector field Y on G is called linear if it is an element of the set norm,(g(g) and
satisfies J(e) = 0. The following result establishes conditions under which a vector
field on G is considered linear, providing equivalence between these conditions (see
[1, Theorem 3.1]).
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Theorem 3.1. Let us consider a vector field Y on a connected Lie group G. The

following statements are equivalent:

(1) Y is linear

(2) The flow {&; }rer of Y is a 1-parameter subgroup of Aut(G), the group of all

automorphisms of G

(3) Y satisfies
Vg,pe G V(gp) = (qu)py(p) + (dRp)qy(q)

where L, and R, represent the left and right translations on G, and

(dLy)p, (dRy), their derivatives at the points p and q, respectively.

Remark 3.2. It should be noted that a linear vector field on a connected Lie group
is complete. Indeed, let ) be a linear vector field. It is known that ))(e) = 0 by the
definition. It follows that {; } ,cr is well-defined in a neighborhood N, of e. Since
our Lie group is connected, [V, generates all of the group. Therefore, for any ¢ € G
there exist ¢1, . . ., ¢, such that ¢ = ¢, - - - ¢,. From (2) of Theorem [3.1] we get that

ST(q) = €T(Q1 T Qn) = 67‘((21) o gT(qn)

is well-defined and hence ) is complete.

Remark 3.3. Suppose that {£; },cr denote the 1-parameter subgroup of Aut(QG)
generated by the linear vector field ). If we take any vector field B we have that

(dffﬂ')eB(e)

D),B] (e) = % _O(dng)ﬁr(e)B(&'(e)) = % _0

since &, (e) = e for all 7 € R. Moreover, if B is a left invariant vector field, we can

write the following

B0 =|  (ewBlE(0) = 5| (e (de0)eBlo
= | (LB = (dLy) L. Bl

for all ¢ € G and we used that {_; o L¢ () = Ly o {_; in the above equality (as
a straightforward outcome of (2) in Theorem [3.1). Thus, for a given linear vector
field ), one can always associate to such a vector field a derivation D = —ad())
of the corresponding Lie algebra g of GG. Recall that a Lie algebra derivation D of g
is a linear map on g satisfying the Leibnitz rule, that is, D[By, By] = [DBy, Bs| +
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[B1, DB for every By, By € g. Although the converse does not occur in general
we have for a connected and simply connected Lie group G that given a derivation
D of the Lie algebra g of G5, there exists a linear vector field associated to D through
the formula (d¢, ). = €?, V7 € R, where &, stands for the flow. In particular, from
the following diagram

(dér)e
—

g g
expl o lexp

¢ —Y ., @

we have that &, (exp B) = exp(e"? B) forevery B € gand 7 € R,

Now, let us introduce an LCS, which will be the primary focus of this thesis:

Definition 3.2. An LCS on G is the family of ODEs

where ) represents a linear vector field, while B, ..., B,, denote left invariant
vector fields, and w = (w1, ..., w,,) € U are control functions, defined analogously

to those in the system X2 ;.

Let us take any w € U and 7 € R and denote ¢(7,e,w) as the solution of X with
the initial condition at the identity element e € G. Consequently, for any element

q € G, the solutions to X starting at ¢ are determined accordingly

¢<T, q, w) = ¢(7—7 ¢, w) : fT(Q) = L(b(r,e,w) (£T(Q))
where {&, },cr is the flow of ).

Remark 3.4. Any linear vector field defines a derivation, but the converse is true
only for simply connected Lie groups. Furthermore, in the case where G is a
connected and simply connected nilpotent Lie group, the exponential map serves as
a diffeomorphism. This implies that, especially for a given derivation, it becomes
possible to explicitly compute the drift X through the above diagram using the
logarithmic map log(p) = Y where p € G.
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3.1 Projections on Homogeneous Spaces

This section concentrates on equivalent systems and explores how an LCS can be
projected onto a homogeneous space. It follows that equivalent systems preserve
controllability, topological properties of control sets and positive (or negative)
orbits. Since in the sequel we also consider control-affine systems on a connected
Lie group (and hence its corresponding homogeneous space) we find it convenient
to provide some basic definitions and facts about these issues.

Below, we introduce conjugations between control-affine systems. Such concepts
help us simplify their dynamical analysis by changing the coordinates of the
manifold M. Assume that M is another smooth manifold and following is a

control-affine system on M
Sirc 90 = 9o(y(®)) + ) wit)gi(y(1), wel.
j=1

Definition 3.3. If ;o : M — M is a smooth map, we say that a vector field X on M
and a vector field X on M are p-conjugated (sometimes said p-related) if dppo X =
Xo p. In particular, we say that X5, and Y7 are p-conjugated if djuo f; = gjop for
each j € {0,1,2,...,m}. In case y is a diffeomorphism, X, and X are called

equivalent systems.

Next, a connection between control sets of conjugated systems is established by the

following result.

Proposition 3.5. Suppose that ¥, is p-conjugated to the system Xg7. Then
followings are satisfied:

(1) Suppose that Cy,, is a control set of 2),. Then there exists a control set Cgﬂ
of 357 such that u(Cs,,) C Cs_,

(2) Suppose that =" ({go}) C intCs,, is satisfied for some gy € intCs_. Then
Csy = p ! (Czﬁ>.

Proof. Pick any p € Cs,,. By the first item of the Definition 2.12] there is a
control w € U such that ¢y, (R*,p,w) C Csx,,. We know that ¥, and X7 are
p-conjugated systems, then their solution curves are also conjugates, i.e.,

I (¢ma (R+,p,w))j = ¢x_ (RY, u(p),w) -

-~

c ILL(CE]\/I)

18



Moreover, by the second item of the Definition [2.12] we have that Cy,,, C OgM (p).

Now, using the smoothness and being a conjugation of 1, we get that

#(Cs,) € 1 (05, (1) € OF_(ul)).

Finally, we obtain that items (1) and (2) of the Definition are satisfied by the
set u(Cs,,). Thus, we can find that there is a control set Cx_ of ¥3; such that

11(Cs,,) C Cs_ by the maximality.

(2) Here we need to show under the hypothesis that the set 1~ (Cgﬁ> is the control

set for the system X,,. Taking any element p € p~! (Cgﬂ) , we can find a control
w € U such that ¢y (R, u(p),w) C Cs._. Similarly in the previous item, we have

that by the conjugation of curves
K ((bEM (R+7p7w)) = (bEM (R+7M<p)7w) C Czﬂa

which implies that ¢y, (R*, p,w) C p~* (Cng) . Thus, the first item of Definition
[2.12] is shown. Now let us show the second one. For this, let us start by
showing the statement that controllability is satisfied in p~* (int Cgﬂ>. Taking

any elements py, py € p~* <int Czﬂ), we have that u(p1), u(p2) € int Cgﬁ. Since
it is also known to be ¢y € int Czﬁ with these, there are controls wq,wy, € U
and 7,75 > 0 by the controllability that we can reach ¢, via the following
ways: gy = Pz (11, 4(p1),w1) and ¢qo = . (=72, u(p2),ws). Hence, we
obtain that ¢x,, (11, p1,w1) € p'(q) and ¢x,, (—7,p2,w2) € p™(qo). On
the other hand, we know from our assumption that ' ({go}) C intCyx,, and the
controllability is satisfied in int Cyx;,,, then we have that there is a control wy € U
and 73 > 0 such that

Oy (7-37 oS (7'1,]91,001) 7003) = ¢x,, (—72,]02,012) )
which gives us the following
D5 (7'27 D5 (7'3; s, (7'171917601) ,WS) ) 9772002) = P2.

Therefore, we conclude that controllability is satisfied in the set ;1! (int Cgﬁ> .In
addition, let us show that this set satisfies the second item of the Definition 2.12] By
the (1) of Theorem [2.9]and the smoothness of 1, we get that

pt (Cgﬁ> =pt (int Cgﬁ>.
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Due to the expression ¢x,, (R, p,w) C p~* <CZM> obtained above, the following

is determined for all p € p~* (int Cgﬂ>
i (Csy, ) € OF, ().
In addition to this, we have u(p) € Cs_ and
int Cy_ C (’);ﬁ(,u(p)),
which implies that there exists w, € U and 7, > 0 such that
H (¢2M (7_*7p7 w*)) = ¢Eﬂ (7_*7 M(p)a w*) € int CEM-

From here, we obtain ¢yx,, (7., p,ws) € p~! (int Cgﬁ) , which gives us

(o) € O, (0, (mopown)) € OF, ).

With all this, we conclude that z1 <C2ﬂ> satisfies the second item of Definition

2.12| Finally, from the last subset expression we know that the set 1~ ( CEM) must

be contained in a control set of X, and the intersection p1~* (Cgﬁ) NCs,, # 0,

we obtain p 1 ( Cgﬁ> C Cyx,,- So, the desired equality is shown, and this complete
the proof. |

Now, consider S as a topologically closed subgroup of G. The space S\G,
consisting of left cosets of .S, has a manifold structure, and we represent 7 as the
canonical projection from G to the homogeneous space S\G. Given a left-invariant
vector field B in the Lie algebra g, the projection d7 o B onto S\ G is well-defined
and recognized as an invariant vector field on S\G. It is worth noting that
drog = {dro B : B € g}, the set of such vector fields, forms a Lie algebra, and
dr serves as a Lie algebra morphism from g to dr o g. Therefore, in order to project
an LCS onto a homogeneous space, the question arises as to how the linear vector
field can be projected. By [1, Proposition 4], the conditions for projecting a linear

vector field onto a homogeneous space are demonstrated in the next proposition:

Proposition 3.6. Assume that S is a closed subgroup of G with the homogeneous
space S\G. Then the followings are satisfied:

(1) A vector field F' defined on the homogeneous space S\ G is said to be linear if

it is m-conjugated to a linear vector field ) defined on G, i.e.,dro) = Fo.
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(2) A vector field Y on G is said to be m-conjugated to a vector field on S\ iff
S remains invariant under ), which can be stated as &, (S) C S forall T € R
w.r.t. the flow of ).

Remark 3.7. If S is a discrete subgroup, the condition of invariance stated above
is met if and only if S is a subset of the set of singularities of ). On the other hand,
if S is a connected subgroup, this is equivalent to the condition that its Lie algebra,
denoted as s, remains invariant under the derivation D associated with the vector
field ).

3.2 Linear Control Systems on the Heisenberg Group H

In this section, we take a different approach to defining the Heisenberg group,
emphasizing its vector space structure. Specifically, rather than considering it as the
group of upper triangular matrices with only 1s on the main diagonal, we choose to
interpret the Heisenberg group H as the cartesian product R? x R. This perspective
allows us to express various essential arguments, including group multiplication,
invariant and linear vector fields, and their Lie brackets, in alignment with this
format. In doing so, we identify all possible closed subgroups of the Heisenberg Lie
group and classify them as normal and non-normal. Finally, we concentrate on a
certain invariance criteria of subgroups (that is, discrete and non normal subgroups)

of H under the flow of a linear vector field.

Throughout the exposition, we let H denote the 3-dimensional Heisenberg (Lie)
group and b its Lie algebra. For simplicity, we will consider the Heisenberg group

as H = R? x R, with product given by
1
(Vi,21) * (Vo,20) = | Vi + Vo, 21 + 20 + 5 (vi,0va) |,

where (-,-) stands for the standard inner product in R? and 6 stands for the

counter-clockwise rotation of 7-degrees, and vy, v € R?, 21, 20 € R.

The Lie algebra h = R? x R of H is equipped with the Lie bracket

(C1,0), (C27062)} = <0, <C1,9C2>),
where Cla CQ € R? and a1, € R,

One of the usefulness of defining the Heisenberg group and its associated algebra as
previously, instead of the usual matrix version, is that for this setup the exponential

map exp : h — H is reduced to the identity map on H. In particular, every
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connected subgroup L C H is identified with its Lie subalgebra.

Given a subgroup L C H, we denote by L, the connected component containing
the identity element of H and simply call it the identity component, as usual. Note
that the identity component L is a closed normal subgroup of L and has the same
Lie algebra as L. The other components are given by the cosets g x Ly = Lg * g of
L withg € L.

Remark 3.8. We are assuming that R" = M,,,.;(R). Moreover, if € R" then n"
stands for its transpose by the previous identification. Such considerations will be

very useful later on. More precisely, if

exe-{(%) anes]

thenn” = (a b) for some a,b € R.

By our previous setup, it is not hard to see that a typical derivation D of the Lie

algebra b of H in its matrix form (w.r.t. the standard basis) is given by

DL A 0
p n' trd

where A € gl(2) and € R?. Since Lie algebra derivations are closely connected
with Lie algebra automorphisms we also find it useful to give explicit face of
an automorphism. Therefore, let us determine the form of automorphisms of
the Heisenberg group. By [15, Proposition 9.1], since H is a connected and
simply connected group, we have Aut(H) = Aut(h). Let v € Aut(h) be any

automorphism where

P k
= , P e Gl(2) and ky, ky € R?.

If we use the fact that {(e;, 0), (e,0),(0,1)} C H = R? x R with the Lie bracket
[(e2,0), (e1,0)] = (0,1) where {e;,e,} denote the canonical basis of R?, we find
that the center of the Lie algebra b is exactly span = {(0,1)}, i.e., 3(h) = {(0,1)}.
We also know that any automorphism v always satisfies w(g(b)) = 3(h). Hence,

w(<o,1>)=<,§ ’f><‘1’>=<’f>ez<h>

and it implies that k& = 0. On the other hand, since %) is a linear map, being an

we get

automorphism means that 1 is a Lie algebra isomorphism. Therefore, we have the
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following
[0 ((e1,0)).%((e2,0)] = ¥ ([(e1,0), (e2,0)] ).

From here, we obtain that det P = A\ by applying operations on the bracket.

Finally, it is found that the form of any automorphism on H is as follows

P 0
n' detP
where P € GI(2) and n € R2

Now let us identify the left-invariant and linear vector fields on H. Since the Lie
algebra h of H can be seen as the set of left-invariant vector fields on H, we give
below a usual expression of such a vector field which is notationally appropriate
in the present context. Hence, if we pick a point ¢ = (v, z) € H, and an element
B = (¢, @) € b, the left-invariant vector field on H is defined via the vector space

structure by

d d
(dL,)B =0 T:oLg oexpTB = . Tzo(g * exp 7 B)
:d%' . (v +7¢, 2+ 1o+ g<v, 0())

4 (g, ot %<v, eo) = B(g)

where the 1-parameter subgroup o(7) = exp 7B is a curve through e with ¢ (0) =
B. Tt then follows that given a derivation D of h as above, one might immediately
associate to D the linear vector field X on H by [B, X] = DB for every B €
h. Hence, at any state ¢ = (v,z) € H we might write X’ through the matrix

multiplication as follows:

X(g)_<$ th) (:)_ <Av, (n,v>+ztrA>.

Let B € gl(2) and let us define the following operator
t T
AP R x R? — R?, APy = / e*B nds.
0

It then follows at once that using such an operator we get for D that

et 0

-
. A—trA-I . ’
(et trAAE r 2)7]) ol trA
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where in the previous [, stands for the 2 x 2 identity matrix. As a consequence, the

flow ¢, induced by X is given by
()0t<V7 Z) — (etAV’ <et-trAA§A7trA-12)77,V> + Zet-trA) .

Remark 3.9. Since a linear vector field on H is determined by the € R? and
A € gl(2), we will usually write X = (1, A) to represent such a vector.

Before we mention LCSs on homogeneous spaces of H we give first a brief
description of a linear control system on H since this is intimately related with
that on the corresponding coset spaces of H. Hence, let {2 be a compact subset of

R3. By an LCS on H we understand a system of the form
S (v, 2) = X(v,2) + i Bi(V, 2) + we Ba(v, 2) + w3 B3 (v, 2)

where w = (wy,ws,w3) € Q, X is a linear vector field and By, By, B; are
left-invariant vector fields. In coordinates, Y is defined by the family of ODEs

as follows

S V= AV + w1 + wa(s + w33
H - .
i =(n,v) + 2trA + wioy + woas + wzaz + 3 (v, 0(wi i + wals + w3ls))

wherew € Q, g = (v,2) € H, B; = (¢;,a;) € h, A € gl(2) and n € R,

3.3 Invariant Subgroups of H by Linear Vector Fields

As we pointed out earlier, if a subgroup L of H is topologically closed, then
the homogeneous space L\H admits a manifold structure in such a way that the
canonical projection 7 : HL — L\H is a submersion. Hence, we start with stating
completely in this subsection all possible closed subgroups of H. Nonetheless,
we exclude the trivial cases where L = {(0,0)} and L = H and only focus on
the non-trivial cases, namely, when the subgroup L of H is (i) non-trivial discrete,

(i1) one-dimensional and (iii) two-dimensional.

Let us begin by finding, up to isomorphisms, the explicit form of one-dimensional

and two-dimensional subalgebras.
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Proposition 3.10. Let {e;,e,} denote the canonical basis of R Then, up to

isomorphisms, it holds that:

(1) There is a unique two-dimensional Lie subalgebra of h which is
[2 - Sp&ﬂ{(@h 0)7 (07 1)}
(2) There are only one-dimensional Lie subalgebras of j that are

lhb={0} xR or [} =Re; x {0}.

Proof. (1) Let [, be a two-dimensional Lie subalgebra and 8 = {(v1, aq), (v2, a2)}

a basis of it. Then we have

(Ub al)? (U27 052):| = (07 <U1, 0U2>> .
Since (3 is a basis, then there exist a;, a; € R such that

a1v1 + asvs =0

101 + Qoo = <'U1, 9U2>.

So, there are two possibilities here. The first one, if oy = a, = 0, then we get
(v1,0v9) = 0 and it means that v, € Ruvy, which contradicts the fact that 3 is a
basis. On the other hand, if a; # 0 (or a # 0), then we have

\—Oég(Ul, O[l) + Oél(UQ, ()42) = (\0611}2 — QU1 0)
TV

TV
el #0

Therefore, we say that there exists an element (v, 0) in [y with v # 0. Now, since
(v1,a1) € Iy with oy # 0, then we can find an element in [5, which is (2—11, %) =
(w, 1) € lo. Hence, it follows that {(v,0), (w, 1)} is a basis and

[@, 0), (w, 1)] - (o, (v, 9w>>.
Similarly, by repeating the above steps we have that there exist a, b € R such that

av +bw =20
b= (v, bw).

If b = 0 then we find that (0, 1) € I, and again if b # 0 then (0, (v, fw)) # (0,0).
Finally, consider the P € Gl(2) satisfying Pv = e; where {(v, 0), (0, 1)} is a basis
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and define the following automorphism

P 0
¢:<0 detP)

with ¢((v,0)) = (e;,0) and ¥((0,1)) = (0,det P). From this, we conclude
that ¢ (l;) = span{(e,0),(0,1)}. So, up to automorphism, there is only one
two-dimensional Lie subalgebra given by [, = span{(e;,0), (0,1)}. Moreover,

since [, is also an ideal, we have that h\[, = R.

(2) Let [ be a one-dimensional Lie subalgebra and 3 = {(v,a)} a basis of it. If
v = 0, then we obtain that [ = {0} x R and call it [,. Now let us consider the case

where v # 0. If we determine the form of the automorphism as follows

B P 0
v= —a(det P)—4= det P

[[vl*

where P € GI(2) with det P # 0, we have that ¢((v, a)) € Re; x {0}. Finally,
we conclude that, up to automorphism, there is only one one-dimensional Lie
subalgebra 1 (I) = span{(e;,0)} = Re; x {0}, calling it [; we complete the
proof. |

We emphasize that since the exponential map exp : h — H is the identity map
(and hence, a global diffeomorphism) it follows from the previous proposition, up
to isomorphisms, any subgroup L C H has the identity component as follows:

e If L is two-dimensional, the identity component of L is Ly = .

e If L is one-dimensional, then the identity component of L is determined as

either Ly = [y or Ly = 4.

The proposition below together with the Proposition help us to construct

homogeneous spaces we need for later references.

Theorem 3.11. Up to isomorphisms, any closed subgroup L C H is given by:

(1) dimL =2and L = (R x Zp) xR, forp=0,1;
(2) dimL=1and L =7F xR, fork=0,1,20r L =Re, xZp, forp=0,1;

(3) dimL:OandL:Ze1prforp:0,1,L:{O}xZorL:ZZXZ%
forp e N.

26



Proof. (1) Let L C H be a closed subgroup with dim L = 2 and assume w.l.0.g.
that L, = Re; x R. The projection

m:H— R, w(v,z) =y,

where v = (x,y), is a group homomorphism with kernel given exactly by Re; x R.
Hence we obtain that Ly\H = R by the isomorphism Theorem. In particular,
m : H — R takes L into a discrete subgroup of R and hence 7(L) = Za, for

some a > 0. Therefore,
L C 7 YZa) = (R x Za) x R.

On the other hand, for any ¢ € (R x Za) x R there exists go € L such that
7(g) = 7(go). Consequently,

g*gy  €EReyxR=Ly = g€ly*xgCL = L=RxZa)xR
If a = 0 the item is proved. If a # 0, the map
¢ cH — H7 ¢(([B,y),2) = ((:I:,a_ly),z),

is an automorphism taking L to (R x Z) x R, concluding the proof.

(2) Let us first assume that Ly = {0} x R. In this case, the homogeneous space

Lo\H coincides with the Lie group R? with canonical projection given by
7 H — R? w(v,z) =v.
As previously, 7 takes L into a discrete subgroup of R? implying that
(L) = aZ x VZ,

for some a,b > 0. Thus, we conclude that 7(L) = 7 (aZ x bZ x {0}) = aZ x bZ
and hence,
aZ x bZ x {0} C L+ ({0} xR) =L

and
L C (aZ x bZ x {0}) * ({0} x R) = aZ x bZ x R,

where the former equality follows from the fact that Z(H) = {0} x R is the center
of H. As in the previous item, one can easily construct an isomorphism of H taking

aZ x bZ x R onto Z* x R, where k depends on the numbers a and b. Therefore the
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equality desired follows.

Now assume that Ly = Re; x {0}. If g = (v, z) € L then it follows that

t
b= {(v+tens 4 hives) o)

is a line passing through the point g = (v, z) and parallel to the vector (2e;, (v, es)).
On the other hand,

t s
(V+tel,z+§(v,ez>> * <V+se1,z+§(v,e2>)

t+ s

1
= <2v+(t+8)e1,2z—|— (v,e2>+§<v+te1,¢9(v+se1))

+ s

)
(2v+t+se1,2z+ ! (v,e2>+%<s<v,e2>—t(v,e2)>>

<2v+ (t+ s)e1, 22+ s (v, e2>>
2

(v,2) +t(e1,0) + s (e, (v,e3))
which shows that
(9% Lo)> = {2(v,2) +t(e},0) + s (e, (v,e)) : t,s € R}.

Note that (g % Lg)” is a plane if (v, ;) # 0. Since L is a one dimensional subgroup,
the fact that (g * Lg)? C L implies that

(v,2) e L <<= (v,e)=0 <= vEReg

which is equivalent to say that L. C Re; x R. On the other hand, since any (v, z) €
H can be written as (v, z) = (v, 0) * (0, z), then

(v,2) €L = (0,2)=(v,0)'%(v,2) e L = (0,2) € ({0} xR)NL
and this shows that
L=Re; x {0} % (({0} x R)NL). (3.1

However, ({0} x R) N L in (3.1) is a discrete subgroup of the Lie group {0} x R
and hence it happens that

({0} x R) N L = {0} x Za,
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for some a > 0. Again, by the fact that {0} x R is the center of H we conclude that
L =Re; x {0} % ({0} x Za) = Re; X Za.
If a = 0 we get that L = Re; x {0} and for a # 0, the isomorphism

(v,2) — (%v, %z) :

takes L to the subgroup Re; x Z as stated.

(3) As in the preceding case, by considering the subgroup {0} x R we have that
7(L) is a discrete subgroup of ({0} x R)\H = R? and hence we obtain that

L CaZ xbZ xR

for some a, b > 0. Moreover,
(v,z) =(v,0)%(0,z2) = (0,2) € ({0} xR)NL,

which, as previously, allows us to conclude that

L =aZ x bZ x cZ
where a,b,c¢ > 0. If a = b = 0 then ¢ > 0 and the automorphism

1 1
(v,z) — (%v, EZ) :

takes L to the subgroup {0} x Z. Analogously, if a = 0 and b # 0 or b = 0 and

a # 0 and L is isomorphic to Ze; x Zp for p = 0, 1. On the other hand, if ab # 0,
then

b
(aeq,0), (bes,0) € L — <ae1 —i—beQ,—%) eL = abeZ,

and hence, L is isomorphic to Z? x Z% by the isomorphism

(o ((Goge) o)

where p = %b for some p € N, concluding the proof. |
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Remark 3.12. An elemantary calculation shows that
(vi,21) % (Va, 29) % (vi, 21) " = (va, 22 4 (v1,0va))
and hence, up to isomorphisms, the only normal subgroups of H are
(i) (R xZp)xRforp=0,1

(ii) ZF x Rfork =0, 1,2

(iii) {0} x Z.

As we have already said in Proposition if L C H is a closed subgroup, then a
linear vector field X is conjugated to a vector field on the homogeneous space L\H
if and only if L is invariant by the flow of X'. Therefore, our next step is to obtain
conditions for a 1-parameter subgroup of automorphisms {¢;},.r C Aut(H) to let

a closed subgroup of H invariant.

Moreover, we will not take into account the normal subgroups of H mentioned in
Remark [3.12] since otherwise the corresponding homogeneous spaces become Lie
groups and the LCSs on such spaces has been already studied in a series of papers.
See [6, 8H10, 14]] for detailed exposition.

Theorem 3.13. Assume that X = (n, A) is a linear vector field on H and {p; }1er

is its associated flow. The followings are met:

(1) Z* x Z%,p € N is ¢;-invariant if and only if D = 0;

(2) Zey x {0} is p-invariant if and only if
Ae; =0, Aey = fey+ae; and n € Rey, with a =0 if n # 0;
(3) Zey X Zis ps-invariant if and only
Ae; =0, Aes; =ae; and n € Rey, with a =0 if n#0;
(4) Re; x {0} is @-invariant if and only if
Ae; = ey, Aey = fes+ae; and n € Rey, with a =0 if n#0;
(5) Rey X Z is @s-invariant if and only if

Ae; = de;, Aey = —)Xes+ae; and n € Rey, with a =0 if n#0.
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Proof. (1) Pick a point (v, 2) € Z* x Z%, where p € N and assume that

1
SDt(V, Z) — (etAV ’ <et-trAAz4—trA-Ig77’V> + Zet-trA) c ZQ x 7=
p

Then the following equations are obtained

etdv € 72

(3.2)
<et~trAAz4—trA~12n’v> + Zet~trA c Z]_l)

It results from the first equation of (3.2) A = 0 and 7 is orthogonal to the any vector
v € Z?, implying that = 0. Thus, D = 0.

(2) Now, Ze; x {0} is ¢; invariant if and only if it holds that

etle, € Ze
(3.3)

(AL~ e0) = 0.

The first equation of (3.3) implies that ¢ + e'‘e; must be constant since it is a
continuous curve and Z is a discrete subgroup. Now, if we take its derivative at

t = 0 we immediately get Ae; = 0. On the other hand, from the second equation,

we get that

— i (AftrA-Ig)
dt|,_,

O <Az4—trA~12

777e1> = <777e1>>
t=0

m, el> = <et.
from which we conclude that the matrix A satisfies
Ae; =0, Aey =pfey;+ae; and n € Rey with a =0 if n # 0,

as stated.

(3) As previously, Ze; x Z is ys-invariant if and only if, for all n,m € Z,

etle; € Ze,

3.4)
n<et.t1pAAAf—trA-]2777 e1> + met-trA c7.

If we choose n = 0 and m = 1, we get from the second equation in (3.4)) that
et ¢ 7 for all t € R which results trA = 0. Similarly, if we select n = 1 and
m = 0 then

A

c'le; € Ze; and (A'n,e) €7,
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from which we get, like in the preceding item, that Ae; = 0 and € Res

trA = 0 we get already that
Ae; =0 Aey;=ae; and 1 € Res.

Now, )
d

0="5 (Afm.e) = (Acn.e))| = (Ane)

t=0 =0

which implies Ae; = 0 if  # 0. And this concludes the proof.

. Since

(4) Analogously as the previous cases, Re; x {0} is ¢,-invariant if and only if

ctle; € Rey

<A11€47trA.12n7 e1> = Oa

(3.5)

which gives us Ae; = Ae; and, by derivation of the second equation in (3.5) at

t =0, (n,e;) = 0. Consequently, if we write the matrix A in canonical form, we

see that A is such that

Ae; = de;, Aey, = ffes +ae; and n € Rey with a = 0if n # 0,

showing the assertion.

(5) The proof is similar as the items (3) and (4) and we will omit it.
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4

LINEAR CONTROL SYSTEMS ON
HOMOGENEOUS SPACES

Based on the information obtained in the previous chapter, in this chapter we
explicitly classify the dynamics of all possible LCSs by projecting linear and
invariant vector fields onto homogeneous spaces. For it, let L C H be a closed

subgroup and denote by 7 : H — L\H the standard canonical projection.

Definition 4.1. An LCS on the homogeneous space L\H is the following

control-affine system:
Spa: P=foP)+ ) uifi(P) (4.1)
j=1

withu € Q, P € L\H and fy, fi1, ..., fm are vector fields on L\H satisfying
droX = foor and droB;=fjom, j=1,...,m

where X is a linear vector field and B; are left-invariant vector fields and
m =3 —dim L.

It follows from the Definition that an LCS on a homogeneous space L\H is
m-conjugated to an LCS on H. We also know that the vector field dm o X is
well-defined on L\H iff L is invariant under the flow {¢; };cr of X which means
(L) = L forevery t € R.

Now it is evident that to classify all potential LCSs on the homogeneous spaces of
HH, the task is to identify the ;-invariant closed subgroups of H. Let X7\ denote
an LCS on L\H as in such that X and B; are m-conjugated with the vector
fields fy and f1,..., f., for j = 1,... m, respectively. Let ¢ € Aut(H) such that
L= (L) is one of the subgroups in Theorem m Consider the vector fields X
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and Bj satisfying
dpoX =Xotp and dpoB;=DBjor, j=1,...,m.

That L is invariant under the flow of X implies that L is also invariant under the
flow of X Therefore, we have well-defined vector fields ﬁ) and ﬁ, ce fm on E\H

determined by the relations
foor=dioX and fiom=droB, j=1,...,m,

where 7 : H — E\H is the canonical projection. Since the map 15 : L\H — E\H
defined by the relation QZ om = 7 o1 is a diffeomorphism, the fact that

dipo fo=foop and dipof;=fioh, j=1,...m,

shows us that Y.7\p is equivalent to the LCS on Z\]HI given by
Sha: @=/6Q)+> ufiQ).
j=1

As a result, we can assume that subgroup L is one of the subgroups determined in

Theorem [3.13] and we just need to examine the following cases.

4.1 The Zero-Dimensional Subgroups

In this section we consider the homogeneous spaces of H by zero-dimensional
subgroups. By Theorem [3.11] and Remark [3.12] up to isomorphisms, the only

subgroups we have to consider are
9 1
7= xZ—-, peN and Ze; xZp, p=0,1.
p

However, by Theorem the subgroup Z? x Zi, p € Nis invariant by the flow of
a linear vector field X if and only if X = 0. As a consequence, any induced LCS on
the homogeneous space (Z2 X Zé) \H is driftless left-invariant system and hence

its dynamical behaviour is well-known (see for instance [20]).

Let us consider the case L = Ze; xZp forp = 0, 1. If (vy, 1), (ve, 22) € Hare such
that L * (v, 21) = L * (Va, 22), then by the definition there exists (m,n) € Z x Zp
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such that
1
(mel, n) * (Vl, Zl) = (Vg, Zg) S (m61 + vV, 2+ §<me1, 0V1> + n> = (V27 ZQ)

me; = Vg — Vi
m
20 = 21+ 7<01,8V1> +n

Using the first equation we obtain that
m = (vg,e1) — (vi,e1), (vz,€) =(vi,e), and (er,0vi)= (e}, 0vy).

Using now the second equation and the previous relations, give us that

1 1
29 = 2] + §<te1,0v1> +n=2z + 5((V2,e1> — (vy,e1)){er,0vy) +n

1
= 21— §<V1791><81,9V1> + §<V2,e1><81,9V2) +n

and so

(Z2 + %(v% er1)(va, el)) — <21 + %(Vh el)(vl,e2>) = n.

Therefore, L * (vq, z1) = L * (vg, 29) if and only if

1 1
[#1] = [x2], 1 =y, and [21 + —331911 = [22 + —95292} 4.2)
p p

2 2
where v, = (z;,y;) with ¢ = 1,2. Note that by [z]; and [z], we
mean [z|; =[] =2+ Z and [z]p := x. Therefore, the homogeneous space

(Ze, x Zp)\H is identified with (T x R) x T?, where T := Rand T! := T = R/Z.

The canonical projection is given by

Top : H — (T x R) x T?, ((z,9),2) — <([x],y), {24— %azy} ) .

Remark 4.1. By considering the maps f : H — Hand h, : H — (T x R) x T?

defined, respectively, as

He) = (@adet o) and yfwa).2) = (). 2)),

and using that the differential of the canonical projection R — R/Z is the identity

map, it is easy to see that
hyof=my, and d(m,)=df for p=0,1.
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4.1.1 LCS’s on the 3D Homogeneous Spaces

The forms of all possible LCSs in the spaces (Ze; x Zp)\H for p = 0,1 are
explicitly described in this section. As previously, by Theorem 3.13] if X = (n, A)
is a linear vector field on H whose flow let Ze; x Zp for p = 0, 1 invariant then

0 0
”:<7> and A:(O (1—(119)6)’ with a = 0 if ~ % 0.

Therefore, in coordinates, X" is given by the expression

X((z,y),2) = ((ay, (1 = p)By),vy + (1 — p)Bz).

Using Remark 4.1} we have the following

1 0 0
(dﬂ-O,p>((x,y),z) - 0 1 0 ,
%y %x 1
and it implies that
(dmop) (@)X ((z,y),2) = 0 1 0 (1—p)By
3y 3T 1 v+ (1—-p)B2
ay
= (1-p)By

(1=p)B (2 + 32y) + 509° + vy

1 1
= (ay, (1-p)By,(1—p)B (z + 5@".@) + §ay2 + vy)

and hence,

Koo (([u], 5). [t],) = (048, (1—p)Bs, (1 —p)Bt + %asQ + vs) ,

with o = 0 if v # 0, is the general expression of a vector field on (Ze; x Zp)\H

induced by a linear vector field on H.

Now, let us consider a left-invariant vector field B. In coordinates, we have that

B((z,y),2) = (a,b,c+ %(ay — ba:)) :
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and hence,

1 0 O a a
(dﬂ-ovp)((x,y),z) B((SL’, y)a Z) = 0 1 0 b = b
ly sz 1 ¢+ 3(ay — bx) c+ay
:(a, b,c+ ay).

Therefore, the general expression of a vector field on (Ze; x Zp)\H induced by a

left-invariant vector field on H is given by
Bo,p(([ul,s), [t],) = (a,b,c+as), (([ul,s),[t],) € (T xR) x T?.

As a consequence, we have the following expression for a general LCS on
(T x R) x T? forp = 0, 1.

Proposition 4.2. An LCS on (Ze; x Zp)\H ~ T x R x T?, p = 0, 1 has the form

[u] = as + wiag + weas + waag

ZO,p : 5= (1 o p)ﬁs + wiby + waby + w3bs

], = (1 = p)Bt + 508” + ys + wic1 + wacy + wacs + (1A + waas + wWsag)s

where w € Q with a;, b;, ¢;,a, v, A € Rt =1,2,3and a = 0 if v # 0.

4.2 The One-Dimensional Subgroups

In this section, we analyze the homogeneous spaces of H by one-dimensional
subgroups. Since we are interested in the case where the homogeneous space
is not a Lie group, we have by Theorem [3.11] and Remark [3.12] that, up to
isomorphisms, the only subgroups we have to consider are Re; x Zp, p = 0, 1.
Let (vi,21),(Va,22) € H and assume that L % (vy,21) = L * (va,22), wWhere
L = Re; x Zp for p = 0, 1. By the definition, there exists (¢,n) € R x Z such that

1
(tel,n) * (Vl,Zl) = (VQ,ZQ) < (t91 + vy, 2+ §<tel,Vi> + n> = (VQ,ZQ)

teg = vy — vy
2y = i T
o = 21+ 5(ter, vi) +n

Similar calculations as in the previous case, allows us to obtain that

Lx((w1,91),21) = L x ((22,92), 22) =

1 1
y1 = y2 and [21 + 5%%} = [22 + 5@92]
p p
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where [z]; = x+Z and [z]y = 2. Therefore, the homogeneous space (Re; x Zp)\H
is identified with R x T?, where T° := R and T! = R/Z.

The canonical projection is given by

1
Ty H— R x TP, ((z,y),2) — (y, {z—l— iscy} ) .
p

Remark 4.3. Similarly as in the zero-dimensional case, we can consider the maps
f:H — Hand g, : H — R x T? given by as

f((x,y),z) = ((x,y),z—i— %xy) and gp((x,y),z) = (y, [2]p),

it is easy to see that g, o f = m, for p = 0, 1. Moreover, since the differential of
the canonical projection R — R /Z is the identity, we get that d(7,) = 79 o df for
p = 0,1, where

7t R3 — R?, mo(z,y,2) = (y, 2).

4.2.1 LCS’s on the 2D Homogeneous Spaces

We have seen above that there are two different homogeneous spaces we are
interested in. Now we need to find the forms of all possible LCSs on these spaces.
Note that any induced control system > on L\H will be equivalent to one of the

systems in the following diagram (4.3)).

)y
(Re1 x {0})\H iy WZ)\H ~ RxT (4.3)
2170 Zl,l

Let us begin by determining the form of an LCS defined on the homogeneous space
R x R, which we denote as >J; o. Let X’ be a linear vector field on H and assume that
Re; x {0} is invariant under the flow of X = (1, A). By Theorem it follows

that
0 A
n = and A= “ ). witha=0if v#£0.
v 0 B

As a consequence, in coordinates, we get that

X((2,),2) = (e + ay, By), vy + (A + B)2).
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Moreover, by a simple calculation, we obtain that

0 1 0
> (dﬂ-l,p)((x,y),z) = ( 1 ) s

0
1
%y 5951

1
(df )@ =] 0

11
2¥y 3T

= O O

and consequently, using Remark [4.3| we have the following

01 0 AT+ ay
(d71.0) (14,00 X ((2,), 2) = ( Ly 1y ) by
272 Yy + (A +B)z

_ Py
A+ 8) (z+ 1zy) + say* + vy

= (ﬁy, (A+5) (z + %xy) + %ayQ + 7y> .

Therefore, the general expression of a vector field on (Re; x {0})\H induced by a

linear vector field on H is given by
2?1,0(5,15) = (ﬁs, A+ B)t+ as® + ’ys) , with a=0if ~#0.
Analogous calculations, allow us to conclude that
Bio(s,t) = (b,c+as), (s,t) € RxR.

Thus, for a general LCS on R x R, we have the following expression.

Proposition 4.4. An LCS on (Re; x {0})\H ~ R x R has the form

> . s = 68 -+ w1b1 + (,L)ng + w3b3
10:9 -
t=(A+B)t+ tas® + 95+ wic + wacs + wics + (wia) + waas + wzas)s

where w € 2 with a;, b;, ¢;,a, 5,7, AN € R, =1,2,3and a = 0 if v # 0.

Let us now consider the other one-dimensional subgroup Re; X Z and detect the
form of an LCS defined on the homogeneous space R x T, which we denote as > ;.
By Theorem if Re; x Z is invariant by the flow of X = (1, A), we have that

) =)
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with o = 0 if v # 0. As a consequence, in coordinates, we have that
X((2,y),2) = (A + ay, —Ay),7y).

By Remark 3] we get that

(dﬂ-lyl)((w7y),z) X((az, Y), z) = <

and hence,
h 1, . .
Xia(s,t) = [ —As, 58 +~vs ), with a=0if v#0,

is the general expression of a vector field on (Re; x Z)\H induced by a linear vector

field on H.. Analogous calculations, allow us to conclude that
Bia(s,[t]) = (b,c+as), (s[t]) €eRxT,

is the general expression of a vector field on (Re; x Z)\H induced by a left-invariant
vector field. As a consequence, we have the following expression for a general LCS
onR x T.

Proposition 4.5. An LCS on (Re; x Z)\H ~ R x T has the form

$ = =S+ wiby + waby + w3bs
Y [ ]

1as + 98 + wicy + wace + wscs + (wrag + weas + wsaz)s

where w € Q with a;, b;, ¢;,a, v, A € R,i=1,2,3and a = 0 if v # 0.
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S

CONTROLLABILITY

The form of all possible LCSs on homogeneous spaces of the Heisenberg group H
has been explicitly classified. A detailed analysis of the controllability issue and

control sets of each of these dynamics will now be provided.

5.1 Controllability of LCS’s on the 2D Homogeneous Spaces
In Theorem and Remark we have classified both normal and non-normal

closed subgroups of dimension one of H and the main focus is given to the structure
of homogeneous spaces through non-normal ones since the other case was already
treated in the literature in a series of recent papers. These non-normal subgroups of
H are (i) L = Re; x Z and (ii) L = Re; x {0} and the structure of all LCSs on
the corresponding homogeneous spaces L\H ~ R x T and L\H ~ R x R have
been exposed. It is important to remember that any control system > on L\H is
equivalent to one of the systems shown in diagram ({.3)) above. First, we investigate
the controllability property of such a system on the homogeneous space R x T. Our
focus is then the consideration of the controllability of the induced control system
on the other homogeneous space R x R. The latter case, which we are going to deal

with, has much more complex structures and appears to be quite complicated.

5.1.1 The Control Sets of >, ;

To analyze the one-input LCSs on R x T, we first prove the following proposition,

which will be used in the proof of the related theorem.

Proposition 5.1. Assume that
Yr: S=—=As+wb

is a control system on R, where b # 0 and w €  := [w,,w*|. Then ¥y admits only
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one control set Cy, satisfying:

Cy, =2Q if A>0 or,
Cy, =int (2Q) if A <0 or,
Cs, =R if A=0.

Proof. The solutions of > are constructed by concatenations of the curves

b b
(1, 8,w) =e ™ <s — XW> + -

e Let \ be positive and assume that b > 0 since the case b < 0 is analoguous. Take

any point sy € 2Q = [2w,, 2w*], then we have

¢(T7 SO)W) — ;W* = e_T>‘ (SO — ;w) —|_ ;w _ ;w*

e ™A éw — Qw + Ew — éw
AT A AT
b b
— (—e_TA + 1) (—w — —w*> > 0.
— A A
>

v

>0

With similar calculations, we obtain the following

b b b b
¢(7, S0, w) — Xw* = e (so — Xw) + S XW*
< eiTA Ew*—ﬁw —l—éw—ﬁw*

o A A A A

b b
= (e™-1) <—w* - —w) <0

— 2\ A A

>0
<0

Therefore, we find ¢(7, so, w) > 2w, and ¢(7, sp,w) < 2w*. It means that for all

7 > 0and w € §2 we have that

& (7_’ ;Q,w) - ;Q — Of(sy) C ;Q forall sy € ;Q

Now let us take the points sg, 51 € int(%Q) and suppose that so < s;. Since
o(1,50,w*) =e ™ s bw* + bw* — bw* as T — 400
T = -3 - - T
o0 LD A A

b b
¢(7'7 517W*) =e ™ (51 - Xw*) + Xw* — Xw* as 7T — 400
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then there exist 7y, 71 > 0 such that

¢<7—07 SO;(,U*) — Sl and ¢(T17 817w*) — SO

Hence, we have that O"(sg) = int (2Q) for all s, € int (2Q) and obtain the

b b
p) )

following by continuity
Ot (sg) = éQ forall sy € ﬁQ
A A

Consequently, it means that %Q is a control set of Y.

e Now let us show that > does not admit control sets in R\%Q = (%w*, +oo) U

(—oo, %w*) For any s € R\%Q, we obtain that

(T, S0, w) — Sp = e ™A (80 — %u) + gw — 8y = (e’TA — 1> (50 — ;w)

This allows us to achieve the following relations

S0 > ;C‘J* — QS(T) So,W) S S0 = O+(SO)\{SO} C <_OO’SO)

b
50 < Xo.;* = (1, 50,w) > 50 = O (s0)\{s0} C (50, +00).

As aresult, if taken as sg, 51 > %w* with sy < s; then X has no trajectory starting

at s; and approaching an arbitrary point sy. It means that any control set of Yy
b
X
the condition of being a control set. Moreover, if {so} is a control set of Y

contained in (%w*, —i—oo), we have the following by using the definition of control

contained in ( w*, +oo) cannot have two distinct points. Otherwise, it contradicts

sets

b
Jwe VreR o(r,s0,w) =5 <— (e_T)‘ — 1) <30 — Xw) =0,

which is definitely impossible.  Hence, X does not admit control sets

in (%w*,—koo). Similarly, > does not admit control sets in (—oo,%w*).

Consequently, we show the uniqueness of %Q Analogously to the above steps,

Cr = int (%Q) is obtained for the case A < 0. Finally, let us prove the case
A = 0. The solutions of ¥r are constructed by concatenations of the curves
o(T, s0,w) = bwT + ¢ since our dynamical system is § = wb. Pick any arbitrary

points s;, so with 51 < s5. In this case any wq, ws € €2 with bw; > 0 and bw, < 0,
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then we have

S2— 51 S9 — 81

>0 — ¢(T1,81,w1) :bw1
bwy w1

S1 — 82 51— 82

T = +81:Sg

Ty =

>0 = ¢(T27 827(,02) = bWz + So = 854

buwoy buws

Therefore we achieve the controllability of ¥ over the entire set of real numbers.
|

By Proposition we have that a one-input linear control system >; ; on R x T

§=—As+wb
z]1,1 : . 1 9
t] = 3as® +vs + w(c + as)

has the form

where w € Q with a,b,c, , v, A € Rand oo = 0 if v # 0.
The following proposition characterizes the Lie algebra rank condition of the system

>J1,1 which is indispensable for the controllability issue.

Proposition 5.2. The one-input LCS 3, ; on L\H ~ R x T, satisfies the LARC if
and only if
b(2aX +ba) 0 or b(by+ Ac) # 0.

Proof. Let us explicitly calculate
spanz{ X1, Bi1} (s, [t])
for all (s, [t]) € R x T, where
> 1 ~
Xia(s, [t]) = (—As, Pl +vs) and  Bja(s,[t]) = (b,c+ as).
Firstly, looking at the Lie bracket of ‘5(\1’1 and Eljl we have that

[)?171, ém} :<b)\, —as — blas + ’y))

J/

= A\By, — { (0,2Xxa + ba) s + (0, Ac + by) }

-~ -~

=71 =Zo
= )\B\l,l - (SZl + ZQ)
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Then let’s consider the other brackets, respectively:

|:SZh '5(\1,1- = >\3Z1 -8Z1, §1’1:| = —bZl
[Z% -)?1,1_ =0 _ZQ, §171:| =0
[0, Bual, ®ia| = =NBii+222 |18, Bual, Bua| = 202,

If it is continued in this process, we see that all brackets just depend on the vector
fields 2?1,1, §1,1, Zy and Z,. Finally, we can obtain that LARC is satisfied if and
only if bZ # 0 where Z = sZ; + Z,. |

The previous propositions will be used in our next result.

Theorem 5.3. Under the LARC, the only control set of Y1 ; is
Cgm = CE]R x T

where Yy is the LCS on R given by the first equation on X ;.

Proof. Let us assume that A > 0. Forallv € R x T and w € () we write the

solution of the >; ; as

o(r,v,w) = (¢1 (1, v,w), ¢o(T, Vv, w)) :

and notice that ¢, is actually the solution of the associated system Y. Since we
are assuming the LARC, b # 0 and by Proposition we have that the control set
Csp = %Q is positively-invariant, implying that

O+<V) C CER x T

for all v € Cy, x T. Let us consider the polynomial p(w) given by

b 1
p(w) (ba + 2a\)w? + X(bv + c\)w.

T

By the LARC, p(w) is a nontrivial polynomial with, at most, two zeros in ).

Consider now

b
Vo, V] € int (CER X T) with Vi = (le, {tﬂ) , and p(wl) % 0.

Since, by Proposition controllability holds in int Cy,,, there exists a positive
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time 79 and a control wy such that
b b .
¢1(7'0,Vo,wo) = le - ¢(7'0,V0,W0) = XW17¢2(7—07V0aW0) =Vi
~———

=[t1]€T

On the other hand, since %wl is a singularity of the first equation of the system > ;,

we get that

b
¢1(T7 ‘/\’176‘)1) == le? VT S R?

and hence, the second equation of >J; ; is written as

[t] = %a<§w1>2 + 7;001 + wy (c - a§w1>

= QL)\Q (ba + Qa)\)w% + %(bv + C/\>w1 = p(w),

implying that
¢2(7—, \71,(&)1) = [1?1 S p(wl)] 3 VT e R.

Therefore, the assumption p(w;) # 0 implies the existence of 7; > 0 such that
¢9(T2, V1,w1) = [t1], and so (71, V1, w1) = vi. As a consequence, if p(w) = 0, we
have that

(Cs, x T)\ ({0,w} x T) C OF(v)

forallv € (Cxg, x T)\ ({0,w} x T).
Since (Cs, x T)\ ({0,w} x T) is dense in Cx,, X T we conclude that

CER x T = O+(V)

for all v. € Csg, x T. This shows that Cs,, = Cs, x T is a control set of ¥ ;
(See Figure ). Regarding the uniqueness of Cy, ,, it follows directly from the
fact that Cy,, is the only control set of the associated system Y. Since the case for
A < 0 is analogous to the previous one, let us now examine the situation where
A = 0. In this case, by Proposition the control set Cy,, of ¥ is the whole real
line and hence, we have to show that X; ; is controllable.

Similarly as the previous case, let us consider the polynomial

1

q(s) = 5@32 + vs.

By the LARGC, ¢(s) is a nonzero polynomial. Moreover, the fact that v # 0 implies
a = 0 which gives us s = 0 as the only root of ¢. Take any two points vy = (s, [to])
and vi = (sg, [t1]) in R x T. Let us investigate the following cases for determining
the trajectory from vy to vy (See Figure[S.Tj).
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®

(i)

If s; # 0, the fact that Y is controllable, assures the existence of wy and 7
such that

~

(b(T(),Vo,W()) = (51, [t1]> = \A/'l.
By considering the control w = 0, we have that

¢(7,v1,0) = (81, [2?1 +7- q(sl)] )

As a consequence, there exists 71 > 0 such that ¢(7,v1,0) = (s1,[t1]),

showing, by concatenation, that we can reach v, from vy, when s; # 0.

If s; =0, take w # 0 and 7/ > 0. Then,
vy = ¢1(—7,vi,w) satisfies  ¢(7, v, w) = vy,

and the first component of v} is s; = —7bw # 0. By the previous item, there

exists a trajectory connecting vy and v} and hence, we can connect v to vy.

. O’“’
O,m

Vi
(T
Cx,
o~ L
é TN @ N

s
Figure 5.1 (a) Trajectory connecting v and v (b) Control set for nonzero .
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5.1.2 The Control Sets of X

Our current interest in this section is the controllability property of the induced
control systems on the other homogeneous space R x R. We have to emphasize
that this case presents a much more intricate and complex structure, which makes
this part both challenging and interesting enough. The controllability issue of these
linear control systems in a very detailed manner will be studied here by means of
a quite technical case-by-case analysis. Finally, in this subsection, the structures of
the control sets for the systems under consideration are explicitly presented for each

case and its sub-case whenever they exist.

By Proposition we have that a one-input linear control system X, o on L\H ~
R x R has the form

210:{52B5+wb 5.0)

t=M\+PB)t+ tas® +vs+ w(c+as)

where a,b,c,a, 5,7 € R with a = 0 if v # 0.
The following proposition characterizes the LARC of the system > o which is

indispensable for the controllability issue.

Proposition 5.4. The one-input LCS ¥; j on L\H ~ R x R, satisfies the LARC if
and only if
b ((ba+a(X = B))* + (by +cA)?) # 0.

Proof. Let us show that spanLA{AAﬁ,U, El,o}(s,t) =R x Rforall (s,t) € R x R.
Firstly, looking at the Lie bracket of 2?170 and LA?LO we have that

[2?170, ]9\170] :< — b, (afs —blas+v) — (A + B)(c+ as)))

:_BELO—{(O,ba—l—)\a—aﬁ)s—l—(o,bv-i‘)\c)}
N

i

-~

=71 =7
=— 51§1,0 —{sZ1 + Zy} = —/3§1,0 - Z.

Then let us consider the other brackets, respectively:

[821, /?170] = )\8Z1 [SZl, B\l,()] = —bZl,
[Zs, §1,0] =0 [Zs, ‘)?1,0] = (A +5)Z,,
[[/?1,0, él,o], )?1,0] = —ﬁzél,o — (AN +B)Z - BZ, [[9?1,0, §1,0]7 §1,0] =bZ,.

If it is continued in this process, we see that all brackets just depend on the vector
fields /'?170, §1,0, Z1, Z5 and Z. Finally, we can obtain that LARC is satisfied if and
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only if bZ # 0. Thus, the proof is complete. |

In what follows, we define singular LCSs.

Definition 5.1. We say that 3,5 on L\H ~ R x R is singular if the associated
vector field
)?170(3, t) = (ﬂs, A+ B)t + as® + ’ys) ,

satisfies S(A + 3) = 0.

The precise description of the dynamics of the LCS X5 j is quite difficult. Because
of that our study in this part will be focused on the singular systems.

Remark 5.5. As is said above, the preceding definition is indeed related to
singularities of the induced vector field ?C'ALO since S(A + B) # 0 if and only if
(0, 0) is the only singularity of 2?170. Note that the techniques used to treat dynamics
in singular and non-singular case are quite different. In fact, for the singular case,
the fact that the solutions only depend on one of the components and on the control
allows a direct algebraic approach for the understanding of the dynamics. However,
for the non-singular case the solutions depend on both components which forces
exponential behavior in each one of them. Therefore, the precise understanding
of the solutions in the non-singular case requires a more geometrical approach to

analyze controllability and control sets.

It follows from the singularity imposed on the associated vector field that we should
treat the possibilities 5(A+ () = 0. In what follows, we do a detailed analysis of the
possible control sets of the one-input LCS on R x R. We divide such an analysis in
two main cases depending on « together with their subcases (whenever they exist)
depending on the eigenvalues of A. See the Figure[5.2]below.

£ = 0 and
A+B=0

£ = 0 and
Loa=0 M g0

B # 0 and
A+38=0

Controllability

L a # 0

Figure 5.2 Description of all possible cases to be analyzed on
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Controllability in the case o = 0

In this subsection, we will be assuming that = 0, and hence our system does not
have a quadratic term. The analysis for this case consists of four parts and is done

by analyzing the possibilities for the values of 5 and A + (3 as follows:

e The subcase 5 =\ + 5 = 0:

Now consider the following result with these conditions.

Proposition 5.6. Assume o = § = A + [ = 0 in the equation (5.1). Then X} g

reduces to the following system

(B10) : { s=wb

t=(y+aw)s + cw

where w € (2 satisfies the LARC if and only if by # 0 and hence is controllable.

Proof. The first assertion follows immediately from the Proposition [5.4] i.e., it
satisfies the LARC if and only if by # 0. For w # 0 and vy = (s, to), the solutions

(T, vp,w) of ¥; ¢ are given, component-wise, as

©1(T, vo,w) = S¢ + wbT

bw(aw +
©a(T, Vo, w) = %7’2 + (so(aw + ) + cw) T + to.

A simple calculation shows that such a solution coincides with the parabola

Ty = {(s (w7 gyl e +t0> . se€ R}

2bw bw

with concavity determined by the sign of bw. Let us analyze the case where v,b €
R*, since other choices are treated similarly. For this choice, there exists ¢ > 0
such that aw + v > 0 forw € (—¢,¢).

Let
vo#Avi€ER? and —e<wy<0<w <e.

A trajectory connecting vy to vy can be constructed in the two steps as follows:
Step 1) v, belongs to the interior of the region determined by the parabola I'y, ;.
Since b,y € R* we have that 7 — +oo implies that

©1(7,vo,wp) = —oo  and (T, Vo, wp) — —o0.
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As a consequence, there exists 7o > 0 such that v, := ¢(79, Vo, wp) belongs to

[y, ;- Write v; = (31,1,) and consider the following cases:

(1) 51 < sy

Since the solution starting at v; associated to the control w; lies on the

parabolaI'y, ., and
T— 400 = (71, V,w1) = o0,

there exists 7, > 0 such that ¢(71, V1, w;) = v;. By concatenation, we get a
trajectory from v to v; (Figure [5.3a).

>i1) §; > sy:
Since the parabolas I'y, ., and I'y, ,,, coincides with solutions of >J; ¢ for the
constant control wy, they are parallels. Therefore, the assumption 5; > s;

implies that v lies in the interior of the region determined I'y, ,,,. On the

other hand, 7 — o0 implies
01(T, Vo,w1) = +00  and (T, Vo, w1) = 400,

and consequently, there exists 7o > 0 such that v := (79, Vo, w; ) belongs
to the parabola determined by v; and wy. By writing Vo = (50, %) it holds
that 3o > s; and hence, ¢(71, Vo, wo) = v; for some 71 > 0. By

concatenation we obtain a trajectory from v, to vy (Figure[5.3b).

FVU:‘*)O FVO,‘UO

(a) Trajectory starting inside I'y, ,, with (b) Trajectories starting inside I'y, ., with

51 < s 51> 81

Figure 5.3 Trajectories starting inside the parabola I'y, .,
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Step 2) v, belongs to the exterior of the region determined I'y, ;.

Let us show, in this case, the existence of a trajectory connecting v to a point in

the interior I'y, ,,,, which by item (i) implies the result.

Since the interior of I'y, ., is the set

+ + ) +
{(s,t) ER? : t> %(s — 51+ s1(owy bww el (s —s1) +t1}
1 1

we construct a trajectory from v to a point in this region as follows:

(1) Since

T — +00 = 01(T, v, w1) = +00,

there exists 75 > 0 such that the point ¢ (7y, Vo, w1) := Vo = (80, to) satisfies
So > 0.

(i1)) Now, with control w = 0 we get that
(7, V0,0) = (50, 5077 + to),
which for 7 > 0 large enough satisfies

(awr +7) . 5 s1(awy +7) + cwy
2bw1 (SO 81) * bw1

§0’}/7'—|-t~0 > (50—31)—1-251,

assuring the existence of 71 > 0 such that (71, Vg, 0) belongs to the interior

of I'y, «, as stated.

e The subcase 5 = 0and \ + 5 # 0:
In this case, bA # 0 and the diffeomorphism

. R2 2 (5,7
f:R* = R?, f(s,t) = <b’t+)\8)’

conjugates our system ¥; o in (5.1) with @ = 3 = 0 such that A + 3 # 0 to the

following singular system

De:d 0 ¢ (5.2)
’ t =Xt +w(c+as)
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where the LARC is equivalent to a® + ¢ # 0. Let us assume that A < 0 and a > 0,

since the other cases are analogous.

For each w € (), let us define the function
F,:R* 5 R, F (s,t) = At +w(A(c + as) + aw).
By a straightforward calculation, one shows that, for w € Q and v = (s, t), the first

coordinate of the solution of 3, o is given by ¢; (7, v,w) = s + 7w, and the second

one is determined by the relation
F, (p(1,v,w)) = e F,(v). (5.3)
Moreover, it holds that
Fo, (o(1,v,wo)) — Fu, (0T, v,wp)) = awp(ws — wo) AT+ F,, (V) — F,(v) (5.4)

forany 7 € R,v € R? and wy, w;,w, € . Note that F;1(0) is a line on the R?
whose inclination, with relation to the s-axis, and intersection with the ¢-axis are

given, respectively, by

—— and —%(C)mLaw).

By relation (5.3)) and the assumption that A < 0, the line F;1(0) is an asymptote of
the curve 7 — (7, v, u) as T — +oo (see Figure [5.4).

Figure 5.4 The lines F;'(0) are asymptotes of the curve T +— ¢(T,v,u) as T — +00



Assume that a # 0, and let us define some regions with invariant properties. The

first one is the region C~ given by
C:={veR’: F,-(v) <0 and F+(v) <0}.
For the second one, let us consider the point v, = (—c/a,0) and define

Ct = {(s,t) €R?: 3r >0 and w € {w ,w'} with

s = p1(71,vq,w) and t > po(T, Va,w)}.

Geometrically, C~ is the set of points under the lines Fw_,l(O) and Fw_f(O), and C*

the set of points over the curves
7 € (0,400) = p(7,ve,w™) and 7 € (0,400) — p(T,v4,wh),

as depicted in Figure 5.5 below.

_ —C

) a w+

Figure 5.5 A geometrical description of the regions C~ and C*

The solutions starting at the point v, for constant control can be explicitly calculated
as follows: Since F,(v,) = aw?, relation (5.3 gives us that

Mo (T, Va,w) = —w(A(a (—c/a+ Tw) +¢) + aw) + aw?e™™ = aw?(e) — A\t — 1),
~————
w1 (T, va,w)
implying that
2

o(T, Vg, w) = (—E + 71w, a)\%(e’\T — AT — 1)) . (5.5)

a

The next lemma assures that C~ and C* are invariant in negative time and also

proves controllability in some regions determined by the lines F;*(0).

54



Lemma 5.1. Assume a > 0. It holds:

(1) The regions C~ and C* are invariant in negative time.

(2) For any w; < 0 < we, the following region is controllable

Clwy,wy) ={veER?: F,(v)-F,(v) <0}

Proof. (1) Note that, for fixed v € R?, the map w > F,(v) is a polynomial with a

maximum degree equal to two. Since we are assuming a > 0 we have that
F,-(v) <0 and F,+(v) <0 <= F,(v)<0, Ywe Q.
Let w, W € ) and define the function
Vv :R =R, W(1) = F(p(1,v,0)).

In order to show the invariance of C~ in negative time, it is enough to show that
(1) < 0if 7 < 0. However, relations (5.3) and (5.4), allow us to rewrite ¢ as

(1) =Fo(p(7,v,0)) = Fiop (@(7, v, W) + Fiop (p(7, v, W)
=ai(w — D)AT + F (v) + (X — 1) F5(v).

Since,
Ow—-w)<0 = YP(r)<0 for 71<0,
we can assume, w.l.0.g., that @W(w — @) > 0. On the other hand, if a®(w — @) +

F5(v) > 0, we have that

aw(w — )+ F(v) = + W(A(as+c¢) +aw) = W(A(as+c)+aw) > 0,

At
NAP-
Fo(v)<0

and hence,

0> F,(v)=ab(w—®) + F5(v) + (w— @) (A as + ¢) + aw)

— B —B) + Fa(v) + @i[@(w o) [6(Aas +0) + aw)] > 0,

which is absurd. Therefore, we get aw(w — W) + F(v) < 0. In addition to that, if

7 < 0, we have

V(1) = al(w — D)AT + Fy(v) + (X — 1) F5(v)
= (al(w — Q) + F5(V)) M + Fy(v) + (M = M — 1) Fa(v) <0
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showing the invariance in negative time of C~.

Let us now show the invariance of C* in negative time. Note first that, by the very
definition,
(s,t)eCt = {(s,t+p) : p>0}CCT,

and hence,
o(T,(5,1),0) = (s,e*t) € {(s,t +p) : p>0} when 7 <0,

showing that o(7,C*,0) C C*. On the other hand, the expression of the first
coordinate of the solutions of the system together with equation (5.5]) imply that,
forany v € CT, the curve 7 € R — ¢(7,v,w) € R? intersects —c/a x (0, +00) at
exactly one point. Since solutions of ODEs are either parallel or coincident, in order
to show the invariance of C™, it is enough to show that the curves 7 € (—00,0) —
(T, vq,w) for w € Q with w # 0 do not leave C™.

Let then w € Q with w # 0 and 7; < 0. There exists 7, > 0 such that 1w = Tw?,

where
i WJr, w <0
W' = :
w-, w>0
Therefore,
aw? a(rw)? 1
P Vo, w) = S (7 = An — 1) = (Alz ) (@ = An =)
1

a(mw?)? 1 )
—( /2\2 ) ﬁ(e’\m — )\7'2 — 1) = SOQ(TQ,VCL,CU’L)
2

where, for the inequality, we used that the function

f:R—R, f(r) =

2 )
A T=0

{ ST =Ar—1), T#£0

is strictly decreasing when A < 0. As a consequence, ¢(7,Ct w) C C* for any

7 < 0, showing the result.

(2) In order to show this item, it is enough to show that for any v;,vy, € R?

satisfying
le (Vl) > 0, Fw2(V1) <0 and le (Vg) < 0, FWQ(VQ) > 0,

there exists a closed orbit passing by v; and vs.
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Define the curve
v : R — R, (1) = Fo,(p(1, vi,w1)).
As in the previous item, we have that
(7)) = aw (wy — WA + F, (vi) + (¥ = 1) E,, (vy).
Derivation gives us that
V(1) = Naw (wy — wy) +eME, (vi)]  and  +/(1) = A2 F,, (v1),

showing that ~; is strictly increasing. Since, F, (v1) > 0 and w; (wy — wy) < 0 we

conclude that 7’ has exactly one zero. As a consequence,

lim 7(r) =400 and (0)=F,,(vy) <0,

AT—F00

imply that the curve 7 € R — (7, vq,w;) crosses the line F' (0) exactly two
times, one in positive time and one in negative time (see Figure [5.6). A similar

analysis of the curve

Y2 - R — R; '72(7—) - le (QO(T, V2,CL)2>>,

allows us to conclude the same for the curve 7 € R +— (7, vo,ws) and the line
F;1(0).

w1

Since for i = 1,2 the line F;'(0) is an asymptote to the curve 7 — (7, v;,w;) as
T — 400, the previous analysis imply the existence of real numbers 71, 72, p1, p2
satisfying

m<0<m and p;<0<py

and
o(T1,vi,w1) = ©(T2, Vo,wa) and  @(p1, Vi, w1) = @(p2, Vo, wa).

Therefore, the piecewise constant functions

w12<7> _ Wl; T E [077—1] and w21(7_) — CUQ, TE [07 p2]
wy, T € (1,7 — 7o) w1, T € (p2, p2 — p1l
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satisfies,

90(7'1 - 7’27V1,W12) = @(—Tza 90<7'17V17w1)7w2) =V

SO(pQ - p17V2,W21) - w(_pla (,0(p2,V27WQ),W1) =V,

which assures the existence of the periodic orbit between v; and vy as stated (see

Figure [5.6)).

W2 W1

Figure 5.6 A periodic orbit through v and v

We are now in a position to describe the only control set of X .

Theorem 5.7. The singular control system ¥, g in admits a unique control set

C whose closure satisfies:

(1) Ifa=0 then C =R x —%Q.

(2) Ifa >0 then C=R?\ (CTUC).
In both cases, C is closed when A < 0 and open if A > 0

Proof. (1) Since, by Proposition the subset —EQ is the unique control set of
the control system
t =M+ cw, w € Q,
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and hence it is enough to show by Proposition that the fiber R x {0} is
controllable. For any vy = (s0,0),vy = (s1,0) € R x {0} there exists, by the
continuous dependence of the initial conditions, w,wy,w; € int €2, 79,77 > 0 and

50,51 € R satisfying

QOQ(T(),Vo,(Uo) - (507 _ﬁw)
Y2 (7'1, (51, —ﬁw) ,wl) =vy, and

(51 — §0)W > 0.

A trajectory of XJ;  connecting v to v; is constructed by concatenation as:

. N c \. .. .
(1) Start at v, to steer (30, —Xw> in time 79 > 0 with control wy € €2;

.. . 5 _3 ~ &
(i) Use the time 7 = *—¢ > () and the control w to move from (50, —Xu)) to

7,180, —~w ], w) =[5 w,—=w| =(8,—~w];
@ ) 05 )\ 5 0 TW, \ 1 \ )
(iii) With time 7; > 0 and control w; € () go from <§1, —§w> to vy.

By the arbitrariness of v and v; we get the controllability of R x {0}, it proves the
item (1).

(2) By Lemma[5.1} if A < 0, the set C* UC™ is invariant in negative time and hence,
R?\ (C* UC™) is positively invariant. Therefore, if we show that controllability
holds in int(R? \ (CT UC™)) the result follows.

However,
int(R*\ (CTUC))=CNCUC(w,w™h),

where
C = {(s,t) €R?: I7 >0 and w € {w ,w'} with
s =p1(7,ve,w) and t < po(T, Va,w)}

and
Cy:={(s,t) € R? . F,+(s,t) >0 and F,-(s,t) > 0}.

Since by Lemma [5.1| controllability holds in C(w™,w™), it is enough to show that,

for any point in C; N C,, there exists a trajectory starting and finishing in C(w ™, w™).
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Let us first note that the lines ;(0) can be parametrized by the curve
seERH v,(s) = (3, —%()\(as +c)+ aw)) € R?,
and hence, for wy, ws € €2, we get that
Fouy(Vi,(5)) = (w1 —w2)(Mas + ¢) + a(wy + wo)).
As a consequence, for any w € (), there exists s,, > 0 such that
vo(s) € C(w,wt), for |[s]| > s,.

Since the lines F;1(0) are asymptotes to the curve 7 € R — (7, v, w), we get that

o(10,v,w) € C(w™,w™), for some 7y > 0,

showing that we can reach C(w™,w™) from any point in C; N C; (see Figure[5.7).

Next, let us construct, for a given v € C; N Cy, an orbit starting in C(w ™, w™) and
finishing on v. Since solutions of ODEs are parallel or coincident, there exists
71 > 0 and t < 0 such that

w™, as+c<0

7, (—c/a,t),w’) =v, where w'=
ol (=e/a,8),w) {w*, as+c>0

On the other hand, the fact that

E2 00 (s = —cfap = { (~eta -5 ) .

implies the existence of w, € €2 such that
vi=F;1(0) N ([0,71], (—¢/a,t),w'), with w.w' <O0.
By the previous discussion, we can take v, € F;'(0) N C(w™,w™) satisfying,
vy = (72, vo,w,),  for some 7, > 0.
Therefore,
o(11 — p, o(To, Vo, w,),w') = v,  where v, =¢(p,(—c/a,t),w’), pe 0,7,

showing that we can reach any v € C; N Cy from a point in C(w™,w™) (see Figure
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and concluding the proof.

V2

wT W

Figure 5.7 Orbit through a point v € Cy N Cy starting and ending in C(w™,w™)

Finally, we explain the last subcase of the case o = 0.

e The subcase 3 # O and A\ + 5 = 0:
In this case, under the LARC, the diffeomorphism

f:R? - R?, f(s,t) = (—%,—%s%—%t),

conjugates our system X, in (5.1) with & = XA 4+ 3 = 0 such that 8 # 0 to the

following system

[ 5=-w)
P10 { t = (aw +7)s (>6)

where w € . It satisfies LARC if and only if a® + ¢ # 0.
As before, let us assume that 5 < 0. In this case, the fact that € is the unique control
set of the control system (see, Proposition

$=PB(s —w), w e Q,
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implies that any control set of ¥, has to be inside the subset 2 x R. Moreover,

since the first component of the solutions of XJ; ( for constant control is given by
01(1,vo,w) = (59 —w) +w, Vo := (s0,10)

it holds that
0rw@xR)COXR, Vr>0.

Theorem 5.8. Let ¥y o denote the singular linear control system in (5.6). Then it
holds that:

(1) If v # 0 then C = 2 x R is the only control set of .

(2) If y =0 then {(0,t)} are distinct control sets of ¥ .
Proof. (1) By Proposition we only have to show that the fiber {0} x R is

controllable. Moreover, let us assume that v > 0 since the other possibility is

analogous. Let then vo = (0,to) and vy = (0, ¢;) satisfy ¢y < t;.

Then,

- 90<T7 V070) = (Oato + ,-}/7-) = (07t1) = V1.

On the other hand, by the continuous dependence of the initial conditions, there
exists w € int {2 such that (aw + v)w < 0 and

e1(11,vi,w1) = (w,t1)  and @17, (w,fo),ws) =vo,  Wwith T <y,
for some wy,wy € Q and 74, 75 > 0. A trajectory of X ( starting in v and finishing

in v is constructed by concatenation as:

(i) Start from v to reach (0, ;) in time 7; > 0 with the control w; € Q ;

(1) With time 7 = (ai‘jjrf;l)w > 0 and control w go from (0, ;) to

90(7_7 (07 tl)v w) = (OJ, Z?1 + (aw + V)WT) = (w> tO);

(iii) Go from (w, %) to vy in time 75 > 0 with control w, € Q.

(2) If v = 0, then a # 0, and we will assume that a > 0, since the other possibility
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is analogous. Define the function

ao ac?

F: QxR =R, F(s,t):zlf%—?s—?ln(s%—a),

where o > 0 satisfies 0 > |w| for all w € €.
Let w € Qand v := (s, o) € int 2 x R and write o(7, vo,w) = (s, ). Then,

d . 2 2 _
EF(QO(T,VO,M)) :H—%é— %s—ia :aws—l—%ﬁ(s—w) - %%

aws(s +0) +ao(s —w)(s + o) — ac*(s — w) _a(w+ 0)52.

s+o sS+o
By concatenation, we easily conclude that,

F(o(r,vo,w)) > F(vg), if w#0 or s97#0,

implying that any control set of 3 ¢ has to be contained in one of the curves F~!(+)
and have the first component equal to zero. Since both properties happen only at
exactly one point, we conclude that {(0,¢)} are the only control sets of ¥; ( inside

2 x R, concluding the result.

Controllability in the case o # 0

Let us now analyze the case where o # 0. By Proposition such a condition
implies that v = 0, too. Moreover, if A\ # (3, the map

f:R?* = R?, f(s,t) = (S,t+m82),

is a diffeomorphism that conjugates our system X o in (5.1) with o # 0 such that
A # [ to the following system

5= [s+ wb
2101 .
{ t=A\+B)t+w(c+as)

that has no quadratic term. As a consequence, we only have to analyze singular
LCSs where o # 0 and A = [, since the other possibilities were studied in the

preceding sections. However, the only singular LCS where A = (§ and o # 0 is
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given by

5 =uwb
Y1019 - 5.7
Ho { t = as® +w(c+as) G-7)

for which we have the following

Proposition 5.9. A singular linear control system ¥; ( in the equation (5.7 admits

only one-point control sets given by the singularities of the drift.

Proof. The diffeomorphism

f:R? - R?, f(s,t)

I
N
w
~
|

)
<>| )
w
~__

conjugates X o in (5.7)) to the following system

s =wb
2170 . { (58)

t = as? + 2aws

Define the below function for the conjugated system in (5.8)

G:R?* — R, G(s,t) = 6ot — 6%052 + 25°,

where 0 € R satisfies ca+wb > 0 for all w € €2. Then, for any w € € the function
T = G(SO(T? V0>w>>> Vo = (507 tO)a

satisfies
%G(@(T, vo,w)) = 6ot — 12%033 + 65%5
=6 (J(&SQ + 2aws) — Q%Jwbs + wb32> = 6(ca + wb)s?,
which, as in Theorem [5.§] allows us to conclude that the only control sets are the
singularities of the drift, that is, {(0,¢)},¢ € R are the control sets of ¥ . |

5.2 Controllability of LCS’s on the 3D Homogeneous Spaces
In this section, we show that under the LARC, a one-input LCS on (T x R) x T

is always controllable. By Proposition 4.2] we have that a one-input linear control
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system g ; on L\H ~ (T x R) x T has the form

[u] = as + wa

201:45=wb

t] = tas? + vs + w(c+ as)

where w € 2 with a,b,c,a,v € Rand a = 0if v # 0.
The upcoming proposition provides a characterization of the LARC for the system

20,1, a key factor in the handling of controllability issues.

Proposition 5.10. The one-input LCS ¥, ; on (T x R) x T satisfies the LARC if
and only if b # 0.

Proof. By calculating the brackets of

N 1 .
Xo,l(([u], s), [t]) = (043,(), 50432+73> and By, (([u], s), [t]) = (a,b, c+a5>,
we obtain that

|:§071, .5(\071:| = (bC(, 0, b(OéS + ")/)) with |:§0’1, [§0,17 .5('\071]:| = <0, 0, bOé),

and any other bracket (of any length) is always zero. Therefore, taking any
v € (T x R) x T, we have that

Span[jA{)?O,la é0,1}(V) = Span{/‘?o,l, §0,17 [éo,l, /‘?0,1} ) [EOJ, [Eo,b /'?0,1]} }(V)
=R3
if and only if ba # 0. |

Theorem 5.11. Under the LARC, the one-input LCS Y ; is controllable.

Proof. Let us take two points vy = <([u0], S0), [t0]> and v; = <([u1]7 s1), [tl]) in

(T x R) x T and assume that s; € R is irrational. Since,
Go(T, Vo, w) = bwT + S0,
there always exists wy € {2 and 75 > 0 such that

(7o, Vo, wo) = (([al},sl), [t}]) ——
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On the other hand, by the LARC a # 0 and v = 0, which gives us that,
o(1,v1,0) = (([@1 + 7 asi],s1), [l 4T as2]>.

Since the line
7 € (0, 4+00) (7’ SQus, T - ozsf) € R?,

has slope equal to s;, which by assumption is irrational, the curve
7 € (0,400) — <[T cas], [T ozs%]) €T xT:=T2
is dense in the two dimensional torus T2. As a consequence, the curve
r € (0,+00) = ([ +7-as)su, [+ 7 asi]) € (Tx {s1}) x T,

is dense in (T x {s;1}) x T, and hence, there exists 7, > 0 such that

&(1,Vv1,0) > vy as k— 400 = vy € OF(vy) C Ot (vy),
where for the inclusion we used that v, = ¢(7, vo, wy).
Since the subset
{(([u],s), 1) E(TxR)xT:seR— @},

is dense in (T x R) x T, we conclude that (T x R) x T C O*(vy).

In order to finalize, let v; € (T x R) x T. By the LARC, the negative orbit O~ (v)

has nonempty interior (see Remark [2.8). Therefore,
(T X R) x T = O+(V0) — Oi(Vl) N O+(V0> 7£ @,
and hence, there exists vo € (T x R) X T, 79, 79 > 0, wy,ws € U such that

Vi = ¢(T17 V27w1) and Vo = ¢(T27 Vo, WQ);

implying that v; = qb(rl, (T2, Vo, wo), w1> € O*(vp) and consequently we obtain
(T x R) x T = O*(vy). Since vy is arbitrary, we achieve that ¥ ; is controllable.
|
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6

CONCLUSION

The thesis is a detailed study of the topic of linear control systems on homogeneous
spaces of the 3D Heisenberg Lie group. The first sections establish the basic
framework by providing the definition of a linear vector field and introducing
essential properties and facts related to LCSs on Lie groups and their homogeneous
manifolds. Importantly, the study adopts a special format, interpreting the
Heisenberg group as the Cartesian product R? x R rather than the conventional group
of upper triangular matrices. This choice of form allows a structured presentation
of key aspects such as group multiplication, invariant and linear vector fields,
and Lie brackets etc. The thesis proceeds to outline the conditions essential for
projecting an LCS onto a homogeneous space, emphasizing the classification of
closed subgroups, both discrete and non-normal, of H based on invariance criteria

under the flow of a linear vector field.

Building on this foundation, the study defines and characterizes, up to equivalence,
various LCSs on the homogeneous spaces of H. Subsequently, a detailed analysis
is conducted to investigate the controllability issue and the control sets for each
determined dynamical system. The investigation is divided into two main parts,
with the first part focusing on the classification of both normal and non-normal
closed subgroups of H. The emphasis is on studying the structures of homogeneous
spaces by non-normal subgroups, and classifying all possible linear control systems
on the homogeneous spaces of H by their closed subgroups, complementing the
existing literature. The second part of the study deals with the controllability of
LCSs on corresponding homogeneous spaces, such as L\H ~ R x T and L\H ~
R x R. The complicated dynamics of these systems are carefully studied, providing
a challenging yet compelling analysis. After these examinations, we focus on the
controllability of a zero-dimensional (discrete) closed subgroup L. = Ze; X Z and

its associated homogeneous space L\H ~ T x R x T.
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The thesis concludes the journey through the intricacies of LCSs on homogeneous
spaces of the 3D Heisenberg Lie group, revealing new insights and leading the way
for future explorations in this type of dynamics. We think that this study on a special
nilpotent Lie group will lay the foundation for future studies on general nilpotent Lie
groups and higher dimensional Lie groups, shed light on the challenging dynamics

of LCSs on homogeneous spaces and pave the way for future research in related
fields.
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