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Abstract

In this study, we investigate the notion of an intuitionistic fuzzy prime ideal and intuitionistic fuzzy weakly 2-absorbing
ideal of a lattice as an expansion of a notion of a weakly prime ideal. Then, we characterize the concept of intuitionistic
fuzzy weakly 2-absorbing ideals and intuitionistic fuzzy weakly primary ideals and give some results. Finally, we suggest the
concept of an intuitionistic fuzzy weakly 2-absorbing ideals in a product of lattices.
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1 Introduction

Zadeh’s introduction of fuzzy set theory in 1965 [38] has had a widespread impact across numerous
fields. Building on this foundation, various scholars, including Yuan et al. [13], have applied
these concepts to group theory, particularly examining fuzzy ideals and congruences in distributive
lattices. Lattice theory, a core area of algebra, plays a crucial role in both mathematical and applied
sciences, offering a framework for analyzing ordered sets. Its intersection with fuzzy logic has
propelled progress in understanding algebraic structures in contexts involving uncertainty. Ajmal
et al. [1] expanded the application of fuzzy sets within lattice theory, while Seselja and Tepavéevié
[31] made a notable contribution by developing a foundational approach to representing lattices via
fuzzy sets, which significantly advanced information sciences. Zhang et al. [39] expanded this work
by introducing fuzzy complete lattices, shedding new light on the structural aspects of fuzzy sets.
In another contribution, Kehagias [22] explored the lattice structure of fuzzy intervals, adding to
the ongoing discussions in the field. Additionally, Klement and Mesiar [23] critically examined the
claims of novelty surrounding L-fuzzy sets and their isomorphic lattices.

In 1986, Atanassov [24] expanded the realm of fuzzy set theory by introducing intuitionistic
fuzzy sets, which have proven highly effective in managing vagueness. These sets generalize
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traditional fuzzy sets by incorporating a hesitation margin, calculated as one minus the sum
of the membership and non-membership degrees. This addition enriches the representation of
intuitionistic fuzzy sets and broadens their applicability across various domains. The inclusion
of degrees of membership, non-membership, and hesitation enhances the expressiveness and
practical utility of knowledge and semantic representations within intuitionistic fuzzy set theory,
as elaborated in [3, 5].

In 1989, Biswas [12] introduced the concept of intuitionistic fuzzy subgroups and examined
their properties. This line of research was furthered by Banerjee ef al. [10] in 2003, who explored
intuitionistic fuzzy subgroups and ideals. Hur et al. [18-20] also contributed by studying the
properties of intuitionistic fuzzy subgroupoids, subgroups, and subrings.

The interaction between intuitionistic fuzzy sets and lattice structures has been an active area of
research, yielding significant insights and advancements in fuzzy logic and its applications. Yon et al.
[37] introduced intuitionistic fuzzy sublattices, filters, and ideals, investigating their characteristics.
Additionally, Hur ef al. [25] applied intuitionistic fuzzy sets to lattice congruences. Thomas and
Nair [34] made a notable contribution by studying rough intuitionistic fuzzy sets within a lattice
framework. Tripathy et al. [35] furthered this exploration by delving into intuitionistic fuzzy lattices
and intuitionistic fuzzy Boolean algebras. Mahmood ef al. [27] significantly enriched the discourse
on lattice-ordered intuitionistic fuzzy sets. Boudaoud et al. [14] examined principal intuitionistic
fuzzy ideals and filters on lattices, while Bashir et al. [11] explored the algebraic and lattice
structures of type-2 intuitionistic fuzzy sets.

Prime ideals and their generalizations play a crucial role in commutative ring theory. Badawi [7]
initially defined 2-absorbing ideals as an extension of prime ideals. Badawi [8] introduced the idea
of weakly 2-absorbing ideals within commutative rings. A proper ideal / of a commutative ring R is
considered weakly 2-absorbing if, for any elements a,b,c € R, and given 0 # abc € I, it follows
that either ab € I, ac € I, or bc € I. Subsequent studies by Badawi et al. [2, 9] explored n-absorbing
ideals, with a specific focus on 2-absorbing ideals in commutative rings. For additional information
on 2-absorbing ideals, see [29, 30].

The concept of 2-absorbing elements has attracted considerable attention in lattice theory due to
its algebraic significance and applications. Jayaram ef al. [21] investigated 2-absorbing and weakly
2-absorbing elements in multiplicative lattices. Atani and Bazari [6] extended this discussion to
2-absorbing filters of lattices. Wasadikar and Gaikwad [36] advanced the study by exploring 2-
absorbing and weakly 2-absorbing ideals in product lattices. Teshale Amare [33] examined weakly
2-absorbing ideals in almost distributive lattices. Additionally, Darani [15] introduced L-fuzzy 2-
absorbing ideals, which were further studied by Darani and Hashempoor [16] in semirings.

While the concept of 2-absorbing has been adapted to lattice structures, the exploration of weakly
2-absorbing primary ideals within intuitionistic fuzzy environments remains relatively unexplored.
Investigating the approximation of intuitionistic fuzzy weakly 2-absorbing primary ideals in lattices
presents a novel and rich field of study. Therefore, it is both prudent and necessary to develop new
approaches to understanding these ideals.

This study focuses on the foundational aspects of intuitionistic fuzzy weakly 2-absorbing primary
ideals in lattices and analyzes their properties. We introduce the notions of an intuitionistic fuzzy
weakly 2-absorbing ideal and a 2-absorbing intuitionistic fuzzy weakly ideal within a lattice L.
Additionally, we define a primary intuitionistic fuzzy weakly ideal and examine the radical of
an intuitionistic fuzzy weakly ideal in L. Various properties of these intuitionistic fuzzy weakly
ideals are established. Furthermore, we extend and investigate these concepts within the context of
a product of lattices.
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2 Preliminaries

In this section, we will discuss the concepts of lattice, intuitionistic fuzzy set, and intuitionistic fuzzy
ideal, which we will use in explaining the other sections. Additionally, we will denote L = (L, A, V)
as a lattice, where 0, 1 € L. Here, O is the least element of L, and 1 is the greatest element of L.

DEFINITION 2.1
[17]. A partially ordered set (L; <) is a called lattice if for every a,b € L, a A b = inf{a, b} and
aV b = sup{a, b} are defined, where A denotes the meet operation and Vv denotes the join operation.

DEFINITION 2.2

[26]. Let X be a nonempty set. An intuitionistic fuzzy set (IFS) 4 of X is an object of the following
form A = {< x, uq(x),v4(x) > |x € X}, where the functions 4 : X — [0,1]and vy : X — [0, 1]
define the degree of membership and degree of non-membership of the element, x € X,0 < p4(x)+
va(x) < L.

DEFINITION 2.3
[4] Let X be a nonempty set and A is IFS of X. Let X* = X x [0, 1] x [0, 1]. Obviously, 4 € X*
and we can define the characteristic function £2, : X* — {0, 1} by

1,if ug(x) =a,vy(x) =band < x,a,b > A
24(< x,a,b >) = ’
0, otherwise.

DEFINITION 2.4
[26]. If 4 = {< x, uyg(x),v4(x) > |x € X} and B = {< x, up(x), vp(x) > |x € X} are any two IFS of
X, then

(1) ACB <= pu4(x) < upx) and vg(x) > vp(x), Vx € X;

2) A=B < uy(x) = upx) and vg(x) = vp(x), ¥x € X.

3) AL = (< x40, a@) > Ix € X}

4) AUB={<x, uqup(x),v4up(x) > |x € X},where

4)  ngup(x) = max{p4(x), up(x)} and vgup(x) = min{v4(x), vg(x)}; and

5) ANB={<x,usn(x),v4np(x) > |x € X},where

(5) mans(x) = min{uq(x), up(x)} and vyng(x) = max{v4(x), vg(x)}.

DEFINITION 2.5
[26]. IFS 4 of L is called an intuitionistic fuzzy ideal (/F7) of L if the following conditions are
satisfied for all x,y € L:

Dpax Vv y) = min{ug(x), ua}; @ pgx Ay) = max{pg (x), na(y)};

(i vV y) < max{vg(x),va()}; ()vaxe Ay) < minfvg(x), va(»)}.

DEFINITION 2.6
[32]. Let X be a set, 4 € IFS(X) and let o, 8 € [0,1] with @ + 8 < 1. Then the set, 4 g) =
{x|ug(x) > aand vg(x) < B,x € L} is called a («, B)-the level subset of 4.
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3 Intuitionistic fuzzy weakly prime ideals of a lattice

In this section, we will show that if / is a weakly prime ideal, then characteristic function < xz, x,c >
is an intuitionistic fuzzy weakly prime ideal, and vice versa. Additionally, we will explain the
relationship between intuitionistic fuzzy prime ideal and intuitionistic fuzzy weakly prime ideal.
Let’s start with the definition of an ideal of a lattice L.

DEFINITION 3.1

[28] A nonempty subset / of a lattice L is called an ideal, if for a,b € L, the following conditions
holds. ()If a,b € I, thena v b € [ and (ii) ifa < band b € I, then a € I. A proper ideal [ (i.e.
I # L) is called a prime ideal (PI), if a A b € I implies that eithera € I or b € I.

DEFINITION 3.2
[28] A proper ideal I of a lattice L is called a weakly prime ideal (WPI), if for a,b € L,a A'b #
0,a A b € I implies that eithera € [ or b € I.

DEFINITION 3.3
A proper IFI < u,v > of a lattice L is called an intuitionistic fuzzy prime ideal (IFPI), if for all
a,be L, uanb) <ula Vv ub)andvia A b) > v(a) A v(b).

DEFINITION 3.4
A proper [FI < p,v > of a lattice L is called an intuitionistic fuzzy weakly prime ideal (/FWPI), if
a,belanb#0,u(anb) <ua) Vv ub)andvia Ab) > v(a) Av(b).

THEOREM 3.5
An ideal [ of a lattice L is a WPI if and only if < 7, Xc > isan IFWPI of L.

PROOF. Suppose that / isa WPl of L. Let a,b € L be suchthata Ab # 0. Ifa A b € I, then as [ is
WPI, either a € I or b € I. Thus, in this case,

xi(a A b) < xi(a) Vv xr(b) and
xpanb) = xc(a A xed).
Ifanb¢l,thenclearly,a ¢ I, b ¢ I. Thus, in this case,
xitanb) < xi(a) v xi(b) and
xic@anb) = xc@ A xeb).

Hence, 4 =< xy, x;,c > is an IFWPI of L.

Conversely, suppose that 4 =< xy, x;,c > is an IFWPI of L. Let a,b € L be such thata A b # 0.
Suppose thata Ab € I,buta ¢ I and b ¢ I. This implies that x;(a A b) = 1 and x;(a) = x;(b) = 0.
Then,

xi(a Ab) £ xi(a) v x1(b) and
X (anb) ;\é Xt (@) A X ()

a contradiction, as 4 =< xy, x,c > is an [FWPI. O
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Figure 1. A representative from the family of 7-element lattices.

EXAMPLE 3.6
Consider the lattice L shown in Figure 1. We note that the ideal / = (c] is not a WPI of L, as
dANe=celbutneitherd € Inore € I.

We have d A e = ¢ € I. Hence, x;(d Ae) = 1 and x;(d) = x;(e) = 0, x;c(d Ae) = 0and
x;0(d) = x,c(e) = 1. Hence, < xy, x;c > is not an IFWPI of L.

THEOREM 3.7
An ideal / of a lattice L is a PI if and only if < xy, x,c > is an IFPI of L.

The proof of the following lemma follows from the definition of an /FPI.

LEMMA 3.8
If < w,v >isan IFPI of L, then < w,v > is an IFWPI of L.

EXAMPLE 3.9

Consider the lattice L shown in Figure 1. We note that the ideal / = (a] is WPI of L but is not a PI,
as b A ¢ = 0 € [ but neither b € I nor ¢ € I. Hence, by Theorem 3.1, < yy, x;c > is an I[FWPI and
by Theorem 3.2, < xy, x,c > is not IF/PI.

4 Intuitionistic fuzzy weakly 2-absorbing ideals

In this section, we will introduce the definition of intuitionistic fuzzy weakly 2-absorbing. Then, we
will examine the relationships between the weakly 2-absorbing ideal and intuitionistic fuzzy weakly
2-absorbing ideal.

DEFINITION 4.1
[28] An ideal 7 of L is called a weakly 2-absorbing ideal (W2A41), if for a,b,c € L,aAnb A c # 0,
aAbAcelimpliesthateitheraAbelorbAcelorcAacl.

DEFINITION 4.2
A proper IFI < u,v > of a lattice L is called an intuitionistic fuzzy 2-absorbing ideal (/FF2A41) of L,
if forall a,b,c € L,

ua@nbnane) <ua@anb)VvubAac)VuleAa)and

vianbAac)=vaAb) AvibAc) Av(c A a).
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0.

Figure 2. Lattice whose trivial ideal is W2AI but not 2AI.

LEMMA 4.3
Let I be an ideal of L. Then [/ is a 2-absorbing ideal of L if and only if 4 =< yy, x;,c > is an [F241
of L.

DEFINITION 4.4
A proper IFI < u,v > of a lattice L is called an intuitionistic fuzzy weakly 2-absorbing ideal
(IFW?2AI) of L, if forall a,b,c € L,aAb A c # 0,

ua@nbnre)y<u@anb)vubnc)Vv ulca)and

vianbAac)=vaAnb) AvibAc) Av(cAa).

LEMMA 4.5
Let 7 be an ideal of L. Then [ is a W2AI of L if and only if 4 =< x/, x;,c > is an [FW2AI of L.

PROOF. Suppose that / isa W2AI of L. Leta,b,c € Lbesuchthata AbAc #0.IfanbAcel,
then as 7 is W2AI, eitheraAb el orb Ac €l orc Aa € I. Thus, in this case,

xilanbAace) < xilanb)V xi(bnc)V xi(c A a) and
xc@nbnre)= xelanb) AxebAc)Axelena).
IfanbAacé¢l, thenclearly,anb ¢ l,bAc¢landcAa ¢ l. Thus, in this case,
xianbAc) < xilanb)Vv xi(bAc)V xi(c A a)and
xg@nbne)= xglanb) AxebAc)Axelena).

Hence, 4 =< xy, x;c > is an IFW2AI of L.

Conversely, suppose that 4 =< yy, x;c > isan[FW2AI of L. Leta, b,c € L be such thatanbic #
0. Suppose thataAbAc e I,butanb ¢ I,bAc ¢ [ and cAa ¢ I. This implies that x;(aAbAc) =1
and x;(a Ab) = x;(b Ac) = xi(c Aa) = 0. Then,

xil@anbnae) £ xi@anb) Vv xi(b Ac)V xi(c Aa)and
xg@anbnae)? xe@nb) A xedAac)Axelcna)

a contradiction, as 4 =< xy, x,c > is an [FW2AI. O
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EXAMPLE 4.6
Consider the lattice shown in Figure 2.

The ideal / = (0] is trivially a W2AI. It is not 2-absorbing as d A e A f = 0 € [ but neither
dhe=ael,norenf=celnorf Ad=>b el It follows from Lemma 4.2 that < 7, xjc > is
an [FW?2AI and by Lemma 4.1, < xj, x7c > is not an [F2A41.

LEMMA 4.7
An IFI 4 =< py,v4 > of Lis an IFW?2AI if and only if for each ¢, s € [0, 1], the level set A is a
W2AI of L.

PROOF. Let A =< puy,v4 > be an IFW2AI of L. Let t,s € [0,1]. Let a,b,c € L be such that
anbnrnc#OandanbAc e Agy. Thent < py(@a AbAc)ands > vy(a Ab A c). Since
A=< jug,vq >is an IFW2AI,

t<uglanbnrc) <pug(anb)yVv ug(bAc)yv uglca)and
s>vganbnrc)=vianb) AvgbAc) Avylec Aa),
then either
t<puglanbyort<pugbnac)ort<uy(cAa)and
s>vg(anb)ors>vg(bAc)ors>vy(cAa).

Thus, eithera Aborb AcorcAa € Agy). So, A isa W2AI of L.

In contrast, 4(;5) be a W2A4I of L, for each t,5 € [0,1]. Leta,b,c € Land t = uy(a A b Ac),
s=vglanbnc). ThenanbAc e Ag. Since Ay is a W2AI of L, either a A b or b A ¢ or
¢ A a € A . This implies that

t=puglanbnrc) < puganb)Vv us(bAc)V uyleAa)and
s=vglanbArc)>vi@anb) AvybAc) Avg(e Aa).
Thus, A =< py,vq > isan IFW2AI of L. O

LEMMA 4.8
LetA =< uy,vq >bean [IFWPI of L. Then A =< uy,v4 > is an IFW2AI of L.

PROOF. Let 4 =< uy,vy > be an IFWPI of L. Then for all a,b € LoaAnb # 0, ug(a Ab) <
nq(a) Vv ug(b) and vg(a A b) > vq(a) A vg(b). Hence, for all a, b, c € L, we have

pma@nbAc) < pglanb)V pyc)
ma@nbnac) <pgbnrc)V pg(a)
malanbnc) <pylcha)V uygb) and
vgl@anbArc)=>ve(anb) Avy(c)
vg@anbArc)=vibAc)Avya)
vg@anbArc)=>velcAa) Avy(b).
Hence,
pra@nbnc) < pg(anb)Vvpae)Vpabne)V @V pg(e na) Vv pyb),

vylanbnrce)>veanb) Avg(e) Avgb Ace) Avg(a) Avg(e A a) Avy(b).

GZ0Z JoquIBAON 8z UO Jasn (N LA) Alelqr] Aisieaiun iuss L ZIpIA Ad GE8ZE6./.2LoBZl/9/ce/a10ne/edBilwoo"dno-olwapese/:sdpy Wody papeojumod



8 Yazar et al.

Figure 3. Lattice with the connections established by a,d,e,f elements.

By the definition of an /FI, it follows that for any x,y € L, u(x) < p(x Ay) and v(x) > v(x A ).
Hence, we can write

na@anbnace) < pglanb)Vpg(bnc)Vpylcna),
vyl@anbAnac)=veanb) Avgb Ac) Avy(e A a).
Thus, A =< uyq,v4 > isan IFW2AI of L. ]
EXAMPLE 4.9
Consider the lattice shown in Figure 3. We note / = (a] is a W2AI but it is neither prime nor WPI

asd Ne=ae€lbutd ¢ I,e ¢ I. Hence, by Lemma 4.2, < x;, x,c > is [FW2AI and by Theorem
31, < XI> X8 > is not IFWPI.

LEMMA 4.10
The intersection of any two distinct /FWPIs of L is an IFW2AI of L.

PROOF. Let A =< uy,v4 >, B =< up,vg > be two distinct I[FWPIs of L. We know that AN B =<
MANB> VANB > where MANB = M4 N\ UB and V4ANB = V4 V VB. SO, for any a € L,

mans(@) = pq(a) A pp(a) and vyng(a) = v4(a) vV va(a).
Leta,b,c € L,anb A c # 0. We have
uanpl@anbnrce)y=puq@anbnrc)ApuglanbAc)and
vanglanbrnc)=vyanbArc)Vvglanbnc).
Since every IFWPI is [FW2AI, we get
pmans@ANbAc) <[ua(@Ab)V pab Ac)V pale Aa)l
Alupl@anb) Vv upb Ac)V up(c Aa)] and
van(@ Ab Ac) = [vgaANb) Avg(b Ac) Avgle A a)]

Vv [vg(a Ab) Avg(b Ac) Avg(c Aa)l].
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Since 4 and B are IFWPIs, we can write
ua@nb)yVpgbac)Vpglena) < pg@ Vv pgd) Vv pg(c)
upl@nb)yVv up(bnc)vuglcna) < up@ Vv ug(b) Vv ug(c)
valanb)y AvgbAc) Avgle Aa) > vy(a) Avg(b) Avy(c)
vgla Ab) Avg(b Ac) Avg(c Aa) = vg(a) Avg(b) Avg(c).
Hence, we can write
pans@a AbAc) < [pra@ V pad) v ua(@] Alupga) Vv up(b) v up(c)]
= [pa(a) A up@] Vv [pra(@ A up®)]V [na(a) A pp(o)]
V [pa(®d) A pp(@]V [nad) A pupB)]V [1a(b) A ()]
Vpa(e) A up@] Vv [ra(e) A up(d)]V [1ale) A pp(c)] and
vang(@ A b A ) = [va(a) Ava(b) Ava(e)] Vv [vp(a) A vg(b) Avp(o)]
= [va(@) V vg(@] A [va(a) V vg(D)] A [va(a) V vp(c)]
A [va(d) vV vg(@] A [va(d) vV vg(b)] A [va(b) V vp(c)]
A [va(e) vV vg(@) Avale) Vv vg(D)] A [va(c) v vp(c)].
For any IFI D, we have up(x) < up(x A y) and vp(x) > vp(x A y), for all x,y € L. This implies
ma(@) A up(b) < pgla Ab) A ugla Ab) = uang(a A b) and
va(a) Vvg(b) > vg(a Ab) Vvg(laAb) =vynp(a Ab).
So, we can write
pangla Ab Ac) < pang(a@) vV ang(a@ Ab) V panp(a A c)
V pang(b A a) V pang(b) V rans(b A c)
V panp(c Aa) V pang(c A b) V anp(c) and
vang(a A b Ac¢) = vanp(a) A vang(a A b) Avgng(a A c)
A vang(b A a) Avanp(b) Avanp(b A c)

Avgng(c A a) Avgng(c A b) Avgnp(c).

9

Since A N Bis an IF1, for all x,y € L, we have pu np(x) < panp(x Ay) and vqnp(x) > vynp(x A y).

So we can write
man@ A b Ac) < puangla Ab) Vv panp(b A c) V anp(c A a) and

vang(@a A b Ac) = vanp(@) Avgng(a A b) Avang(b A c) Avgnp(c A a).

Thus, A N Bis an IFW?2AI of L.

EXAMPLE 4.11

Consider the lattice shown in Figure 4. We know that for any two ideals /,J of L, < 7, x,60 > N <
X5 Xy6 >=< X1 N X5 X;6 Y X,6 >=< xinv» X8 ¢ >- We note that the ideals I = (d] and J = (f]
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<X

Figure 4. Lattice that should be considered for c,d,e,f elements installed for W2AI.

re not WPl and I NJ = (c] is not a weakly 2-absorbing. By the Theorem 3.1, < x;, x,c > and
< XJ» X,c > are not [FWP[ and by Lemma 4.2, < x(), Xt > is not IFW2AI.

5 Intuitionistic fuzzy weakly primary ideals

In this section, we will introduce the definition of intuitionistic fuzzy weakly primary ideal. Then,
we will discuss the relationship between an intuitionistic fuzzy weakly primary ideal and weakly
primary ideal /, as well as the concepts explained in the previous sections. Additionally, we will
introduce another concept, intuitionistic fuzzy weakly 2-absorbing primary ideal, and examine its
relationship with the previously mentioned concepts.

DEFINITION 5.1

[28] Let L be a lattice with 0. An ideal / of L is called a weakly primary ideal (WPRI), if for
a,beLanb #0,aAnb el implies that eithera € [ or b € /I, where +/T denotes the radical of
I (i.e. the intersection of all PIs containing /). If there does not exist a P/ containing an ideal / in a
lattice L then we define /7 = L.

DEFINITION 5.2
[28] Let I be an ideal of a lattice L. We define the weakly prime radical of / as the intersection of
all WPIs containing /. We denote it by +/,,/. If there does not exist any WPI containing /, we define

wl as L.

EXAMPLE 5.3

[28] Consider the lattice shown in Figure 5. We note that / = (a] is not a WPI and so is not PI. The
ideal J/ = (e] and K = (d] are a WPI and not a P/. We note that the weakly prime radical of / i.e.,
wl =JNK = I. Since there is no proper P/ containing /, the prime radical of / Ji.e.,v/I = L. Thus,
the concepts of the prime radical and the weakly prime radical of an ideal are different.
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An application on IFW2AIs of lattices 11

[e]

Figure 5. A representative from the family of 8-element lattices.

DEFINITION 5.4

Let A =< p4,v4 > be an IFI of L. We define the intuitionistic fuzzy weakly radical of 4 as the
intersection of all IFWPIs containing A and we denoted it by +/,,4. We note that for an IFI 4 of L
always 4 C /4. It can shown that for an ideal I of L, SwXT =X T

DEFINITION 5.5
A proper IFI A =< u,v > of a lattice L is called an intuitionistic fuzzy weakly primary ideal
(IFWPRI)of L, iffora,b € L,anb # 0, u(anb) < u(a) Vv . /wir(b) and v(aAb) > v(a) A /v (D).

LEMMA 5.6
Let I be a proper ideal of L. Then [ is a WPRI of L if and only if 4 =< x;, x;,c > isan [FWPRI of L.

PROOF. Suppose that / isa WPRI of L. Leta,b € L,aAb # 0. ()Ifa Ab € I, then as [ is a WPRI
of L, eithera € I or b € \/,,1. Hence,

xi(anb) < xi(a) vV /wxi(b) and xc(a A b) > x,c(a@) A JSwxc(b).
(i) Ifanb ¢ 1, thenclearlya ¢ I and b ¢ /. In this case, also
xi@nb) < xi(a) v /wxi(b) and x;c(a A b) > xc(a) A \/wx (D).

Thus, 4 =< xz, x;,c > isan [FWPRI of L.
Conversely, suppose that 4 =< x;, x,c > isan IFWPRI of L. Leta Anb € I,a A b # 0. Then

xitanb) < xi(@ Vv J/wxi(b) and x;c(@a A b) = xe(@) A JSwxc (D),

implies that either x;(a) = 1 or ./}, x7(b) = 1 and x;c(a@) = 0 or /iy x;c(b) = 0. Thus, eithera € [
orb e /I O

LEMMA 5.7
If4A =< u,v > isan IFWPI of L, then A is an IFWPRI of L.

PROOF. Let A =< u,v > bean IFWPI of L. Foralla,b € L,aAb # 0,
ulanb) < pu(a) v u)and v(a A b) > via) Av(b).
Since 4 € /w4,
ula A b) < p(a) Vv /wrd) and via A b) > v(a) A /wo (D).
we get the result. ]
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12 Yazar et al.

Figure 6. Lattice containing the ideal that is not WPI but is radical WPI.

EXAMPLE 5.8

Consider the ideal / = (b] of the lattice shown in Figure 5. We noted that / = (b] is not a WPI, as
¢ Ad = abutneither ¢ € I nord € I.1deal J = (e] is WPI.The J is the only WPI that contains the /.
So /,I = J. We know that for any ideal K of L, Vw < XK XiC > =< X /ik> ch >. Since J is
aWPI, < xy, x,c >isalFWPI and so < xy, x,c > isa IFWPRI. We have x;c(c Ad) = x;c(a) =0
but x,c(c) A x;c(d) = lasc,d ¢ 1. Thus, < xy, x,c > is not I[FWPI.

THEOREM 5.9
Let4 =< w,v > be an [FI of L. Then 4 is IFWPRI if and only if the level set A, 5) is a WPRI of L.

PROOF. Suppose that 4 =< u,v > be an IFWPRI of L. Let a,b € L,a Ab # 0 be such that
anbeAqsanda ¢ Ayg,b ¢ /A Then we have

t < planb),t> pa,t> ub)

s>v(anb),s <v(a),s <vb).
Since 4 is IFWPRI, we have

wu(a A b) < u(a) Vv /ywit(b) and

v(a A b) = v(a) A /wv(b).
Thus, we get t < tand s > s, which is not possible. Hence, A, is a WPRI of L.
Conversely, suppose that A(;5) isa WPRI of L. Let a,b € L,a A b # 0 be such that
p(a A b) £ (@) v /win(b) and

v(a Ab) £ v(a) A /v (b).
Let u(anb) =tandv(a A b) =s. Thent > p(a),t > Jwit(b),s < v(a),s < \/wv(b). Since A )
isa WPRI,a Nb € A implies that either a € A(;5) or b € \/wA(5).1.€ either p(a) > tor /o > ¢
and v(a) < sor.,/,v < s, a contradiction. O

DEFINITION 5.10
A proper intuitionistic fuzzy ideal 4 =< pu, v > of a lattice L is called an intuitionistic fuzzy weakly
2-absorbing primary ideal (IFW2APRI) of L, if for a,b,c € L,a A b A ¢ # 0,=10

planbnac) < p(@ Vv /wu(b) Vv /wi(c) and

viaAbAc)=v(a) AJSwr(D) A Jw(c).
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An application on IFW2AlIs of lattices 13

LEMMA 5.11
A proper ideal / of L is a weakly 2-absorbing primary ideal (W24PRI), ifand only if 4 =< xz, x,c >
is an IF2AWPRI of L.

PROOF. Suppose that I is a W2APRI of L. Let a,b,c € L,aAnbAc # 0.IfaA b Ac € I, then
xi@nbAc)=1T1and xc(anbAc)=0.AsIis W24APRI, we have either

aNbelorbAnce/ylorcAnae/,l.

Hence, either
x[(a/\b)zlorxm(bAc):1orxm(cAa)=1and
X,g(a/\b):Ooer(b/\c)=00r)(m(c/\a)=0.
Thus,
xilanbne) < xilanb) Vv x q(bne) Vv x (e Na)
ch(a/\b/\c)zXlg(a/\b)/\Xm(b/\c)/\)(m(c/\a).
Ifanbncé¢l, then xy(anbAc)=0and x,c(aAbAc)=1.Clearly,a Ab ¢ I, hence
xilanbne) < xilanb) Vv x 7(bne) v x (e Na)
ch(a/\b/\c)zXlg(a/\b)/\Xm(b/\c)/\)(m(c/\a).

Thus, A4 is an IFW2APRI.

Conversely, suppose that 4 is an [IFW2APRI. LetanbAc € [,anbAc # 0. Then xj(anbic) =1
and x;c(aAbAc) = 0. Suppose thatanb ¢ I,bAc & /wlandcha ¢ «/ywl. Since A is an [IFW2APRI,
we have

1=x[(a/\b/\c)fx[(a/\b)va(bAc)va(c/\a)
0=X13(a/\b/\c)2xlc(a/\b)/\xﬁ(b/\c)/\)(m(c/\a).

Since each of x;(a A b), Xm(b Ne), X aile N a) belongs to [0, 1], at least one of these numbers
must be 1. This implies that either

aNbelorbAnce/ylorcAnae/,l.
Thus, I is a W2APRI. O

LEMMA 5.12
IfA =< pu,v>isan IFWPRI of L,then A =< p,v > is an IFW2APRI of L.

PROOF. Let 4 =< pu,v > be an IFWPRI of L. Leta,b,c € L,aAb A c # 0. As A is an [FWPRI,
we have

ua@nbarce)y=pulanbArbirc)<ul@anb)V . /wrbAc)
<u@Ab) Vv JSwit(b Ac)V Swlc A a)
viaAbAc)=v@aAbAbAc)=v(aADb)AJSwo(bAc)

>vaAb)AJywbAc) A JwvlcAa)
Thus, 4 is an IFW2APRI. u
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14 Yazar et al.

Figure 7. A representative from the family of 11-element lattices.

EXAMPLE 5.13

Consider the ideal I = (d] of the lattice shown in Figure 7. We note that the ideals (i] =
{0,b,c,d,e,f,g,i} is the only PI containing / and (g] = {0,¢,d, g},(f] = {0,b,d,f} are the only
WPIs of L containing /. Hence, v/T,, = (i] N (g] N (f] = (d] = I. We note that I is a W2APRI as for
any x,y,z € L,x Ay Az € I implies that eitherx Ay € I or y Az € 4/\] or z A x € 4/,,1. Hence, by
Lemma 5.3, < xy, x;,c > is an [IFW2APRI of L. We note that x;(f A g) = 1 and x,c(f A g) = 0 but

x1(g) = O as well as x —(f) = 0. Thus, x;(f A g) £ x1(f) v X /1(8)- Hence, < xr, x;¢ > is not
an I[FWPRI of L.

LEMMA 5.14
IfAd=<u,v>isan IFW2AI of L,then A =< pu,v > is an IFW2APRI of L.

PROOF. Let A =< u,v > be an IFW2AI of L. Leta,b,c € L, aAbAc #0.Since 4 =< u,v > is
an [FW?2AI, we get
ua@nbnrne) <ua@anb)yvubnace) Vv ulcAa)
vianbAc)=vaAb)AvibAc) Av(cAa)
Since 4 C +/,,A4, we get the result. O
EXAMPLE 5.15
Consider the lattice shown in Figure 8. The only WPI of L containing the ideal / = (f]is J = (n].
We have /[ = (n]. We note that / is a 24PRI of L. Hence, by Lemma 5.3, 4 =< xg, x,c > is

an IF2APRI of L. We note that / is not a weakly 2-absorbing ideal of L, asn Ao Ap = ¢ € I, but
nAhno¢l,nAp¢lando Ap ¢ 1. Wehave

ximAoAp)=1£ xi(nno)V xi(o Ap)V xi(p An) =0
xee(mAoAp)=0%F xie(nAo) A xie(o Ap) A xre(p An) = 1.

This A =< xy, x;c > is not an I[FW2AI of L.

LEMMA 5.16
LetA =< wu,v > be an IFI of L. If \/\,A is an I[FWPI, then 4 is an IFW2APRI.
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An application on IFW2Als of lattices 15

Figure 8. A representative from the family of 18-element lattices.

PROOF. Let 4 be an IFI of L. Suppose that v/,,4 is an IFWPI. If A is not an I[FW2APRI, then there
exist a,b,c € L,a A b A ¢ # 0 such that

p@aAbAc) & u@Ab)V /uit(b Ac)V \/wit(c Aa)
viaAbAc)Fv@nb)AJwo(bAc)AwoleAa).

This implies that

w@nAb) v JSo(b Ac)V Suple Aa) < ul@anbAc)
viaAb) AJwv(bAc) AJwv(cAa) >viaAnbAc).

Since /A4 1s an IFWPI, we have

V@A b Ac) = Su(b Ac)V Swir(a) = JSwpr(a A c) V Swin(d).
Vwv@nbnc)=/w(bAc)AJSwv(a) = Jwolanc) AJwob).

Hence,
R A O Jali@ A ) = NJali(b A )V k@) V Jrfi(©)
=.Jwi@ANbAc)V J/wi(c)
V(b Ae) Awvanc) = /w(b Ac) AJwu(a) A/wo(c)
= J/wv(@A b Ac)A (o).
Thus,

uw@nb)yv JSw@nbnrce) Vv Sw(e) < ul@nbAc)
v(a@aAb) AJwv@AbAc)AJSw(e) >viaAnbAc).
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g

&

Figure 9. A representative from the family of 11-element lattices.

This implies that

Jw@nbnrc) < ul@nbnc)
Jwv@nbnac)>vianbAac),
which is not possible. Hence, 4 is IFW2APRI. O

EXAMPLE 5.17

Consider the lattice shown in Figure 9. The only WPIs of L containing the ideal / = (a] are (g] and
(h]. Hence, v/\wI = (g] N (k] = (d]. For any x,y,z € Lx Ay Az # 0,x Ay Az € I implies that
citherx Ay e Tory Az € /ol or x Az € 4/,]. Hence, I is a W2APRI and so by lemma 5.3,
A=< x1, x,0 > is an IFW2APRI. We note that e A f = ¢ € /\, [ but e ¢ \/,,] and f ¢ \/,,. Thus,
/wl is not a WPI of L. Hence, by Theorem 3.1, v/,,4 is not an IFWPI of L.

LEMMA 5.18

Let A =< u,v > be an IFI of L. Then, \/,vA = v/ wv/wA.

THEOREM 5.19
Let A =< u,v > be an IFI of L. Then /,,4 is IFWPI if and only if \/,,4 is IFWPRI.

PROOF. It follows from Lemma 5.2, that if 4/,,4 is IFWPI, then /,,A is IFWPRI. The converse
follows from the definition of a fuzzy weakly WPRI and by lemma 5.7. 0

THEOREM 5.20
Let4 =< wu,v > bean IFI of L. Then /,,4 is IFW2AI if and only if \/\,4 is IFW2APRI.

6 Intuitionistic fuzzy weakly ideals in a direct product of a lattices

In this section, we consider intuitionistic fuzzy ideals as a direct product of lattices. It is known that
if Ly, Ly, ..., Ly are lattices, then their Cartesian product L = L; X Ly X ... X Ly is a lattice under
componentwise operations of meet and join and if ¢ = (ay,...,ax), b = (by,...,bx) then a < b iff
a; < b;fori=1,.., k.
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DEFINITION 6.1
Let L = L1 xLyx...x Ly be a direct product of lattices L1, Lo, ..., Ly. Amapping 4 : L — [0, 1]x[0, 1]
is called an IFS of L.

THEOREM 6.2
Let L =L x Ly X ... x L be a direct product of lattices Ly, Ly, ..., Lg. If A; =< pj,v;i >, 1 < k are
IFTs of L; respectively, then for 4 : L — [0, 1] x [0, 1], u,v : L — [0, 1] defined by

p(ai, ...,ax) = pi(ar) A ... A pr(ag) and

v(ai,....ar) =vi(ay) V...V vr(ar)
is an [FI of L.
PROOF. The proof follows from the definition of the lattice operations in a direct product of lattices
and that of 4. U

Notation: We call the /F'S 4 in Theorem 6.1 as product of the fuzzy sets u; and v;, 1 < &,
W= X..Xpugand v =v; X ... X Vg.

THEOREM 6.3

Let L = L; x Lj be a direct product of lattices L1, L. If 4 : L — [0, 1] x [0, 1] is an /Fs of L, then
there exist [FIs A1, Ay of L1 and L, respectively, such that 4 = 1 x up and v = vy X vo. Moreover,
if A is IFPI, then so are A1 and A5.

PROOF. Define p;,v; : L — [0,1] by w1 (x) = u(x,0),v1(x) = v(x,0), u2(») = w(0,y),12(p) =
v(0,y). Let x,y € L. We have

w0 A (0] = pnx Ay, 0) =pi(xAy),
v[(x,0) A (,0)] = v(x Ay,0) = vi(x Ay) and
plx,0) v (7,0] = puxVvy,0) = uixVvy),
v[(x,0) VvV (3,0]=vxVy0) =vixVy).
Hence,
pix A A pr(x v y) = ufe,0) A @, 0] A p[x,0) v (v,0)],
vi(x Ay) V(e Vy) = v[(x,0) A, 0] V[, 0) Vv (y,0)].
As A is an IFI, we get
1 AY) A pr(evy) = ulx,0) A (r, 0] A pf(x,0) v (y,0)]
> p(x,0) A p(y,0)
1) A p2(y),
vix Ap) V(e v y) = v[(x,0) A (,0)] v v[(x,0) v (y,0)]
<v(x,0) vv(y,0)
=v1(x) V().
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Also,
n1xVvy) =u[(x,0 Vv ¢,0]=ux0Auny,0 =ux Au@).
vi(x AY) =v[x,0 A 3,0]=vE0 VvE,0) =vix) V).

Thus, A1 is an IFT of L. Similarly, we can show that A, is an /FI of L. The second part follows
from the definition of an /FFPI. We have

n(x,y) = wu(x,0) v u(0,y) = ux,0) A 1(0,y) = n1(x) A n2(»),
v(x,y) =v(x,0) Av(0,y) =v(x,0) Vv(0,y) =vix)V®).

LEMMA 6.4
Let L = L; x L; be a direct product of lattices L1, L. If A is an IFWPIs of L, then the IFI A1 and A>
in Theorem 6.2 are IFWPI.

PROOF. Letx,y € L1,x Ay # 0. We have
pmi(x Ay) = px Ay, 0)
= u[(x,0) A (v,0)]
= nl&x 0]V ul(y,0]
= p1(x) vV ()
vix Ay) =vx Ay, 0)
=v[(x,0) A (»,0)]
= [, 0] A v[(y,0)]
=v1(x) Av1(¥)
Thus, < w1, v1 > is an IFWPI of L. Similarly, we can show that < wy, v, > is an IFWPI of L. [J
EXAMPLE 6.5
Let L = L| x L be a direct product of lattices L1, L,. Let A1, A> be IFPIs of L and L,, respectively.
Then u = w1 X up and v = vy X vy need not be an IFWPIs of L. Consider the lattices L; and
L, as shown in Figure 10. The ideal I = (f] is a WPI of L; and J = (x] that of L,. However, the

ideal I x J = ((f,x)] is not a WPI of L as (b,x) A (a,x) = (0,x) € [ x J but (b,x) ¢ I xJ and
(a,x) ¢ I x J.

REMARK
From Example 6.1, we conclude that in general,

VIex v # i x .
THEOREM 6.6

Let L = L{ x L, be a direct product of lattices L1, L,. Let A1, A, be IFIs of L and L;, respectively.
Suppose that 41(0;) = 42(02) = (1,0), where 0; is the least element of L; and 0, that of L,. If
A=Ay x Ay isan IFW?2AI of L, then Ay is an IFW2AI of Ly and A, that of L.
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Figure 10. Two lattices with WPI.

PROOF. Leta,b,c € Li,anb A c # 0. Since A is an IFW2AI of L, we have
u@nbne,0) <ul@anb,0)VvudAc0)V ulanc,0)and
viaAnbAc,0) <vianb,0)AvbAc,0)Avianc,0y).

By the definition of 4, we can write

ui@anbrc) Aua(02) < [ur(anb) A pz(02)]
Vi Ae) Aua(02)]V [i(anc) A pa(02)] and
vi(@a AbAc)V02) > [vi(a Ab) Ava(02)]
A 1B A ) Ava(02)] A [ri(a A c) Ava(02)].
By using 4,(0,) = (1, 0), we get
uia@anbAac) <ui@anb)y Vv ui(bac) Vv ui(anc)and
vil@aAnbAc)=vi(a@anb) Avi(bAc)Avi(aAc).

Thus, A4y is an IFW?2AI of L. Similarly,we can prove that A, is an IFW2AI of L,.

THEOREM 6.7

19

Let L = L1 x Ly X ... x L be a direct product of lattices L1, Ly, ..., Lr. Let A;, 1 < k be IFIs of L;,
respectively. Suppose that for each i = 1,2, ..., k, 4;(0;) = (1,0), where 0; is the least element of L;.

IfA=A4) x Ay x ... x Ay is an [IFW2AI of L, then A;, is an IFW2Al of L;,i =1, ..., k.

The following example shows that the converse of Theorem 6.5 need not hold.

EXAMPLE 6.8

Consider the lattices L1, Ly and L = L x L, as shown in the Figure 11. We note that / = (a] andJ =

(x] are W2AIs. However, the ideal K = I xJ isnota W2AIl of L, as (b, 1) A(c,y)A(1,x) = (a,0) € K
but (b, DA(e,)) = (@) € K, () A(Lx) = (¢,0) ¢ K and (b, DA(1,x) = (b,x) ¢ K. By Lemma

42, < x, x,6 > and < XJs X 0 > are [FW2AI and yx = x; X xy are [F2AI and xx = x; X xJ is

not [FW2AI.
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Figure 11. Two lattices with W2AI.

THEOREM 6.9

Let L = L1 x L, be a direct product of lattices L1, L,. Let A1, A, be IFIs of L and L, respectively.
Suppose that (i) 41(01) = A2(02) = (1,0), where 07 is the least element of L and 0, that of L;
and (ii) A1 (1) = A42(12) = (0,1), where 1 is the greatest element of L; and 1; that of Ly. If
A=Ay x Ay isan IFW?2AI of L, then A is an IFWPI of L and A, that of L,.

PROOF. Suppose that A1 is not an IFWPI of Ly. Then there exist a,b € Li,a A b # 0 such that

wula Ab) £ pu(a) v u(b) and v(a A b) # v(a) Av(b).
Consider the elements x = (a,1), y = (1,0), z = (b, 1) from L. Then x A y A z # 0. We note the
following: u(x Ay Az) = u(a A b,0) = (@A b) A puz0) = (@A b). ux Ay) = pu(a,0) =
pur(@ A p200) = pi(@). u(y Az) = pn(b,0) = ui(d) A p2(0) = w1 (d). ux Az) = planb,1)=
ur@n by Apa(l) = ua(1) = 0. vix AyAz) =v(aAb,0) =vi(aAnb) virn0 =v(aAb).
v(x Ay) = (@0 = vi(@) vV 10) = vi@. vy Az) = v(b,0) = vi(b) V12(0) = vi(b).
vixAz)=v(@Ab, 1) =vi(aAb)Vvvy(l) =vy(1) = 1. Since 4 is an IFW?2AI, we have

HEAYAZ) S UEAY) VLY AZ) VL A2,

VXAYAZ)Z V(XA AV AZ) AV(XAZ),

ie.
ni@aAnb) < pi(a) Vv ur(d) vOo=pi(a Vv u (),
vi(a A b) = vi(a) Avi(d) A0 =vi(a) Avi(b),
a contradiction. Hence, A4 is an JFWPI. Similarly, we can show that A, is an IFWPI. [l

THEOREM 6.10
Let L = L1 x L be a direct product of lattices L1, L. Let A1, A3 be IFWPIs of L and L, respectively.
If4=A4; x A>,then A is an IFW2AI of L.

PROOF. Let x; = (a,x),x2 = (b,y),x3 = (c,z) € L such that x; A xp A x3 # 0. To show that 4 is an
IFW?2AI, we need to show that
wl(a,x) A (b,y) A (c,2)] < ul(a,x) A (B, )]V ul(b,y) A (c,2)]1V ul(a,x) A (c,2)],
v[(a,x) A (b,y) A (c,2)] = v[(a,x) A (b,)] AV[(b,y) A (c,2)] Av[(a,x) A (c,2)],
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i.e. show that
uw@nbnre,x NyAz) <ua@aANb,x Ay)VubAc,y Az)Vu(aAnc,xAz),
viaAnbAnc,x ANyAz)=v(aAbxAy) AvibAc,y Az) Av(aAc,x Az).
We have
ua@nbnrce,xAynzy=u@nbarc)ynxAyAz),
vaAnbAac,xAyAz)=v@AbAc)V (xAyAz).
As Ay, A, be IFWPIs, we can write
ui@anbnac)=pi(a Vv ) Vv o),
vilanbAc)=vi(a) Avi(b) Avi(c)
and
m2(x Ay Az) = () vV u2(y) vV pa(2),
V(X Ay Az) =200 Av(y) Ava(2).
Also, we have
uw@nb,x Ay)vubnArc,yANz)Vulanc,xAz)=[ui(aAb) A urxAy]
Vi Ae) A pa(y Az)]
Vipiane) A pz(x Az,
vianb,x Ay) AvbAc,yAz) Av(aAc,x Az) =[vi(aAb)Vix Ayl
AvibAc) Vv A2)]
Avi(@Anc) VvV ur(x Az)].
Since A1, A> be IFWPIs, we can write

{lwi(@ v pi O] A [r2(x) vV n2(]1}
VA1 () v 1 (O] A [u2 () Vv n2(2)1}
VAlmi@ v (9] A [ua(x) v p2(2)]}, and
{[vi(@ AviD] A [2(x) Av2()]
A1) Avi(O] A [v2(n) Av2(2)]}
A i@ Avi(@] A [va(x) A vz (2]}
By applying distributivity,
[ri(a) v u1 () vV 1 (O] A [n2(x) V p2(y) V p2(2)],

[vi(@ Avi(d) Avi(O)] A [v2(x) Ava(y) Av2(2)].

Thus, 4 is IFW2AI. O
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DEFINITION 6.11
[28] A lattice L is called an integral lattice, if for nonzero x,y € L, x Ay # 0.

THEOREM 6.12

Let L = L1 x Ly be a direct product of lattices L, L, with 0. Suppose that L is an integral lattice
and 41 =< pu1,v; > is a nonconstant /F/ of L1 such that 41(0) = (1, 0). The following statements
are equivalent:

(1) 41 x Bisan IF241 of L, where B =< xp,, x,¢ >.
2

(2) Ay x Bisan IFW?2AI of L.
(3) Ay x Bisan IF2AI of L.
(4) Ajisan IF2A4I of L.

(5) Apisan IFW2AIlof L.

PROOF. (1) = (2): Obvious.
2) = (3): Letx = (a1,b1),y = (az,b2), andz = (a3, b3) be elements of L.
Case 1. Suppose that x A y A z # 0. Then clearly,

A1 xXB)YxAYyAz) (A1 XB)Y(xAY) V(A1 xB)yAz)V (A1 X B)Y(x Az).
Case 2. Suppose that x Ay Az = 0. Then a; A ay A az = 0. Since L is an integral lattice, at least
one of @; must be 0. Without loss generality, we may assume that a; = 0. We have to show that

(A] x BYx Ay Az) < (A1 x BYx AY)V (A1 x BYy A2) V (4] x B)(x Az).

The L.H.S. of the equation can be written as
41 xBYx Ay Az) = (4] x B)(a1 Aay A a3z, by Aby Ab3)
=Ai(a; ANay ANaz) ANB(by Aby A b3)
=1.
Since we have assumed that a; = 0, we have
(41 x BY(x Ay) = (A1 x B)(0,b1 Aby) = A1(0) AB(by Abp) = 1.

Hence, the R.H.S. of the equation is equal to 1. We get the result.
(3) = (4): Letay,ap,az € Li.Let b € Ly. We have

Ai(ar nay Nag) =A1(ar Aay Aaz) A1

=Ai(a1 Nay ANaz) A B(b)

= (41 x B)((a1,b) A (a2,b) A (a3, b))

< (A1 x B)((a1,b) A (az,D)) vV (41 x B)((az,b) A (a3, b))

V (41 x B)((a1,b) A (a3,b))

= [A1(a1 A a2) AB(B)]V [A1(az A az) AB(B)]V [4i(ar A az) A B(b)]
=A1(a1 ANap) VAi(ay Aa3) vV Ai(ar Aaz) as B(b) = 1.

Thus, A4 is IF2AI.
(4) = (5): Obvious
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(5) = (1): To show that A| x Bis IF2AI. Let (a1, b1), (a2, b2), (a3, b3) € L. Case 1. Suppose that
a; Aay A az # 0. We have

(41 x B)((a1,b1) A (a2,b2) A (a3, b3))

= (A1 x B)(a1 Aay A a3, by A by A b3)

=Ai(a1 Aay ANaz) ANB(by A by A b3)

=Ai(ay Nay Na3)as B(by Aby Ab3) =1

<Ai(ay ANay) VAi(ax ANaz) VvV Ai(ar A a3) as A is IF2AI

< [di(a1 Aaz) AB(by Ab2)]V [41(az A az) AB(by A b3)]

V [4i(a1 A a3) A B(by A b3)]

= (41 x B)((a1,b1) A (a2,b2)) Vv (41 X B)((a2,b2) A (a3,b3))
V (41 x B)((a1,b1) A (a3, b3)). as

Case 2. Suppose that a; A ay A az = 0.Since L is an integral lattice, at least one ¢; = 0.Without loss
of generality, we assume that a; = 0. We have

(41 x B)((a1,b1) A (az2,b2) A (a3, b3))
= (4 x B)(a1 ANax Aaz, by Aby A b3)
= (4 x B)(0, by A by A b3)

= A1(0) AB(b; A by A b3)

=1.

We have
(41 x B)((a1,b1) A (az,b2)) = (41 x B)((a1 A az,b1 A b2))
= (41 x B)((0,b1 A b))
=1
Hence,
(A1 x B)((a1,b1) A (a2,b2)) v (41 x B)((az2,b2) A (a3,b3)) = 1.
Thus,
(41 x B)((a1,b1) A (az,b2) A (a3, b3))
=< (41 x B)((a1,b1) A (az,02)) Vv (41 x B)((az,b2) A (a3, b3)).
Thus, A x Bis IF2AI. O

7 Conclusion

In this work, we introduced and examined several important concepts related to lattices, with a
focus on intuitionistic fuzzy weakly prime ideals, prime intuitionistic fuzzy ideals, intuitionistic
fuzzy 2-absorbing ideals, 2-absorbing intuitionistic fuzzy ideals, intuitionistic fuzzy weakly primary
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ideals, and primary intuitionistic fuzzy ideals. We provided a comprehensive characterization of
intuitionistic fuzzy 2-absorbing weakly primary ideals within the lattice framework, exploring the
relationships between these various notions and their connections with traditional lattice ideals.
Furthermore, we extended the analysis to include these concepts in the context of lattices constructed
through the Cartesian product of individual lattices. This in-depth investigation enhances our
understanding of the complex relationships and behaviors of these fuzzy ideals in more intricate
lattice structures.

Our research addressed several key questions:

1) The concept of bipolar-valued 24PRIFWI (L) will be investigated.

2) The notion of hesitant 24 PRIFWI (L) will be introduced.

3) The idea of rough 24APRIFWI (L) will be explored.

4) The theory of neutrosophic vague 24APRIFWI(L) will be elucidated.

5) The concept of complex 2APRIFWI (L) will be defined.
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