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Abstract This study investigates the nonlinear
forced vibration of three-layered curved sandwich
beams with a viscoelastic core and elastic face sheets.
By using Hamilton’s principle and First-order Shear
Deformation Theory (FSDT), the governing equa-
tions are derived to account for large-deflection
geometric nonlinearities. The core’s frequency-
dependent behaviour is modeled via fractional-order
viscoelasticity. A novel, computationally efficient
framework is developed by integrating the Harmonic
Balance Method (HBM) with the Generalized Dif-
ferential Quadrature Method (GDQM). The nonlinear
equations are linearized using the Newton—Raphson
method and discretized into algebraic form. To the
best of the authors’ knowledge, this represents the
first application of a combined GDQM-HBM frame-
work to curved sandwich structures under fractional
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Zener modelling. Validation against existing literature
confirms the model’s accuracy and precision. The
results show that viscoelastic core thickness primar-
ily enhances damping, while increased beam curva-
ture significantly intensifies membrane-induced axial
forces and triggers a transition from hardening to sof-
tening behaviour. Furthermore, load positioning fun-
damentally alters the nonlinear response even under
identical geometric conditions. These findings pro-
vide a practical benchmark for the precise design and
stability analysis of viscoelastic curved structures in
large-deflection regimes.

Keywords Nonlinear vibration - Fractional Zener
viscoelastic model - Differential quadrature method -
Harmonic balance method

1 Introduction

Accurately predicting the nonlinear vibration
response of viscoelastic structures is essential for
ensuring reliable structural performance under har-
monic loading. Viscoelastic materials, exhibiting
both viscous and elastic behaviour, play a key role
in energy dissipation and dynamic response. Under-
standing and modelling these effects is therefore
critical in structural engineering to ensure safety, effi-
ciency, and durability.

Nonlinear vibration analysis is essential for pre-
dicting large-amplitude responses of structural
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systems. Kovac et al. (1971) showed that nonlinear
behaviour in sandwich structures often arises from
axial stretching of face sheets, while Hyer et al. (1976,
1978) demonstrated that three-layer beams with vis-
coelastic cores may respond at multiples of the forc-
ing frequency. Lewandowski and Baum ( 2015)
determined dynamic characteristics of multi-layered
beams using Euler-Bernoulli and Timoshenko theo-
ries with a four-parameter fractional Zener model.
Amabili (2006) further showed that geometric imper-
fections can shift the nonlinear response from harden-
ing to softening.

The HBM is a powerful and widely used tool for
analysing periodic responses of geometrically nonlin-
ear systems. Cheung et al. (1990) developed the incre-
mental HBM method for cubic nonlinearity, using an
incremental arc-length procedure and Floquet theory
for stability. Chen et al. (2001) extended incremental
HBM to systems with quadratic and cubic nonlineari-
ties, and Sze et al. (2005) applied incremental HBM
to axially moving beams, revealing nonlinear cou-
pling and internal resonance. Jacques et al. (2010)
and Bilasse et al. (2010) investigated viscoelastic
sandwich beams using HBM. However, traditional
HBM formulations often rely on simplified initial
conditions, typically setting velocity or displacement
to zero to reduce complexity. To address this, Chen
and Liu (2007) introduced an HB-based formulation
for systems with arbitrary initial conditions. Lite-
wka and Lewandowski (2017) and Lewandowski and
Wielentejczyk (2017) studied von Karman plates and
beams with fractional Zener materials. Lewandowski
(2022) proposed an exponential HBM formulation
that simplifies amplitude equation derivation. Qiao
et al. (2022) showed that increasing curvature in shal-
low arches leads to a transition from hardening to sof-
tening behaviour.

Accurate modelling of material dissipation can
be achieved using fractional viscoelastic models.
Caputo and Mainardi (1971) introduced memory-
based dissipation laws that generalize the standard
linear solid, providing better agreement with experi-
mental data for various materials. Bagley and Tor-
vik (1983, 1986) developed fractional stress—strain
relations for finite element analysis, demonstrating
their superiority over integer-order models. Pritz
(2003) proposed a five-parameter fractional model
for polymeric damping materials, while Galucio
et al. (2004) presented a finite element formulation
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for transient analysis of sandwich beams using a
fractional derivative core model. Muscolino et al.
(2005) applied the Laguerre polynomial approxima-
tion method for time-domain analysis of the Biot
hysteretic model under deterministic and random
inputs. Arikoglu (2014) introduced a nested frac-
tional derivative model with genetic algorithm-
based parameter identification for polymeric mate-
rials. The proposed approach avoided shifting of
viscoelastic data in the time temperature superpo-
sition and the error associated with that procedure.
In addition, the layup sequence of laminated struc-
tures can be designed to exhibit an auxetic effect,
characterized by a negative Poisson’s ratio. As
demonstrated by Wu et al. (2023a, b, 2024), meta-
material designs with optimized negative Poisson’s
ratio values exhibit unique characteristics in nonlin-
ear vibration, dynamic response, and low-velocity
impact, particularly regarding the enhancement of
structural resistance through geometric tailoring.
Moreover, Huang et al. (2020) noted that auxetic
laminated beams provide superior performance and
specialized nonlinear dynamic responses under sud-
den loads compared to conventional non-auxetic
designs.

When semi-analytical techniques are inadequate,
the differential quadrature method (DQM) provides
a computationally efficient alternative. Bellman et al.
(1972) introduced DQM as a rapid method for solving
nonlinear partial differential equations, later reviewed
extensively by Bert and Malik (1996). Despite its effi-
ciency, the original DQM faced a major drawback.
Weighting coefficients were determined by solving
ill-conditioned Vandermonde matrices, which became
singular as the number of grid points increased. Du
et al. (1994) overcame this by introducing the GDQM
through simplified weighting coefficient computation,
while Wu and Liu (1999) proposed a DQM formula-
tion enabling exact boundary condition application.
Fung (2002) analysed DQM stability and proposed
unconditionally stable time-integration rules. Tor-
nabene and Viola (2007) successfully applied the
GDQM to domes and shell panels, showing strong
agreement with commercial finite element analysis
software packages.

Sandwich beams with viscoelastic cores are
widely employed in engineering applications requir-
ing effective vibration damping and noise cancel-
lation. Typical examples include aerospace, marine
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and automotive components, and mechanical systems
where lightweight designs with high energy dissipa-
tion capability are essential (Taskin and Demir 2023).
The proposed computational framework can therefore
provide an efficient tool for the analysis and design
of such structures. In particular, it may support the
prediction of vibration characteristics of sandwich
configurations incorporating viscoelastic layers to
enhance dynamic performance.

This study examines the combined influences
of viscoelastic core thickness, beam curvature, and
load positioning on the nonlinear response of curved
sandwich beams. While several existing studies have
utilized finite element methods or Galerkin-based
expansions in conjunction with the HBM, these
approaches can be computationally intensive when
accounting for the memory effects of fractional
derivatives. Building on recent advances, this work
integrates the GDQM with the HBM to provide an
efficient numerical framework for analyzing nonlin-
ear FRFs under fractional Zener constitutive laws. By
coupling these methods with structural theories, the
proposed approach accurately predicts steady-state
responses, stability characteristics, and the complex
damping-stiffening interactions inherent in large-
deflection regimes. These results are intended to
serve as a useful reference for the nonlinear analysis
and precision design of curved sandwich structures
incorporating fractional viscoelasticity.

2 Formulation for the sandwich beam

2.1 Kinematic and Constitutive relations with
harmonic balance method

The governing equations are formulated using Ham-
ilton’s principle, incorporating several fundamen-
tal assumptions to obtain the beam’s equation of
motion. The layers are considered to be perfectly
bonded, ensuring that no interfacial slip or delami-
nation occurs throughout the deformation process.
FSDT is adopted to account for the transverse shear
strains essential to the viscoelastic core’s damping
properties, which classical shell theory neglects while
avoiding the excessive computational complexity and
additional degrees of freedom associated with higher-
order shear deformation theory. The face sheets are

treated as incompressible, whereas the core layer is
allowed to undergo compressibility, reflecting the
distinct mechanical behaviour of the sandwich con-
stituents. Furthermore, von Karman-type geometric
nonlinear strain terms are incorporated to account for
moderate-rotation nonlinearities in the system.

The displacements of the layers and the geomet-
rical model of the sandwich beam are presented in
Fig. 1. The kinematic relations for the elastic face
layers and viscoelastic face layers can be described
as follows:

u,(0,r,t) = uy,(0,t)+71,9,(0,1)

w,(0,r,t) =w,(0,1), m=1,3 M

uy(0,r,1) = up(0,1) + r,p,(0,1)

Wo(0. 7. 1) = won(0.1) + b, (0.1) @

where u,, and w,, are axial and radial displacement
fields for each layer, u,,, and w,, are axial and radial
displacements of the neutral axis of each layer, ¢,,
and ¢, are axial rotation angle of the neutral axis for
each layer and the radial interpolation function for the
core layer respectively.

At this stage, the implementation of the HBM in
the model is introduced. The HBM is a frequency-
domain technique used to find approximate periodic
solutions to nonlinear differential equations. As a
version of Galerkin’s weighted residual method,
the HBM seeks to approximate the steady-state
response by utilizing a truncated Fourier series.
Substituting this assumed periodic solution into the
governing differential equations leads to a residual
term; since the approximate solution is periodic, the
residual can also be expanded in a Fourier series.

Fig. 1 Displacement of layers of the curved sandwich beam
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The method achieves balance by requiring the
Fourier coefficients of the residual term to vanish,
thereby transforming the nonlinear differential sys-
tem into a set of simultaneous algebraic equations.
Thus, when an n-term HBM is implemented, the
layer midpoint displacements and rotations for each
degree of freedom are defined as (Jazar 2021):

w(t) = w, + Z whk cos(kar) + wl cos(kawt) 3)
k=1

where wf and wi are the real and imaginary parts of
the complex coefficient and represent the unknown k™
harmonic coefficients to be determined through the
balancing of the governing equations. After applying
the trigonometric identities as:

eikwt + e—ika}t . eikwt _ e—ikwt
cos(kwt) = , sin(kwt) = %
i

C)]
Inserting Eq. (4) into Eq. (3), one can obtain:

" Kot wf - iwi e Wf + iwi
W(l‘) = W0+k=§1 {ek <T>+e ke <T
Q)

Accordingly, the displacements are expressed as:

‘ uOm,kw(e)elkM + ﬁ()m,kw(e)e_lkwt

INCOEDY >

k=0

" Wom o O + W o (01
Won(0,1) = Y —22 e , m=12,3

k=0

n ikt - —ikat

Pom i)™ + @o 4o (De

(P()m(e, Z) — Z n,kw 2 (0}

k=0

(6)

where 4, 1r Womkw 804 @ppy e A€ k™ harmonic dis-
placement components and U, 1, Womio a0d P re
are their complex conjugates. The k"™ harmonic com-
ponent can be described as a complex variable with
real and imaginary parts:

Uompo(@) = Ul (O) +iu! (6)

Om. ke
Wom o (0) = WORm O+ iwiﬂykm(ﬂ) (7
Ponia®) = 0° (O) +ig! ()

where uoR (), WOR _(0) and (pf _(9) are real parts,
u' (), wg _(©) and (pé . (0) are imaginary parts of

Om ka
Uom ke Womko DA @, 4, respectively and i is the
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imaginary unit. To reduce the number of degrees of
freedom in the system, the axial displacement, the
rotational displacement, the transverse displacement
and the interpolation function are expressed in terms
of the kinematic variables of the elastic face layers,
following the procedure adopted in our earlier study
(Serveren et al. 2024):

uy(0,1)  uy0,t) h h
(0 1) = ===+ == = 2 (0.0 + 2 03(0.0)
U (0.9 ups(0.0 hy
0, =-L 2" 00T Tl (0,1 — —ps(0,
@,(0,1) I I 2h2<ﬂ1( 1) 2h2¢3( 1)
wo1(0,1)  wy3(0,1)
W0, 1) = 012 032
W (0,0)  wys(0,1)
b (0.1) = 01h _ o3h
2 ’)
(®

The strain—displacement and constitutive rela-
tions of the m™ layer of the curved sandwich beam
in polar coordinates are described as:

2
(m) 1 aum 1 1 awm
===+ +o(——=2
“o6 Rm< 26 W'") 2 <Rm 20

(m)=%_u()_m Lawm m=1.2.3
o~ 9r R, R, 00’ o
0 ow,\’
= M2 1o
" or 2\ or
)]

The shear strain is assumed to be linear, as it has
been observed that nonlinear shear strains do not
significantly affect the results. Since axial strains
are second degree, 2n+/ harmonic components
(including Oth term as well) will be included while
shear strain will include n+ I components.

(m) 1 (m)
%040 | _ |1 O €90 kw _

(m) —E O 1—v (m) 5 m = 1,3
Tor ko 2 1\ Yorko

()] @

00 ke E* lv 0 €90 ko
(2) _ ko vl 0 5(2)
rr.ko - 1 — 2 - rr.ko
63 (1=v)] g0 = || ,®
Or.kw L 2 Or.kw

10)

For clarity, stress and strain terms mentioned in
Eq. (10), i.e. the axial direction, and the applied
harmonic load can be described as:
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G040 (0, IEX + Ty (0, P

2n
0,r,1) =
090, 1,1) Z 3

k=0

2n ikot 4 &+ —ikawt
E99.4e0(0> 7)™ + Egg 1, (0, 1)e
Eea(e,hf):Z o0k 2 o0k (11)

k=0

F(8)e™ + F(@)e™

F@,1 = )

Similarly, the harmonic load can be defined in the
r-direction. Unlike elastic face layers, viscoelastic
core layer has a frequency dependent material prop-
erty, each k™ harmonic strain component can be mul-
tiplied by k™ harmonic complex modulus.

Similar to the calculation of Fourier series coef-
ficients, the total Lagrangian is integrated over one
period and divided by it in order to take average of
each harmonic component. By using that rule, vari-
ational formulation can be written as:

T
%/(5K—(5U+5V))dt=0 (12)
0

where, T = 2z /w is the period, w is the angular fre-
quency in rad/s, 8K, U and OV represent virtual
kinetic energy, virtual strain energy and the virtual
work potential for unit width b, which are defined for
the current problem as:

hy

For the sandwich beam, the implementation of the
seven-term HBM, which is the maximum number of
terms considered in this study, results in 90 degrees
of freedom at each grid point. For the sake of clarity,
by substituting the definitions from Eq. (14) into the
corresponding expressions into the equations (29-37)
Appendix—formulated in terms of sectional forces
for each degree of freedom—the equation of motion
can be derived for a single-layer viscoelastic beam
(just as in example 2) in terms of displacements using
the one-term HBM.

2.2 The generalized differential quadrature method
with Newton- Raphson method

The DQM, introduced by Bellman et al. (1972) is
a numerical approach for solving partial differen-
tial equations by expressing derivatives as weighted
sums of function values at discrete points. Developed
to achieve high accuracy with fewer grid points than
conventional methods, DQM was later enhanced by
Shu through the GDQM, which improved its stability
and applicability to complex systems (Shu 2000). The
spatial derivative at a discrete point is approximated
as a weighted sum of the function values at all dis-

36, }’Tm 0y 2
_ (m) ¢ _(m) (m) ¢ (m) 2)5.(2)
oU = mzzl b{ wf (049 5690 + 7, 5y9r )R, drd0 + b{ 7{2 (0, 6¢€,)R,drd0

2 2

I

by

13)

3
oK = 2 b { / p" (i, Sit,, + V0, 6%, )R, drd6, 5V = Féws(6;)
m=1

—hm

After substituting the terms in Eq. (13) into
Eq. (12), sectional forces, moments and the inertia
terms for unit width b can be written as:

N = /2 (m) 1) pg0m) _ /2 () () g, m) g(m) _ /2 ( (m))2 m) 1, (m)
00 = Ogo 417 "Myg = L0 AT 00 = < Cpo 417>
2 2 2
hy hy hy
2 2 2 )
ND = [ cQdrOMD = [ D@a® 5D = [ (:2)6Dar®
rr mr > mr z r *Srr z rr ’
i —h i
2 2
(m) 2 (m)_.(m) 5 (m) m) 2 (m) 4 (m) 3(m) 2 () o 7,.(m)
R, = / zZ Ty, dr .0, = / Ty, dr ’I_;' = [ p"™Idr
2 . Ty
2 2 2

crete points in the domain. The formulation is adapted
as in our previous study (Serveren et al. 2024):

(14)
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N
d"w(0,) (15)

p=1

a}"
00"

W(H») =

J

where N denotes the number of grid points on the 6
direction and d,, represents weighted coefficients. The
first-order partial derivative can then be evaluated by
employing these weighting coefficients, which leads
to the following expression:

z(el)(of) J#P ] p — 1 N
40 = (9/—95322”(%) o Y (16)
P . .
> d;;)J=p;],p=1,...,N
s=1,5#]

where the function L and its derivative at discrete Qj
points are described as:

N

N
Lo =[1(-0).L, (6) = TT (6-2) an

s=1 s=1,5#j

The following procedure is adopted to derive
the weighting coefficients for higher-order partial
derivatives:

(r=1)

=1 (1) _ 4 o
V<d]] djp 9._91>]#p’ ]’p—l,...,N
d(r)_ i
/2

< (r)
r
s=1,s#i

j=psjp=1,....,N

(18)

In this method, the number and distribution of

grid points have a significant influence on the accu-

racy of the solution. When the grid points are equally

spaced, the Runge phenomenon occurs. Cheby-

shev—Gauss—Lobatto distribution is employed to
avoid this issue, which is defined as follows:

C) Jj—1 .
GJ > [ cos(N_ 17[)] Jj 2, .., N (19)

where ® = L/R is the subtended angle of the curved
beam. After calculating the derivative coefficient
matrices, the nonlinear forced vibration equation can
be formulated. The equation of motion can then be
expressed as in Wang (2015):

K.D + F(D).D + M.D = P cos(wt) (20)
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where K, F(D) and M represent linear stiffness, non-
linear stiffness and mass matrices respectively. D and
P are displacement and load vectors. The derivation
of nonlinear F(D) matrice with respect to displace-
ment vector D is tangent stiffness matrice and it can
be expressed as:

0F(D).D

G(D).D = ——

ey

The application of the Newton—Raphson method to
the equation system, Eqgs. (20) and (21) leads to the
following formulation:

K.AD+ F(D;_,).AD +M.D = AP,,

(22)
AP, =P— (K+F(D,_,)).Dy_,

where AP, is residual matrice at the k™ iteration. The
iterations continue until the relative error of calcu-
lated displacements is smaller than a pre-specified
error tolerance ¢ that is taken as 107> for all analyses.

[|AD, /Dyl < e (23)

In the numerical implementation of the GDQM,
the boundary conditions are incorporated by parti-
tioning the N grid points into domain and boundary
sets. Specifically, two grid points at each extremity
are utilized to satisfy the prescribed boundary con-
ditions, leaving N-4 discrete points for the evalua-
tion of the governing differential equations. For a
fixed boundary, the physical constraints require that
all translational and rotational displacements vanish,
expressed as u=w=¢=0 at the boundary coordi-
nates. By enforcing these constraints at the reserved
boundary points, the differential equations are trans-
formed into a set of algebraic equations that can be
solved efficiently within the HBM framework. Conse-
quently, Eq. (17) can be rewritten as:

Ky, Kpq 6y, + 00 6y,
K Kaa 84 0 Fyy b4

—w? 0 0 by, _ 0
0 My Oy F cos wt

Moreover, a kinematic condensation is performed
by leveraging the partitioned matrice form to elimi-
nate the prescribed boundary degrees of freedom,
thereby reducing the system to its independent
domain variables. This procedure isolates the domain

(24)
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stiffness and mass matrices, allowing the HBM-
GDQM framework to solve the nonlinear forced
vibration problem with significantly reduced com-
putational dimensionality. The global system is par-
titioned into boundary b and domain d sub-matrices,
where kinematic condensation reduces the bb block
to a unit matrice and sets the bd and db coupling
blocks to zero.

(Kyq — KKy Kppg) 84 + Fggdy — 0*M 48, = F cos ot
(25)

3 Validation and convergence studies
3.1 Example 1

In this example, a single-layer beam composed of a
viscoelastic material with frequency-dependent prop-
erties is analyzed. The response of beams with hyster-
etic damping is investigated. For harmonic vibrations,
hysteretic damping leads to frequency-independ-
ent energy dissipation. Accordingly, the complex
Young’s modulus can be expressed as (Jacques et al.
2010; Muscolino et al. 2005):

E (w) = Ey(1 +in, sgn(w)) (26)

where E,, 7. and sgn represent constant elastic-
ity modulus, constant loss factor and signum func-
tion respectively. Analysis is carried out under a
concentrated harmonic excitation force with 150
N at the quarter-span of the sandwich beam with
both ends clamped. The flat geometry is modeled
by numerically setting the radius of curvature R to
10° m. The parameters can be described as follows:
L=178 mm, hf= 0.6 mm, Ef=210 GPa, pf=7800 kg/
m?, v;=0.3, 7,=0.25, h,=0.045 mm, E.=4.12 MPa,
p.=1200 kg/m and v, =0.44.

Since a point load with magnitude P cannot be
modelled directly in the DQM, the load distribution
along the beam length is represented using a regular-
ized Dirac-delta function, which corresponds to the
singular load through integration, expressed as (Eft-

ekhari 2015):
[(%—@f] x [(@—agz]]T
| e eXP | T

27

50— 0, = ——| exp

Yz

)

w
h

Normalized Amplitude (

100 150 200 250 300
Frequency (Hz)

Fig.2 FRF curves of sandwich beam both ends clamped
excited by a harmonic point load at the quarter-span

where f is the regularization parameter of the Dirac-
delta coefficient and 6, represents the location of the
point load.

Figure 2 shows the variation of the quarter-span
amplitude with the frequency of the applied harmonic
load. The results show that the system has hardening
type nonlinearity and the convergence is achieved at
5 terms in the HBM. Also, there is a good correla-
tion between presented results for three terms in
HBM and the results of Jacques et al. (2010), who
utilized one term for transverse displacement and
two terms for axial displacement within the frame-
work of zig-zag theory. The observed discrepancy
stems from the inherent stiffness overestimation in
FSDT, which shifts the nonlinear FRF toward higher
resonance frequencies while artificially damping the
peak response. In contrast, zig-zag theory provides a
more flexible and realistic modelling of interlaminar
shear, resulting in the lower frequencies and higher
amplitudes typically seen in refined structural analy-
sis. While the 1-term HBM solution yields results
that are 2.2% higher than in Jacques et al. (2010); 3,5
and 7 term solutions produce results that are approxi-
mately 2.6%, 10.2%, and 10.4% lower, respectively.
Correspondingly, the peak amplitudes for the 1, 3,
5, and 7-term solutions are 3.1%, 3.1%, 15.3%, and
15.7% lower than the reference value. These stabi-
lized differences at 5 and 7 terms confirm that while
higher HBM orders improve convergence, a consist-
ent numerical offset remains due to the kinematic
assumptions of FSDT versus the less stiff zig-zag
theory. It is also worth noting that the amplitude and
the peak amplitude frequency decrease as our results
converge with the number of terms considered in

@ Springer
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HBM. Moreover, reducing f with the fixed grid num-
bers does not lead to further convergence because the
load width must remain proportional to the grid spac-
ing and beam length. To verify the numerical stabil-
ity of the GDQM-HBM framework, an h-convergence
study was performed where the regularization param-
eter # was synchronized with the grid density N. As
the number of grids increased through the sequence
N=19, 25, 31, 37; the corresponding / values were
refined as 0.01046/R, 0.00819/R, 0.00677/R, and
0.00579/R, respectively. The resulting normalized
peak amplitudes were found to be 0.8450, 0.8466,
0.8475, and 0.8479. Results confirm that 31 grids
with f=0.00677/R is acceptable within a converged
numerical safe zone. This configuration ensures pre-
cision and stability; consequently, it was adopted for
parametric analyses.

3.2 Example 2

In this example, a single-layer beam made of a vis-
coelastic material with frequency-dependent proper-
ties is used. Four-parameter fractional Zener model is
used as the viscoelastic material model, which can be
described as (Galucio et al. 2004):

(I wt)*

E =E,+E_———
* (@) ot 1+ { wr)

(28)
where E, and E_ define the material’s asymptotic
stiffness, representing the relaxed state at low fre-
quencies and the unrelaxed, instantaneous stiffness at
high frequencies, respectively. The frequency param-
eter w represents the angular rate of harmonic oscilla-
tion, measured in radians per second. The relaxation
time T corresponds to the temporal scale of the transi-
tion between these regimes, while the fractional order
o characterizes viscoelasticity and takes on the value
of 0 for the purely elastic case and 1 for the purely
viscous case. By using real and imaginary parts of
this model, storage modulus (real part) and loss fac-
tor (ratio of imaginary part to the real part) can be
calculated for desired frequency range. Analysis is
carried out under a concentrated harmonic excita-
tion force with 4000 N at the mid span of the sand-
wich beam with both ends clamped. The parameters
are given in Lewandowski and Wielentejczyk (2017):
L=4000 mm, 6=04 m, h=04 m, E;=7 MPa,
E,=10 MPa, 7=0.02 s, =0.8 and p=1000 kg/m?>.

@ Springer

In addition, FSDT theory is used as mentioned in
Sect. 2; therefore, Poisson ratio is taken as 0.49. In
the vicinity of the linear solution in Lewandowski and
Wielentejczyk (2017), f is taken as 0.6/R, which pro-
vides a smoother load distribution, and 0.2/R, which
yields a load steepness equivalent to that of the first
validation example when accounting for the relative
beam length and grid spacing at the quarter and mid-
span. The use of f values of 0.6/R and 0.2/R yields
good agreement with the literature, resulting in devia-
tions of only 1.6% lower and 2.4% higher than the
results reported in Lewandowski and Wielentejczyk
(2017), respectively. facilitating numerical stability
in the vicinity of the linear solution while remain-
ing within the converged numerical safe zone. These
results demonstrate that the proposed formulation
remains robust across varying levels of load steep-
ness, effectively balancing numerical accuracy with
the stability requirements of the nonlinear solver.

The variation of beam midpoint amplitude with
frequency for five terms considered in HBM is pre-
sented in Fig. 3 in comparison with the results of
Lewandowski and Wielentejczyk (2017), for which
the reference data are extracted through digitaliza-
tion. Consistent with the previous analysis, a five-
term HBM continues to demonstrate sufficient
agreement with 31 grid points for the current case.
This reinforces the selection of a five-term expan-
sion as an optimal balance between computational
efficiency and capturing the essential nonlinear
characteristics of the response. Analogous to the
first example, the system exhibits a hardening-type

2.0

Linear, B=0.6/R
Linear, B=0.2/R
—_ | Present-HB5, f=0.6/R
N _21 5 Present—HBf?, ﬁ:O.Z{R ]
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()
°
=]
=
g

1.0
<
o
(0]
N
©
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0 1 2 3 4

Frequency (Hz)

Fig. 3 FRF curves of a clamped viscoelastic beam subjected
to a harmonic concentrated force at mid-span
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nonlinearity and the nonlinear amplitudes are sig-
nificantly smaller compared to linear amplitudes as
expected.

3.3 Example 3

In these examples, again the 4-parameter Zener
model (Eq. 23) is used to model the viscoelastic
behaviour of the core layer of the sandwich beam.
The core layer is made of DYAD-606, which has the
following parameters: G,=1.007 MPa, G,=1.135
GPa, 0=0.292, 7=1.26274e-9 s and p=969 kg/
m>. The frequency dependant storage modulus and
loss factor for the DYAD-606 material is given in
the Fig. 4a and b respectively. The elastic face layers
are taken as the same material as in Example 1 with
same thickness values. As in first validation study, f
is taken as 0.00677/R. The analyses are performed
under different harmonic excitation forces and core
layer thicknesses, and the FRF results are presented
in Figs. 5 and 6. The load in all cases is applied at the
quarter-span of the sandwich beam and the boundary
conditions are both ends clamped. In addition, differ-
ent core thicknesses are considered to investigate the
effect of this parameter on the softening and harden-
ing behaviour of the beam.

As seen in the Fig. 5, peak normalized ampli-
tudes are relatively low for the nonlinear analysis as
expected. Subsequently, to increase the system’s non-
linearity, the thickness of the viscoelastic layer and
the applied load are increased twice. This is done to
verify the validity and convergence of the DQM and

1000

o
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a o
o O
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Storage Modulus ( mPa)
a

1074 1 10* 108 102
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Normalized Amplitude ( % )

100 150 200 250 300 350
Frequency (Hz)

Fig. 5 FRF curves of a clamped sandwich beam subjected to
different harmonic concentrated forces at quarter-span with dif-
ferent thickness values

HBM while maintaining the same number of grid
points and harmonic terms. First, the applied load
is increased twice, and an increase in the w/h ratio
is observed across the entire frequency range. As
expected, the nonlinear amplitude exhibited a smaller
relative increase compared with the linear amplitude.
Subsequently, the thickness of the viscoelastic layer
is also doubled. In this case, the w/h ratio is found to
decrease only in the vicinity of the resonance region
for both the linear and nonlinear analyses. This
behaviour is attributed to the increase in damping
with layer thickness, whose influence becomes more
pronounced near the resonance frequencies.

Figure 6 shows results of FRF of the system with
an increase in both thickness and applied load fivefold.
Even in the frequency ranges away from the resonance

0.50
5 0.20
O
©
L
3
o 0.10
—

0.05

107 1 10* 108 10’
Frequency (Hz)

(b)

Fig. 4 Material properties for 4- parameter DYAD-606. a Storage modulus with frequency b Loss factor with frequency
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Fig. 6 FRF curves of a clamped sandwich beam

peak, a pronounced discrepancy between the linear and
nonlinear responses becomes evident. This behaviour
is attributed to the comparatively higher w/h ratio in
these regions relative to that shown in Fig. 5. With the
increase in the applied force, the associated increase in
the w/h ratio and the strengthening of nonlinearity lead
to a small but noticeable difference between the 5-term
and 7-term HBM solutions. However, for the purposes
of this study, the 5-term HBM appears to be sufficiently
accurate under these conditions and this difference can
be neglected. This indicates that as the level of nonline-
arity increases, a higher number of terms becomes nec-
essary in the Harmonic Balance Method to accurately
capture the system’s response.

As shown in Figs. 5 and 6, it is observed that thick-
ness has no significant effect on the system’s harden-
ing/softening behaviour. Based on the results of the
analyses, it can be concluded that using 31 grid points
for the DQM and 5 terms for the HBM ensures suf-
ficient validity and convergence for proceeding with
the parametric studies.

@ Springer

4 Parametric analyses

In this section, different from Example 3, elas-
tic face layers are chosen as aluminium with E=70
GPa, p=969 kg/m® and v=0.3. Linear and nonlinear
FRF curves are obtained for beams with both ends
clamped and subjected to different excitation loads
and application points. The total length of all beams
are kept constant as in validation study 1, which is
178 mm. Subtended angle is decreased proportionally
with the increase in the curvature of the beam to keep
the length same. In the parametric studies, the regu-
larization parameter  for curved beams is defined
as 0.00677/R as in previous examples. Variation of
quarter-span amplitude with frequency under a point
load applied at quarter-span with magnitude of 150 N
is depicted in Fig. 7 for different curvatures.

Figure 7a corresponds to flat beam, where the
membrane effect increases with amplitude, causing
the resonance peak to shift to higher frequencies and
resulting in a hardening response. Similar trend is
also observed in Fig. 7b where the beam has moder-
ate curvature with R=3.4 m. This is mainly due to
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Fig.7 FRF curves of sandwich beams both ends clamped excited by a harmonic point load at the quarter-span a R=10° m b

R=34mcR=225mdR=174m

the membrane effect arising from axial stresses gen-
erated during transverse deflections. The interplay
between curvature and the membrane effect is criti-
cal in the dynamic response of curved beams. While
moderate curvatures typically promote hardening
through axial stiffening, high curvatures can induce
softening due to geometric nonlinearities (Qiao et al.
2022) as observed from Figs. 7(c) and (d) where
R=2.25 m and R=1.74 m respectively. Physically,
this transition stems from a competition between
strain-induced membrane stiffening and curvature-
dependent geometric softening; at high curvatures,
the arching effect allows for a cyclic reduction in
the instantaneous radius of curvature during peak

deflections, which lowers the tangential stiffness and
shifts the response toward the softening regime.
Different from Fig. 7, a point load of 150 N is
applied to the grid point adjacent to the mid-span,
and the response amplitude is evaluated at the mid-
span of the beam. Similar to Figs. 7, 8a, b, ¢ and d
also exhibit a transition from hardening to softening
behaviour as curvature increases. However, in this
case, both the location and magnitude of the applied
load are observed to influence the hardening—sof-
tening transition. A load applied closer to a bound-
ary enhances the membrane effect; as a result, the
quarter-span load generates a stronger membrane
contribution, shifting the transition to higher cur-
vature levels. Accordingly, this transition occurs at
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Fig. 8 FRF curves of sandwich beam both ends clamped excited by a harmonic point load at the grid adjacent to mid-span a
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R=2.25 m for the quarter-span loading case (Fig. 7c),
whereas for the mid-span loading case it is observed
at R=3.4 m (Fig. 8b). This sensitivity indicates that
the mid-span excitation more effectively mobilizes
the symmetric arch-flattening mechanism, whereas
the asymmetric deformation induced by the quarter-
span load prioritizes membrane stretching over bend-
ing strain, thereby delaying the onset of softening to
higher curvature levels.

5 Conclusions

This study investigates the coupled effects of vis-
coelastic core thickness, beam curvature, and load
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positioning on the nonlinear response of curved sand-
wich beams. To the best of the authors’ knowledge,
this study presents the first computationally efficient
framework for analyzing nonlinear vibrations under
fractional Zener modelling by integrating the GDQM
with the HBM. This approach successfully character-
izes the complex interactions between geometric non-
linearities and frequency-dependent damping, offer-
ing a practical benchmark for the precision design
and stability analysis of viscoelastic curved structures
in large-deflection regimes. For both flat and curved
beams, the application of the 5-term HBM is found to
be sufficient for convergence. No significant influence
of the viscoelastic core layer thickness on the harden-
ing to softening transition is observed. This indicates
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that, within the examined parameter range, the vis-
coelastic layer primarily contributes to damping
rather than altering the nonlinear characteristics of
the system. In contrast, curvature is found to exert a
significant influence on the nonlinear response of the
sandwich beam through its enhancement of the mem-
brane effect. Specifically, the increase in curvature
intensified the membrane-induced axial forces, lead-
ing to a transition from hardening to softening behav-
iour. Additionally, it should be noted that the load
position and magnitude also influenced the soften-
ing/hardening behaviour for the curved beam. These
results offer a key design criterion for structural sta-
bility to prioritize the management of beam curva-
ture and excitation placement over core thickness to
suppress nonlinear jump phenomena. This indicates
that, even under identical geometric conditions, varia-
tions in the excitation location can alter the nonlinear
response characteristics of the system. In addition, the
integration of fractional calculus within this frame-
work offers a scalable approach for modelling more
complex, frequency-dependent damping materials in
high-precision aerospace and marine applications.
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Appendix

As discussed in Sect. 2, the equations of motion for
each degree of freedom can be expressed in terms of
the corresponding sectional forces as follows:
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