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The limit does not exist.

Example : 
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EXAMPLE 11  Find lim —— and lim ——.
—rx—1 =1 x— 1
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Geometric Solution The graph of y = 1/(x — 1) is the graph of y = 1/x shifted 1
unit to the right (Figure 2.60). Therefore, y = 1/(x — 1) behaves near 1 exactly the way
¥ = 1/x behaves near 0:

and lim
=X —

lim
_hx =
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Solution  As x approaches zero from cither side, the values of 1/x2 are positive and
become arbitrarily large (Figure 2.61). This means that

1_

tin 109 =l = .
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EXAMPLE 13 Thesc examples illustrate that rational functions can behave in various
ways near zeros of the denominator.
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The values are negative
for x > 2, x near 2.

The values are posifive
for x < 2, xnear2.

See parts (c) and (d).
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EXAMPLE 14 Find Jim proa——
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Solution  We are asked to find the limit of a rational function as x ——09, so we divide
the numerator and denominator by x2, the highest power of x in the denominator:
lim 20 — 6t + 1 20 — 6+ x?
e 3 +x 7
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Vertical Asymptotes
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DEFINITION A line x = a is a vertical asymptote of the graph of a function
v = f(x) if cither

lim f(x) = 00

—

+ or  lim f(x) = too.
—
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Vertical asymptote

asymptote,
y=0

Vertical asymptote,
x=0

FIGURE 2.64 The coordinate axes are
asymptotes of both branches of the hyper-
bolay = 1/x.
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EXAMPLE 16 Find the horizontal and vertical asymptotes of the curve

_x+3
x+2
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FIGURE 2.65 The lines y = 1 and
x = —2 are asymptotes of the curve in
Example 16.
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EXAMPLE 17 Find the horizontal and vertical asymptotes of the graph of
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y

Vertical
Vertical asymptote, x = 2
asymptote,

x=-2

Horizontal
asymptote, y = 0

FIGURE 2.66  Graph of the function
in Example 17. Notice that the curve
approaches the x-axis from only one side.
Asymptotes do not have to be two-sided.
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EXAMPLE 19

The curves
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y
y=secx y=tanx

LACL LI

FIGURE 2.68 The graphs of sec x and tan x have infinitely many vertical asymptotes
(Example 19).
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Limits
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Solution
(a) Using the half-angle formula cos h =

— 2sin® (h/2), we calculate

fimeosh =1 _ o 2sin(h/2)

fim fim ==,
= lim %sm 0 Letd = /2.
o -0 Eq. (1) and Example 11a

in Section 2.2

(b) Equation (1) does not apply to the original fraction. We need a 2x in the denominator,
not a 5x. We produce it by multiplying numerator and denominator by 2/5:

SN2 _ o (2/9) sin2¢

b 5x a0 (2/3)-5x
_ 2, sin2x Now, Eq. (1) applies
T with 6 = 2x.

_2.,_2
=5=53 =
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Solution  From the definition of tan £ and sec 21, we have

fimlanrsee2r 11 sing 1
ot m 37 Cost cos 2t
Clpsing 11

3—o I cost cos2t

1 1
=3 =5




image64.png
Find the limits in Exercises 21-42.
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Continuity
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Continuity Test
A function £(x) is continuous at a point x = ¢ if and only if it meets the follow-
ing three conditions.

1. f(c) exists (c lies in the domain of f).

2. lim,, f(x) exists (f has a limit as x —c).

3. limew, f0) = f()  (the limit equals the function value).
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DEFINITIONS  Let ¢ be a real number on the x-axis.
The function f is continuous at ¢ if
lim () = f(c).
o]
The function f is right-continuous at ¢ (or continuous from the right) if
lim () = f(©)-
The function f is left-continuous at ¢ (or continuous from the left) if

lim £() = f(o).
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EXAMPLE 2 The function f(x) = V/4 — 2 is continuous over its domain [—2,2]
(Figure 2.37). It is right-continuous at x = —2, and left-continuous at x = 2. []
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FIGURE 2.37 A function that
is continuous over its domain
(Example 2).
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EXAMPLE 1 At which numbers does the function £ in Figure 2.35 appear to be not
continuous? Explain why. What occurs at other numbers in the domain?
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FIGURE 2.35 The function is not
continuous at x = 1,x = 2,and x = 4
(Example 1).
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Solution  First we observe that the domain of the function is the closed interval [0, 4],
so we will be considering the numbers x within that interval. From the figure, we notice
right away that there are breaks in the graph at the numbers x = 2,and x = 4. The
breaks appear as jumps, which we identify later as “jump discontinuities.” These are num-
bers for which the function is not continuous, and we discuss cach in turn.
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THEOREM 8—Properties of Continuous Functions If the functions f and g are
continuous at x = ¢, then the following algebraic combinations are continuous
atx =c.

1. Sums: f+e
2. Differences: f-g

3. Constant multiples: k- £, for any number k

4. Products: fg

5. Quotients: £/g. provided g(c) = 0

6. Powers: %, napositive integer

7. Roots: </F. provided it is defined on an open interval

containing ¢, where 7 is a positive integer
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Inverse Functions and Continuity
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THEOREM 9—Composite of Continuous Functions If f is continuous at ¢ and
g is continuous at f(c), then the composite g ° f is continuous at c.
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43. For what value of a is.

) {xzfl, x<3

2ax, x=3

continuous at every x?
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44. For what value of b is

X, x=-2

gm:{bx{ x=-2

continuous at every x?
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46. For what value of b is

x<0
80 =
b, x>0

continuous at every x?
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Limits Involving Infinity; Asymptotes of Graphs
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Finite Limits as x— *oo
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EXAMPLE 2
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Horizontal Asymptotes
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DEFINITION Aline y = b is a horizontal asymptote of the graph of a func-
tion y = f(x) if cither

lim f)=b or  lim f()=b.
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FIGURE 2.52  The graph of the
funetion in Example 3b. The graph
approaches the x-axis as |x]| increases.
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EXAMPLE 4 Find the horizontal asymptotes of the graph of

X2
Jx]?+ 17

fo




image90.png
Solution  We calculate the limits as x — £00.

Forx = 00 Tim E—2 — fm X2 _ 1@/
orr=0 IMLFr1 T A1 AT

. R e AR Bl €705 I
Forx<0: fim 1 |3 ER L Ny ey L Ny ey 7S B

The horizontal asymptotes are y = —1 and y = 1. The graph is displayed in Figure
2.53. Notice that the graph crosses the horizontal asymptote y = —1 for a positive value
of x. u
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EXAMPLE 5  The x-axis (the line y = 0) is a horizontal asymptote of the graph of
y = ¢ because

lim e* = 0.
oo
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FIGURE 2.54 The graph of y = &
approaches the x-axis as x —> —00
(Example 5).
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EXAMPLE 9 Find lim (x — VA2 + 16).
e
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Solution  Both of the terms x and V/x* + 16 approach infinity as x — 0, so what hap-
pens to the difference in the limit is unclear (we cannot subtract ° from ¢ because the
symbol does not represent a real number). In this situation we can multiply the numerator
and the denominator by the conjugate radical expression to obtain an equivalent algebraic
result:

lim (x — VT 6) = lim (x — VAT )ii\/ivzi

= nm’z @16 _ lim 16
ey V2 F 16 R V2 £ 16
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As x— 00, the denominator in this last expression becomes arbitrarily large, so we see that
the limit is 0. We can also obtain this result by a direct calculation using the Limit Laws:

. ~16
lim =
=ox + VaZ + 16
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