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Abstract

Let (Py), >, be the Pell sequence defined by Py = 0, Py = 1 and P,y» = 2P, 41 + P,
for n >0 and M;, = 2F — 1 be the k-th Mersenne number for & > 1. We show that the
Diophantine equation P,P,, = M; with m <n has only the unique positive integer
solution (n,m, k) = (1,1,1).
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1 Introduction

Let (F,), s, and (P,), -, be the Fibonacci and Pell sequences given by Fy = Py = 0,
Fr=pP =1, Fpup =F,1 +F, and P, =2P,.1 + P, for n>0, respectively.
Over years, not only Fibonacci, Lucas or Pell numbers themselves but also their
products and sums are also investigated by a number of authors from various point of
view, for example see [1, 9, 22, 25, 26]. Especially in the last decade, products of two
Fibonacci, Lucas or Pell numbers which are having a particular form such as
repdigits or x-coordinates of Pell equations has been investigated in
[11, 12, 14, 16, 19, 20, 23, 27]. The sums of two or more Fibonacci, Lucas or
Pell numbers which are of the form 2* are also investigated in [5-8]. Recently [17],
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the authors investigated the Y-coordinates of Pell equations which are of the from
2% — 1. In [4] the authors investigated all k-Fibonacci numbers which are Mersenne
numbers while in [21] the authors determined all the Mersenne numbers which are
Padovan and Perrin numbers. More recently, in [15], authors find all repdigits in base
b as products of two Fibonacci numbers.

In this paper, we search the products two Pell numbers which are Mersenne
numbers, that is the numbers of the form M, = 2% — 1, and we get the following
result.

Theorem 1 The equation
P,,P,,,:Mk, 1§m§n, kZO (1)
has only the positive integer solution (n,m,k) = (1,1,1).

In other words, by the above theorem, we find all products P,P,, which are base 2
repdigits. Note also that a similar problem for the products of two Lucas numbers
L,L,, which are Mersenne numbers has already been solved in [16].

The proof of the above theorem depends on the combination of two results one of
them is due to Matveev [24] which gives us a general lower bound for linear forms in
logarithms and the other one is due to Dujella and Pethd [13] which is a version of
reduction method given in Baker-Davenport lemma [2]. When we apply these two
results we frequently utilize the software Maple for all calculations and
computations.

2 Preliminaries

The Binet’s formula for Pell numbers are given by

n 5"1
_? + n>0

Py =0,
2V2

where
y:=14++v2 and d:=1-V2

are the roots of the equation x> — 2x — 1 = 0.
Using the Binet’s Formula, one can see that the inequalities

PP, <y (2)

hold for all positive integers n.
Let  be an algebraic number of degree d with minimal polynomial

d
aox + a4+ -+ ay = ag H(X — ),
=1

L

where the g;’s are relatively prime integers with ao > 0 and the #()’s are conjugates
of 1. The logarithmic height of # is defined by
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d
h(n) = % (log ag + Z log (max{|17(i)|, 1})) )

In particular, for a rational number p/g with gcd(p,q) =1 and ¢ >0,
h(p/q) = log max{|p|,q}. The following properties are frequently used in calcula-
tions of the logarithmic height A(n) :

= h(n=£7y)<h(n) +h(y) +log2.
h(ny=") <h(n) + h(y).
— h(r') = Is|h(n).

Theorem 2 (Matveevs Theorem) [24] or [10, Theorem 9.4] Assume that y,,...,Y,
are positive real algebraic numbers in a real algebraic number field K of degree dy,
by, ..., b, are rational integers, and

A=y =1,
is not zero. Then,
|A] > exp(—1.4-30" - % . d} (1 + logd)(1 + log B)4, - - 4;),
where
B> max{|bi|,...,|b},
and

A; > max{dxh(y;),|logy,],0.16}, forall i=1,....¢

Now, we cite the following lemma from [3, Lemma 4] which is a variation of a
result due to Dujella and Pethd [13, Lemma 5(a)] and we use it to reduce some upper
bounds on the variables. For a real number 0, we put ||0]| = min{|0 — n| : n € Z},
the distance from 0 to the nearest integer.

Lemma 1 Let M be a positive integer, let p/q be a convergent of the continued
fraction of the irrational y such that ¢ > 6M, and let A, B, u be some real numbers
with A > 0 and B > 1. If € := ||uq|| — M||yq|| > 0, then there is no solution to the
inequality

O<uy—v+u<A4B™",
in positive integers u,v and w with

log(4g/€)

u<M and w> log B
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3 Proof of theorem 1

Assume that the equation (1) holds. For 1 <m <n <200, a brute force search shows
that the equation (1) has only solution (n,m,k) = (1,1, 1) in this range. Therefore,
we may take n > 200.

If n = m, then the equation P2 = 2% — 1 implies that P, is odd and hence P, =
1(mod 8). Thus, from the congruence 1 = 2 — 1(mod 8), we see that k = 1 and
P, = P, = 1. Therefore, assume that n > m. If P, =1 then the equation P, =
2% — 1 has no positive integer solution when n > 1 [5]. It is also clear that P,, # 2.
Therefore, from now on, we take m > 2.

From (1), using Binet’s formula, we write

2kl <ok 1 =p,P, <y"m2. (3)
Therefore, from the inequality
k—1<(logy/log2)(n+m—2)<(3/2)(2n —2),

we get that k£ <3n — 2 which we will use it later repeatedly.
Now, we rewrite equation (1) as

yn_él‘l,ym_émzzk_l
V2 2V2 ’
,))ner _ 2k+3 — yném + 5nym _ 5n+m _ 8

Dividing both sides of the above equation by y"*" and taking absolute values of both
sides of it we get that

it g g R
ym V" Vner Vner
- 1 + 1 n 1 + 8
ym yn y2m V2m'

i

yner

Therefore, we have that

Ay = |1 =y~ k3] < % (4)
Y
Now, we may apply Theorem 2 to the left side of the inequality (4) with 5, := 7,
1, :=2 and by := —(n+m), by :=k+ 3. Since n, and 75, are belongs to real
quadratic number field K = Q@(v/2), we take di = 2, the degree of the number field
[<. We show that A, is nonzero. If A; = 0 then we get that "+ = 2¥*3 which is a
contradiction since the left hand side, y"*™, is a unit in the ring of algebraic integers
of I whereas the right hand side, 2¢*3, is not. So 4, # 0. Since A(n,) = (1/2) log?y,
h(n,) =log2 we take A; =logy, Ay = 2log2. Furthermore, from the inequality
k<3n—2, we take B:=3n+ 1> max{| — (n + m)|, |k + 3|}

Now, we apply Theorem 2 to the left hand side of inequality (4) and we get that
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log (A;) > — 1.4-30°-2*5 . 22(1 4 log 2)(1 + log(3n + 1)) log y - 2 log 2.

With a quick calculation, we see that
log(A;) > —6.38-10°(1 +log(3n + 1)). (5)

On the other hand, from (4), we know that
log (A;) < log11 —mlogy. (6)

From (5) and (6), after the necessary calculations, we get that
m<724-10°- (1 +1log(3n + 1)). (7)

Now, we rewrite (1) as
=0 2k
2V2  Pu Py
P 2k o 1
2\/5 Pm 2\/§ Pm’

Dividing the both sides of the above equation by 7”/21/2 and taking the absolute

values of both sides of it, we get that

26 221 1" 2v2 1
: < (8)
VA I L

1

<

| -
Py "
Thus we have that
2
Ay = ‘1 — yngktl /2P| < =3 9)

Let g, ==, 1, := 2,43 := V/2/P, and by := —n, by :=k + 1, by := 1. Since #,,1,
and 7 are belongs to the real quadratic number field I = Q(1/2), we take dy = 2,
the degree of the number field K. Since A(17;) = (1/2)logy , h(n,) = log2 and

h(n3) <h(V2) + h(Py) < (1/2)10g2 + (1/2)log P,y < (1/2) log 2 + (m/2) logy,

we take
Ay =logy, A4, =2log2 and A; =log2+ mlogy.
Since k <3n — 2, we take B :=3n — 1 > max{| — n|,k + 1, 1}. Furthermore A, is

nonzero. If 4, = 0 then we have that " = 2¢+! \/EPrgl, which means that Y € Q, a

contradiction for n > 0. Therefore, A, # 0.
Thus, we apply Theorem 2 to A, given in (9) and we get that
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log (A2) > — 1.4-30%-3%5.22(1 +1log2)(1 + log (3n — 1))

logy-2log2 - (log2 + mlogy). (10)
On the other hand, from (9), we also know that
log (A2) < log2 — nlogy. (11)
Combining (10) and (11) and simplifying it we get that
n<1.35-10"- (1 +1log3n)(log2 + mlogy). (12)
The equation (12) together with (7) implies that
n<32-10%. (13)

Now, we use the theory of continued fractions to get a better bound on m and in fact
we will show that m <78. On the contrary, assume that m > 78. Let

I':=(k+3)log2— (n+m)logy. (14)
Then A; :=|exp (I'1) — 1|<11/y™ and clearly 11/y" <1/2 for m >78. So

22
|| = [(k+3)log2 — (n+m)log"/|<y—m,

and hence

log2 n+m< 22
logy k+3| ym(k+3)logy’

Since

Y logy >7"8logy > 6.3-10%° > 4.3 -10%
> 44(3-32-10% +1)
> 44(3n + 1) > 44(k + 3),

we have that

log 2 n—l—m‘ 22 1
o < m < 2
logy k+3] ym(k+3)logy 2(k+3)
n+m log2 Di

which means that is a convergent of continued fractions of ——, say — . Since
k+3 logy qi

pi and g; are relatively prime integers we get that ¢; <k +3<3n +1<9.7 - 10%. Let
[ao,a1,az,a3,a4,...] =[0,1,3,1,2,...] be the continued fraction expansion of
log2/1ogy. A quick search with Maple reveals that i < 50 and max{a;} = a7 = 100
for i =1,2,...50. Therefore, from the well-known property of continued fractions,
see for example [18, Theorem 1.1.(iv)], we write
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22
7" (k +3)logy

log2 n+m 1 S 1
logy k+3|  (q 2= 2
gv (a; +2)(k+3) 102(k + 3)

Therefore, the last inequality implies that

" logy _ 7™ logy
22-102 22102
which is a contradiction because of the fact that £ + 3 <3n + 1 <9.7 - 10, There-
fore, we conclude that m < 78. Using this new upper bound of m, from (12), we can

get a new upper bound of 7 as n<3.6- 10",
Let

>2.8-10%

k+3>

2
I, := (k+1)log2—nlogy+logP£ (15)

m

so that A, := |exp (I'2) — 1| <2/y" <1/2. Then |I';| <4/y". Therefore, from (15),

log 2 log (vV2/Py, 4
og _n+og(\f/ )| -

. (16)
logy logy y"logy

O<|(k+1)

Now, we take
log 2
M=108-10°>31—1>k+1 and 1:=—2%
logy

Then in the continued fraction expansion of 7, we take g7s, the denominator of the
75th convergent of 7, which exceeds 6. Now, we use Maple to calculate

em = ||1tgrsl| — Ml[zgrs||

for each m € {3, ...,78} where

log (v2/P
= M, 75 = 35060632442975063049440712548275416414

logy

m

and we get that

0.16 - 107%% <, forall me{3,...,78}.
4
Let 4 := E’ =y and o := n. Thus from Lemma (1), we find that

n< log (Aq75/016 . 10_22)
- log B

<163,

which is a contradiction since n > 200. This completes the proof.

T Birkhauser



38

Page 8 of 9 M. Alan, K. S. Alan

Acknowledgements This work has been supported by Yildiz Technical University Scientific Research
Projects Coordination Unit under project number 4356.

References

—_—

10.

12.

13.

14.

15.

16.

18.
19.

20.

21.

22.
23.

24.

25.

26.

. Aboudja, H., Hernane, M., Rihane, S.E., Togbé, A.: On perfect powers that are sums of two Pell

numbers. Period Math. Hung. 82, 11-15 (2021)

. Baker, A., Davenport, H.: The equations 3x*> — 2 = 3* and 8x> — 7 = z%. Quart. J. Math. Oxford Ser.

20, 129-137 (1969)

. Bravo, J.J., Luca, F.: On a conjecture about repdigits in k-generalized Fibonacci sequences. Publ.

Math. Debrecen 82, 623639 (2013)

. Bravo, J.J., Gomez, C.A.: Mersenne k-Fibonacci numbers. Glasnik Matematicki 17(2), 307-319

(2016)

. Bravo, J., Faye, B., Luca, F.: Powers of two as sums of three Pell numbers. Taiwan. J. Math. 21(4),

739-751 (2017)

. Bravo, J.J., Luca, F.: Powers of two as sums of two Lucas numbers. J. Integer Seq. 17(8), 14-8 (2014)
. Bravo, J.J., Luca, F.: On the Diophantine equation F, + F,, = 2¢. Quaest. Math. 39(3), 391-400

(2016)

. Bravo, J., Diaz, M., Luca, F.: Ratios of sums of two Fibonacci numbers equal to powers of 2. Math.

Commun. 25, 185-199 (2020)

. Bravo, E.F., Gomez-Ruiz, C.A., Luca, F.: X-coordinates of Pell equations as sums of two tribonacci

numbers. Periodica Math. Hung. 77, 175-190 (2018)
Bugeaud, Y., Mignotte, M., Siksek, S.: Classical and modular approaches to exponential Diophantine
equations. I. Fibonacci and Lucas perfect powers. Ann. Math. 163(3), 9691018 (2006)

. Ddamulira, M.: On the x-coordinates of Pell equations that are products of two Lucas numbers.

Fibonacci Quart. 58, 18-34 (2020)

Ddamulira, M., Luca, F., Rakotomalala, M.: Fibonacci numbers which are products of two Pell
numbers. Fibonacci Quart. 54(1), 11-18 (2016)

Dujella, A., Pethd, A.: A generalization of a theorem of Baker and Davenport. Quart. J. Math. Oxford
Ser. 49(195), 291-306 (1998)

Erduvan, F., Keskin, R.: Repdigits as products of two Fibonacci or lucas numbers. Proc. Indian Acad.
Sci. Math. Sci. 130(1), 28 (2020)

Erduvan, F., Keskin, R., Siar, Z.: Repdigits base b as products of two Fibonacci numbers. Indian J.
Pure Appl. Math. (2021). https://doi.org/10.1007/s13226-021-00041-8

Erduvan, F., Keskin, R., Siar, Z.: Repdigits base b as products of two Lucas numbers. Quaest. Math.
44, 1-11 (2020)

. Faye-Fall, B., Luca, F.: On Y-coordinates of Pell equations which are base 2 rep-digits. Glasnik

Matematicki 55(1), 1-12 (2020)

Hensley, D.: Continued fractions. World Scientific Publishing Co Pte. Ltd., Hackensack, NJ (2006)
Irmak, N., Togbé, A.: On repdigits as product of consecutive Lucas numbers. Notes Number Theory
Discrete Math. 24(3), 95-102 (2018)

Kafle, B., Luca, F., Togbé, A.: X-coordinates of Pell equations which are Lucas numbers. Bol. Soc.
Mat. Mex. 25, 481-493 (2019). https://doi.org/10.1007/s40590-018-0221-y

Kafle, B., Rihane, S.E., Togb¢é, A.: A note on Mersenne Padovan and Perrin numbers. Notes on
Number Theory and Discrete Mathematics 27(1), 161-170 (2021)

Luca, F.: Repdigits as sums of three Fibonacci numbers. Math. Commun. 117, 1-11 (2012)
Marques, D., Togbé, A.: On repdigits as product of consecutive Fibonacci numbers. Rend. Istit. Mat.
Univ. Trieste 44, 393-397 (2012)

Matveev, E.M.: An explicit lower bound for a homogeneous rational linear form in the logarithms of
algebraic numbers, 11, Izv. Ross. Akad. Nauk Ser. Mat. 64(2000) 125-180, Translation in Izv. Math. 64,
1217-1269 (2000)

Normenyo, B.V., Luca, F., Togb¢, A.: Repdigits as sums of three Pell numbers. Period. Math. Hungar.
2(77), 318-328 (2018)

Rihane, S.E., Akrour, Y., El Habibi, A.: Fibonacci numbers which are products of three Pell numbers
and Pell numbers which are products of three Fibonacci numbers. Bol. Soc. Mat. Mex. 26, 895-910
(2020). https://doi.org/10.1007/s40590-020-00296-x

W Birkhauser


https://doi.org/10.1007/s13226-021-00041-8
https://doi.org/10.1007/s40590-018-0221-y
https://doi.org/10.1007/s40590-020-00296-x

Mersenne Numbers Which are Products of Two Pell Numbers Page 9 of 9 38

27. Siar, Z., Erduvan, F., Keskin, R.: Repdigits as products of two Pell or Pell-lucas numbers. Acta Math.
Univ. Comen. 288, 247-256 (2019)

Publisher's Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

T Birkhauser



	Mersenne numbers which are products of two Pell numbers
	Abstract
	Introduction
	Preliminaries
	Proof of theorem 1
	Acknowledgements
	References




