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On Some Measures of Nonlinearity in Regression Analysis
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Abstract
In regression analysis there are some techniques to determine the nonlinearity in the variables.
An F test or a comparison between linear correlation coefficient and correlation ratio may be
helpful. The third method is based on entropy and mutual information measures. In this paper we
studied these three tests and then compared the results obtained by each test.
Key words
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1. Nonlinear Regression

In regression analysis, the models in the form
p-1
Y =B+ ). BX,+& i=12,..n (1)
k=1

are linear in the parameters. Here the variables X, (k=1,2,...,p-1) are explanatory variables, Y
the explained variable, and & ’s (i=1,2,...,n) are the stochastic variables which are called
“disturbances” and generally are assumed to distribute normally with zero means and a common
variance o”. f, s are the parameters (k=1,2,..,p-1 ) whose estimates will be based on the sample

information at hand.

Linear regression models including more complex models such as polynomial models, or
transformably linear models can be put in the above form by appropriate transformations and
hence they all can be analysed by linear regression techniques. Some models although not linear
in the parameters can be transformed so that the parameters appear in the linear form. Some
models which are not linear in the parameters and which cannot be linearized by suitable
transformations are analysed by nonlinear regression models.

Least Squares Estimation in Nonlinear Regression

A typical nonlinear regression model is in the form
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Yf:f(Xj’Y)+£f ;i:l, 2,---,11 (2)
Here y is generally a vector of parameters whose estimates are to be obtained by the least

squares’ techniques. The sum of squares function to be minimized is

Q= (¥, - F(X.)’ (3)
i=1

and this can be done by solving the following partial differential equations

% _0 k=0,1,.. 4)

o7,

Gauss-Newton Method
The Gauss-Newton Method (GNM) uses a Taylor series expansion to approximate the
nonlinear regression model with linear terms. The GNM begins with starting values (or initial
guesses) of the parameters. Once the starting values for the parameters have been obtained, the

mean responses f(.X,,y) are approximated by the Taylor series expansion around the starting

values of the parameters:

7 L7 1H : ""\’-’1 (4
X=X )+S{M} (n-2") ()

Py

To simplify the notation let,

= %5 (6)
0 =(r-2"); %
]')(Ui o af(‘}(u‘}/)
e T a (8)
}’j; 2 =Q‘ iy
The Taylor approximation for the mean response tfor the ith case then becomes
. p_l .
G ERERARD N ©)
k=0
Then XY =f(X;9)+5 (10)
p-1
Y= f2+) DB +& andlet (11)
k=0

Y@ =Y — £ values are the residuals after the first iteration . By using matrix notation
Y® = DB +¢ {12

Note that the model given above is in the form of a general linear regression model. D matrix

of partial derivatives plays the same role as the X matrix in the linear model. The vector of
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parameters B are estimated therefore by the ordinary techniques used in linear regression

model:
B0 = (D“”‘D(”’)f‘ DOy (13)
where b is the vector of least squares estimated regression coefficients.
. . z p . . (1)
By using these estimates one can obtain the revised regression coefficients £~ by

g =g +b” (14)
Inferences About Nonlinear Regression Parameters
The inference procedures of parameters in nonlinear regression models are similar to those of
linear models. An error term variance is required to make such inferences. The estimate of the

common variance for the disturbances is the same as that for the linear regression:
Mean Square Error (MSE)= Y ¢ /n—p (15)
=1

For nonlinear regression model, MSE is not an unbiased estimator for the common variance
of the disturbances o, but the bias is negligible especially when »n is large. When the error
terms (disturbances) ¢, are independently and normally distributed with x =0 and o’ , for large
sample sizes, the sampling distribution is approximately normal with

E{g}=7 (16)

An estimate of the approximate variance-covariance matrix of the estimated regression
coefficients is S’ {g} = MSE(D'D) "' (17)

Thus, most of the classical hypothesis testing and confidence interval estimation procedures

might be based on the entries of the variance-covariance matrix mentioned above.

2. Tests For Nonlinearity

F Test For Lack of Fit
The lack of fit test assumes that the observations Y for given X are independent and normally

distributed, and the distributions of Y have the same variance o’ .The lack of fit test requires

repeated observations at one or more X levels. as X, X,,..., X_. And we shall denote the number
of replicates for the j.th level of X as »,. The observed value of the response variable for the i.th
replicate for the j.the level of X by Y, i=1,....n ,j=1..,c. The mean of the Y observations at
the level X =X shall be denoted by Y . The general linear test approach begins with the

specification of the full model used for the lack of fit test. This full model is:
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Y o=p +E (18)
where 4, are parameters j=1,....c ; g, are independent and N(0,07)

Since the error terms have expectation zero, it follows that E{¥, } = u, (19)

It can be shown that the least squares estimators for the parameters u, are sample
means: /i, = f Thus the estimated expected value for observation ¥, is ¥, and therefore the

error sum of squares for the full model is SSE(F)=Y Y (¥, -F ) = SSPE (20)

In the lack of fit test the full model error sum of squares is called the pure error sum of

squares and denoted by SSPE. The degrees of freedom associated with SSPE is
df;; :Zj:(nJ —1)=§,nj -¢c=n-c
For testing the appropriateness of a linear regression function, the alternatives are:
H: B(FY= Bt B X v rut X,
H 1E@X) #8, + BX 4wt B X,
Thus H, postulates that #, in the full model is linearly related to:
B= B+ BX 4ot B X, (21)
The estimated expected value for observation Y, for this reduced model is:
Y, =by+b X, +.tb, X, (22)
Hence the error sum of squares for the reduced model is:
SSE(R) =L X.(Y, -Y,)* = SSE (23)
and the degrees of freedom associated with SSE(R) are :df, =n-p.

B SOLEF " SSPE
(11— pY—(n-c) Cn-c

The general linear test statistic is FE (24)

SSLF the lack of fit sum of squares equals the difference SSE-SSPE.
If F*< F(l—a;c— p.n—c), conclude H, that means linear regression function is applicable for
this relation(Neter,J.at all,1996).

SSTO measures the variation in the observation Y, ,,when no account of the predictor variable

X is taken: SS70 =3 (¥ —=¥)" Similarly, SSE measures the variation in the ¥, when a regression
model utilizing the predictor variable X is employed. A measure of the effect of X in reducing
uncertainty in predicting Y is to express the reduction in variation (SSTO-SSE=SSR) as a

proportion of the total variation. This measure is »* and called correlation coefficient:
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S5 SSE
.. (25)
SSTO SSTO

Since 0 < SSE < SSTO, it follows that 0 <7’ <1.
The definition of SSLF (SSE-SSPE) indicates that we have decomposed the error sum of
squares SSE into two components: SSPE and SSLF.

Y,-Y% = L%+ Y-k
A IRt N

Error Pure error Lack of fit
dewviation dewiation deviation

when both sides of this equality are squared and summed over all observations we obtain,
Y5, ~F ¥ =23, -TY+LEF -LF (26)
we can express SSLF as SSLF = Zn.,(f’: —}}, P 27
The correlation coefficient can be rewritten as (Keeping,E.S.,1995)
RN AT
Z Z ( Yff & )2
/-

p

i=l..n j=1l..¢ (28)

The correlation ratio 7?; is defined by,

> (¥ =Ty |
= .. (29)
' Z Z ( };}, Y SSTO

From this formula it is clear that 77,* <1. Since SSPE < SSE ; the inequality 12 N, zr’is
valid. When the regression of Y on X is linear »,” =7’ A non-zero value of 7, ~r* is thus

associated with a departure of the regression function from linearity. The difference may be used

to estimate the degree of departure from linearity:
Y =Fy = 2m (¥, -7y
2 2 i i
> 2 -Fy
g7

o= =

(30)

By denoting sum of squared deviations of Y on overall mean with Z y2 the following
formula can be derived: -3 =3, [()"f ~Fy -1, ﬁ)—,):} (31)

The test ratio is (5, —r*)/(1-72,).
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2

If the values of y within each column are normally distributed with a variance ¢“ common to

all the columns, then Z(YU —}F"’;)2 divided by o’ for any column is distributed as ;gz with
2 ' 2

Zn , —1=N-c degrees of freedom. (r;r)zor _rz)z y* divided by o is distributed as ,32 with
j=1

c-2 degrees of freedom.

N-¢ ’Zi\- =r

s Ay 2
c—= I=p.

-

The ratio F =

(32)

is distributed as Snedecor’s F with ¢-2 and N-c¢ degrees of freedom. A significant value of F
indicates a significant departure from linearity. The test is one tailed (Keeping,E.S.,1995).

We can express this test mentioned above by using tabulation:

Source of Variation df Sum of Squares Mean Squares
Explained variation by linear| | (¥, — P 2
regression Z’: ,I( 4 ) Z.V
Explained variation by c-2 (F. —F .\ (SSLF 2 .2 2/0-9
nonlinear regression ;”f W= F e ) =1 )Zy ik
Unexplained variation N-c Z Z(Yy' _}7,_ )2 (SSPE) (1_17)2“ )Z yZ N _a
I i
e e Y >, -F)ssto) | Xy /n-1
‘il

Table.1. The Analysis of Variance

The F value is the ratio of second mean square about third mean square. If the value of F is large
significantly we can say that the regression function is not linear( Weatherburn,C.E.,1946).
Entropy And Mutual Information

The concept of statistical entropy is defined as

H(X)=-) p(x)log p(x) (if X is discrete) (33)
H(X)=~ [log f(x)f(x)dx (X is continuous) (34)

Relative entropy is a measure of the distance between two distributions. The relative entropy
D(p/q) is a measure of the inefficiency of assuming that the distribution is q when the true
distribution is p (Cover,T.M. Joy,A.T.,1991).

D(p/q)=73 p(x)log Jx
g(x)

Mutual Information is a measure of independence between random variables. It can be

(335)

expressed in terms of entropy (Joe,H.,1989). Mutual information is nonnegative and becomes
zero if and only if the random variables are independent. Mutual information measures the
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general dependence while the correlation coefficient measures the general dependence and
mutual information is a better quantity then the correlation function to measure the dependence
(Li,Wention,1990). If X and Y are random variables with joint distribution p(x,y) and mariginal
distributions p(x) and p(y) then the mutual information M(X;Y)is the relative entropy between
the joint distribution and the product of two marginal distributions.

M(X,Y) is the information that Y conveys about X is the reduction in uncertainty about X due to

the existence of Y.

M(X,Y)=D(p(x,y)/ px)p(») =H(X)~H(X/Y) ' (36)
The relationship between entropy and mutual information can be shown as:
HX. V)
HYIX)
H(X) H(Y)

Fig.1. Entropy And Mutual Information

[t can be seen that, when X and Y are independent M (X,Y)=0.If Y and X are independent
variables then Y can tell nothing about X (Cover,T.M.,Joy,A.T.,1991).
Testing Linearity By Using Mutual Information
This method is used for detecting and evaluating intrinsic nonlinearity and suggested by
Tanaka,N., Okamoto,H., Naito,M. The mutual information measures statistical dependence but
does not discriminate between linear and nonlinear dependence. This method is based on
comparing the mutual information between the original data series with that between new ones
obtained by removing linear dependence from the original ones (new ones are equivalent to
residuals from linear regression). The point is to remove linear dependence from the original data
and then to compute mutual information. For continuous variables M (x, y) is given by,
Flv s , X .
M(x, v)= J'J'p(x,) ylog, md«{» (37)
p(x,y) denotes the joint probability density related to x and y. p(x) denotes the probability density
of x and p(y) denotes the probability density of y.

After removing linear dependence from the original data set a new data series {&;} (i=m,

m-1
m+1,...,N) generated by & =y, —b,~ Y ax,_, is considered to include no linear dependence on
Jj=0

" H(X/Y) denotes the conditional entropy of X given Y.
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x. The parameters are estimated by maximum likelihood method. And m is the order of the

model. a; is given by the correlation coefficient. The mutual information M(x,{) can be

computed as well as M(x,y). And M(x,&) can be regarded as a measure of intrinsic

nonlinearity present in the mutual dependence between x and y. To evaluate the degree of
nonlinearity included in the dependence the two mutual information measures can be compared.

When M(x,&)00 M(x,y) it can be interpreted that the dependence is based on nonlinearity. If the
value of M(x,¢) is nearly zero this indicates that nonlinearity in the dependence between x and y

is negligible. For comparing different types of dependence measures (correlation coefficient,
correlation ratio, mutual information) it is necessary to normalize the dependence measures.
Normalized mutual information between x and y can be given by the following formula.

M(x,v)
X, v)=—>= 38
£(x, ) Hx ) (38)

Similarly, p(x,&)can be defined. p(x,y)=0 then means that the two variables are
statistically independent, and p(x,y)=1 means that x and y are statistically identical. By using
this measure we can compare the results among different types of dependence. po(x,y) and
p(x,£) can be compared to decide the shape of the relation between x and y. If the two measures

are close to each other the dependence is nonlinear and p(x, y)> p(x,£) condition suggests the

dependence is linear (Tanaka,N.,at all,2000).

3. Application

In this paper first we use the F test for deciding whether a linear regression function is a good
fit for the data(Yiice,M.,2004). Under the information about F test mentioned above we arranged
the table,

Source of Variation Df Sum of Squares Mean Squares
Explained variation by | 1 (F. -7 =R4717.97 2 2
linear regression Zf.:”-’ e Bl rsgzlf; 97
Explained variation by |c-2 AT P52 a5 2 _ ,2 2
nonlinear regression 22-2=20 ;”’ (}-’ }-’ i Mﬂﬁﬂﬂ
; £
Unexplained variation | N-c=192 Z Z (¥, _1‘;" )2 =2067.892(SSPE) | (1— ]7‘2_\_ )Z )’,2
A : —=10.7704
; N-¢
Total N-1 r 72 - =560,7263
Y. —Y) =119434.7 7
214-1=213 ;Z( i) y
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For testing the appropriateness of a simple linear regression function, the null and alternative
hypothesis are:
H,:E(Y)= B+ BX
H, EX)=8,+8X

The general linear test statistic for simple regression model is:

SSLE B SSPE _ 1632.44
(17—2)7(?7—0)— n—c 10.77043

F*_

=151.5668

F*> F(0,95:20,192) so we can conclude H, with 0,0000 significance value. This means
linear regression function is not a good fit for the data.

The dependence measures are, #2 =0,709325 and nﬁx =0,982686. A non-zero value of
n, —r’ is associated with a departure of the regression function from linearity. Calculated value

of this difference is 77,," — r?=0,273361, implying that the functional relationship is not linear. To

test the significance of this difference. The alternatives are

H, : The relationship between x and y is linear

H, : The relationship between x and y is curvilinear

2

-
3 e

]V = ‘q_}:\' =

e

= =151.569 and distributed as Snedecor’s F with ¢-2 and
=2 l-n

The test statistic is £ =

N-c degrees of freedom. A significant value of F indicates a significant departure from linearity.
By comparing the F table value a quite significance derived from. This result is the same as the
one from the F test. The results about entropy and mutual information are tabulated as below,

[M(x,y)=0654 | M(x,£)=0461 | p(x,y)=0,462 | p(x.£)=0,309
We see that M (x,&) is far from zero. Hence we can’t say the relationship between x and y is

purely linear. Similarly. p(x,y) and p(x,£) are close to each other so the dependence is

nonlinear.

4. Conclusion
One technique to check nonlinearity is based on an F test. Second, a comparison between
linear correlation coefficient and correlation ratio may be helpful. The difference between these
dependence measures can be tested. Besides, there is a method for detecting and evaluating the
intrinsic nonlinearity, based on the mutual information measures. All these tests have been

performed on the data. Similar results have been obtained.
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