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Within the frame work of a piecewise ho mo ge neous body model, with the use of the three-di men sional lin -

earized the ory of elas tic waves in ini tially stressed bod ies, the dy nam i cal re sponse of a sys tem con sist ing of a

pre stressed cov er ing layer and a pre stressed half-plane to a mov ing load ap plied to the free face of the cov er -

ing layer is in ves ti gated. Two types (com plete and in com plete) of con tact con di tions on the in ter face are con -

sid ered. The sub sonic state is con sid ered, and nu mer i cal re sults for the crit i cal speed of the mov ing load are

pre sented. The in flu ence of prob lem pa ram e ters on the crit i cal speed is an a lyzed. In par tic u lar, it is es tab -

lished that the prestressing of the cov er ing layer and half-plane in creases the crit i cal speed.

1. In tro duc tion

Stud ies on the dy nam i cal re sponse of lay ered bod ies to mov ing loads are of great sig nif i cance in both the o ret i cal and

prac ti cal sense. The re sults of these in ves ti ga tions can be em ployed in many branches of mod ern in dus try, such as the de sign of

road beds and bridges tra versed by high-speed trains, park ing ga rages, air craft car ri ers, bal lis tic sys tems such as rail guns,

high-speed pre ci sion ma chin ing, mag netic disk drives, and so forth. The cor re spond ing prob lems were con sid ered, e. g., in

[1-5], where the clas si cal lin ear the ory of elastodynamics was used. In these in ves ti ga tions, sys tems con sist ing of a packet of

lay ers and a half-space were con sid ered. The mo tion of lay ers were de scribed by the Kirchhoff or Timoshenko beam the ory,

but the mo tion of the half-space by the lin ear the ory of elas tic waves. It should be noted that many mod ern elastodynamics

prob lems with mov ing loads can not be solved within the frame work of the clas si cal lin ear the ory of elas tic waves, among

which are also those for ini tially stressed lay ered bod ies. Ini tial stresses oc cur in lay ered sys tems af ter their man u fac ture and as -

sem bly, and they must be taken into account in studying the dynamical response of such systems to a moving load.

Un der cer tain con di tions, the fore go ing type of prob lems can be solved with the use of the three-di men sional

linearized the ory of elas tic waves in ini tially stressed bod ies (TLTEWISB). The con struc tion of field equa tions of the the ory

and their use in in ves ti gat ing the wave prop a ga tion prob lem for ini tially stressed bod ies are de tailed in [6]. A re view of these

stud ies is given in [7, 8]. In [9-14], time-har monic stress fields in lay ered pre stressed bod ies were ex am ined by employing the

TLTEWISB.
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At the same time, only a few stud ies have been per formed un til now on the dy nam i cal re sponse of a pre stressed lay -

ered half-space to a mov ing load [15, 16]. In [15], the dy nam i cal re sponse of a sys tem con sist ing of a layer and pre stressed

half-plane was con sid ered. The mo tion of the cov er ing layer was de scribed by the Timoshenko beam the ory, but the mo tion of

the half plane by the TLTEWISB. The so lu tion to the cor re spond ing bound ary-value prob lem was found by em ploy ing Fou rier

trans forms. Nu mer i cal in ves ti ga tions were per formed in the case where the con sti tu tive re la tions for the half-plane ma te rial

were given by a har monic po ten tial. The speed of the mov ing load was as sumed con stant, and the sub sonic case was con sid -

ered. As a re sult, the in flu ence of problem parameters on the critical speed was clarified.

In [16], the prob lem con sid ered in [15] was stud ied by us ing the com plex po ten tials of the TLTEWISB.

In the pres ent pa per, the in ves ti ga tions car ried out in [15, 16] are de vel oped for the case where the cov er ing layer has

also an ini tial stress, and the equa tion of mo tion of this layer is ob tained by us ing the TLTEWISB. The in flu ence of prob lem pa -

ram e ters on the crit i cal speed of the mov ing load is stud ied. More over, the stress dis tri bu tion on the in ter face plane is

investigated.

2. Prob lem For mu la tion

Let us con sider a pre stressed half-plane cov ered with a pre stressed layer. The points of the layer and half-plane are

spec i fied by Lagrangian co or di nates in a Car te sian ref er ence frame Ox x x1 2 3  (Fig. 1.). Be fore as sem bling, the layer and the

half-plane had been stressed sep a rately in the Ox1-axis di rec tion, so that a uni ax ial ho mo ge neous ini tial stress state ex ists in

each of them. The cov er ing layer and the half-plane oc cupy the re gions  { ,-¥ < < +¥ - £ £x h x1 2 0, -¥ < < +¥x3 } and 

{ ,-¥ < < +¥ - ¥ < £ -x x h1 2 , -¥ < < +¥x3 }, re spec tively (Fig. 1). The Ox3  axis is per pen dic u lar to the fig ure plane and

there fore is not shown in Fig. 1.

The stresses, strains, and dis place ments re lated to the layer and half-plane are de noted by the su per scripts (1) and (2),

re spec tively. The quan ti ties re lated to the ini tial stresses are de noted by the su per script (m)0, where m = 1, 2.

The lin early elas tic ma te ri als of the layer and the half-plane are taken to be ho mo ge neous, iso tro pic, and mod er ately

rigid. The ini tial stress states s ij  in the con stit u ents can be writ ten in the form

s
11

0( )m
m= const ,    s ij

m( )0 0=   at ij ¹ 11.

Since the ini tial strains are small, the co or di nates of the layer and half-plane points in the nat u ral and ini tial states co in -

cide.

Thus, within the frame work of fore go ing as sump tions, we as sume that, on the free up per face of the cov er ing layer, a

lin eal force moves in the Ox1-axis di rec tion with a con stant speed V (Fig. 1.). It is re quired to de ter mine the dy nam i cal re sponse

of the lay ered sys tem to the load ing. We will con sider only the subsonic state, i. e.,

V C C< min ( , )( ) ( )
2
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2
2 ,   C m m m

2
( ) ( ) ( )= m r ,    m = 1, 2,

where C m
2
( ) , m ( )m , and r ( )m  are the speed of dis tor tion waves and the shear modulus and den sity of con stit u ent materials.

Ac cord ing to [6], the com plete sys tem of equa tions of the TLTEWISB in the case of small ini tial strains e ij  is
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where i, j, m = 1, 2; l( )m  and m ( )m  are also called Lamé con stants.

Note that Eqs. (1)-(3) are sat is fied within the cov er ing layer and the half-plane sep a rately. Ac cord ing to the

above-men tioned, on the up per face of the cov er ing layer, the fol low ing bound ary con di tions must be satisfied:

s
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( ) ( )
x

P x Vt
=

= - , (4)

where d( )x  is the Dirac delta func tion.

As in [15], we will con sider two types (com plete and in com plete) of con tact con di tions on the in ter face plane be tween

the cov er ing layer and half-plane. For the com plete con tact con di tions, we assume
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and for the in com plete ones
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In ad di tion, we also as sume that as

| | , | |( ) ( )ui ij
2 2 0s ®    at  x2 ® -¥.

(7)

This ter mi nates the for mu la tion of the prob lem. Thus, the in ves ti ga tion of the dy nam i cal re sponse of the lay ered sys -

tem to a mov ing load is re duced to the so lu tion of bound ary-value and con tact problem (1)-(7).

3. So lu tion Method

Form Eqs. (1)-(3), we ob tain the fol low ing equa tions of mo tion in terms of per tur ba tions of dis place ments ui :
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Fig. 1.Ge om e try of a pre stressed half-plane cov ered with a pre stresses layer: 1 — layer and 2

— half-plane.
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In the co or di nate sys tem

¢ =x x2 2 ,   ¢ = -x x Vt1 1 , (9)

which moves to gether with the load ing force, Eqs. (8) have the form
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where the primes of x1 and x2  are omit ted. In this case, the sec ond bound ary con di tion in (4) is re placed by 

s d
22
1

0
1

2

( ) ( )
x

P x
=

= . (11)

The other con di tions in (4)-(7) re main valid in co or di nates (9).

In or der to solve equa tion sys tem (10), we ap ply the Fou rier trans form

f s x f x x e dxF
isx( , ) ( , )2 1 2 1

1=

-¥

+¥
-

ò

to it. As a re sult, we have

- + + =s a u
d u

dx
isb

du

dx

m
F
m F

m
m F

m
2

1

2
1

2
2

2

2

0( ) ( )
( )

( )
( )

,

(12)

isb
du

dx
s c u b

d u

dx

m F
m

m
F
m m F

m
( )

( )
( ) ( ) ( )

( )

( )1

2

2
2

2
2

2
2

1- + + = 0,

where

176



a
V

c

m
m

m

m

m m

( )
( )

( )

( )

( ) ( )( )
= + + -

l

m

s

m
2 11

0 2

2
2

,

b m
m

m

( )
( )

( )
= +

l

m
1,      c

V

c

m
m

m m

( )
( )

( ) ( )( )
= + -1 11

0 2

2
2

s

m
.

Af ter some math e mat i cal ma nip u la tions, we ob tain from (12) the equa tions
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Thus, from Eqs. (14), (2) and (3), the Fou rier trans forms of all sought-for quan ti ties are found. The un knowns F s
1

1( ) ( ), 

..., F s
4

1( ) ( ), F s
2

2( ) ( ), and F s
4

2( ) ( ) ap pear ing in these trans forms are ob tained from bound ary con di tion (11) and con tact con di -

tion (5) (for a com plete con tact) or (6) (for an in com plete con tact), which form a closed sys tem of al ge braic equa tions. Note that 

con di tion (7) was al ready used for de ter min ing u
F2
2( )  in (14).

From the al ge braic equa tions, we find the afore men tioned un knowns and then em ploy the in verse trans form

f x x f s x e dsF
isx( , ) ( , )1 2 2

1

2
1=

-¥

+¥

òp
.

(15)

As fol lows from the prob lem state ment, in te gral (15) can be re duced to the fol low ing ones:
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In nu mer i cal cal cu la tions, these im proper integrals must be re placed with the cor re spond ing proper integrals by us ing

the relation

(. ) (. )ds ds
S

0 0

¥

ò ò»
*

.
(16)

The val ues of S*  in (16) are de ter mined from con ver gence cri te ria for the im proper integrals.

Nu mer i cal in ves ti ga tions show that, in gen eral, at fixed val ues of prob lem pa ram e ters, for any value of the speed V, the 

func tions u
iF
m( )  and s

ijF
m( )  have sin gu lar points with re spect to sh. Let us de ter mine these points. The un knowns F s

1
1( ) ( ), ..., 

F s
4

1( ) ( ), F s
2

2( ) ( ), and F s
4

2( ) ( ) in (14) can be ex pressed from the afore men tioned sys tem of al ge braic equations in the form
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The sin gu lar points co in cide with roots of the equa tion in s

det ( )a nm s = 0;   n, m = 1, 2,..., 6,

(17)

where a nm s( ) are the co ef fi cients of un knowns in the sys tem. Note that the ex pres sions for 
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are ob tained from a nm s( )  by re plac ing  the cor re spond ing col umn of a nm s( )  with the right side of the equa tion sys tem.

The or der of sin gu lar ity (de noted by r) of the in te grated val ues co in cide with the or der of roots of Eq. (17). It is known

that, if 0 1£ <r , in te gral (16) can be cal cu lated by us ing a well-known al go rithm. For r = 1, the cal cu la tion of the in te gral is per -

formed in the sense of Cauchy prin ci pal value. In the case  r > 1, the in te gral does not have any mean ing, and the speed cor re -

spond ing to this case is called the “crit i cal speed”. At the crit i cal speed, a res o nance-type phenomenon takes place.

It is ob vi ous that the crit i cal speed cor re sponds to the lo cal min i mum (or max i mum) of the func tion V V sh= ( ) which

sat is fies Eq. (17). The main prob lem for lay ered ma te ri als un der a mov ing load in the sub sonic state is the de ter mi na tion of the

crit i cal speed (de noted by Vcr ) and in ves ti ga tion of the in flu ence of problem parameters on its values.

The other prob lem is the de ter mi na tion of stress–strain state in the ma te ri als at V V< cr . In this case, in te gral (16) is cal -

cu lated by us ing the al go rithm de vel oped in [9-14].

Now, we will con sider the nu mer i cal re sults per ti nent to the prob lems.

4. Nu mer i cal Re sults and Dis cus sion

Let us in tro duce the des ig na tions 
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and as sume that n n( ) ( )1 2=  = 0.3, where E m( )  and n( )m  are Young’s modulus and the Pois son ra tio of an mth ma te rial. First, we

con sider the case where u12  = 1 and h h1 2=  = 0 and an a lyze graphs of the func tions u u= ( )sh  found by solv ing Eq. (17). The

nu mer i cal re sults ob tained (not given here) show that the func tions have min ima only in the cases where e > 1. Graphs of 

u u= ( )sh  for var i ous val ues of e are shown in Fig. 2. It is seen that ucr  de creases monotonically with grow ing e.

The nu mer i cal re sults given in Ta bles 1, 2, and 3 show that ucr  in creases monotonically with ini tial ten sile stresses in

the cov er ing layer and half-plane, but the ini tial com pres sion of the half-plane low ers the val ues of ucr .
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TABLE 2. Critical Speed ucr  for Various Values of h2  and e under Complete (Numerator) and
Incomplete (Denominator) Contact Conditions at h1 = 0 and u12  = 1

e 
h2

0 0.005 0.01 0.03

2 0 8414

0 7093

.

.

0 8437

0 7123

.

.

0 8454

0 7153

.

.

0 8540

0 7266

.

.

10 0 5664

0 5016

.

.

0 5677

0 5034

.

.

0 5690

0 5052

.

.

0 5741

0 5121

.

.

0 1 2 3

1.0

0.8

0.6

0.4

e = 2

u

sh

e = 5

e = 10
e = 20

Fig. 2. Graphs of the re la tion ship u( )sh  for com plete (     ) and in com plete (- - -) con tact con di -

tions at h1 = h2  = 0.

TABLE 1. Critical Speed ucr  for Various Values of h1 and e under Complete (Numerator) and
Incomplete (Denominator) Contact Conditions at h2  = 0 and u12  = 1

e 
h1

0 0.005 0.01 0.03

2 0 8414

0 7093

.

.

0 8468

0 7154

.

.

0 8521

0 7214

.

.

0 8723

0 7442

.

.

10 0 5664

0 5016

.

.

0 5764

0 5126

.

.

0 5863

0 5233

.

.

0 6240

0 5640

.

.



Let us con sider now the case where r r( ) ( )2 1  = 0.5, i. e., u12 05= . e. In Ta ble 4, the val ues of crit i cal speed ucr  ob -

tained in the pres ent in ves ti ga tion for var i ous ucr  at h h1 2=  = 0 are com pared with cor re spond ing re sults found in [15], and a

good agree ment is seen to ex ist between then. 

Ta bles 5, 6, and 7 show the in flu ence of ini tial stresses, i. e., of the pa ram e ters h1 and h2 , on the val ues of ucr . It fol -

lows from these ta bles that, in the qual i ta tive sense, the ef fect of h1 and h2  on ucr  is the same as in the case u12  = 1.
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TABLE 5. Critical Speed ucr  for Various Values of h2  and e  under Complete (Numerator) and 
Incomplete (Denominator) Contact Conditions for u12 = 05. e at h1 = 0

e 
h2

0 0.005 0.01 0.03

2 0 8414

0 7093

.

.

0 8437

0 7123

.

.

0 8454

0 7153

.

.

0 8541

0 7266

.

.

10 0 4284

0 3730

.

.

0 4307

0 3754

.

.

0 4329

0 3777

.

.

0 4415

0 3868

.

.

TABLE 6. Critical Speed ucr  for Various Values of h1 and e  under Complete (Numerator) and 
Incomplete (Denominator) Contact Conditions for u12 = 05. e and h2  = 0

e
h1

0 0.005 0.01 0.03

2 0 8414

0 7093

.

.

0 8468

0 7154

.

.

0 8521

0 7214

.

.

0 8723

0 7442

.

.

10 0 4284

0 3730

.

.

0 4319

0 3784

.

.

0 4348

0 3833

.

.

0 4358

0 3995

.

.

TABLE 4. Critical Speed ucr  under Complete and Incomplete Contact Conditions for 
u12 05= . e at h h1 2=  = 0*

e Com plete con tact In com plete con tact

2 0 841

0 839

.

.

0 709

0 719

.

.

10 0 428

0 427

.

.

0 373

0 372

.

.

*Nu mer a tor — re sults of the pres ent in ves ti ga tion; de nom i na tor — data from [15].

TABLE 3. Critical Speed ucr  for Various Values of h2  and e  under Initial Compression for
Complete (Numerator) and Incomplete (Denominator) Contact Conditions at h1 = 0 and
u12  = 1

e 
h2

0 –0.005 –0.01 –0.03

2 0 8414

0 7093

.

.

0 8391

0 7062

.

.

0 8367

0 7031

.

.

0 8263

0 6898

.

.

10 0 5664

0 5016

.

.

0 5650

0 4998

.

.

0 5637

0 4979

.

.

0 5580

0 4900

.

.



The mag ni tude of the stress s s s22 1 22
1

1 22
2

1( ) ( , ) ( , )( ) ( )x x h x h= - = -  in creases monotonically with u on the in ter val  

( ,0 ucr ), and | |s22 ® ¥ as u u® cr . The ab so lute max i mum of s22 1( )x  is reached at x h1  = 0.

The graphs of s22 1( )x h  in the case u12 05= . e are given in Fig. 3. It is seen that | |s22  de creases with e. In this case,

the val ues of | |s22  ob tained for the in com plete con tact con di tions are greater than those for the com plete ones be tween the cov -

er ing layer and the half-plane, and the in flu ence of the type of con tact con di tions on s22  in creases with e.

5. Con clu sions

In the pres ent pa per, within the frame work of a piecewise-ho mog e nous body model, with the use of TLTEWISB, the

dy nam i cal re sponse of a sys tem con sist ing of a pre stressed cov er ing layer and a pre stressed half-plane to a mov ing load has

been in ves ti gated. An al go rithm for de ter min ing the crit i cal speed of the moving load was developed.

The nu mer i cal re sults ob tained al low us to draw the fol low ing con clu sions:

· a crit i cal speed arises only in the cases where Young’s modulus of the cov er ing layer E ( )1  is greater than that of the

underlaying half-plane E ( )2 ;

· the crit i cal speed de creases with grow ing ra tio E ( )1 /E ( )2 ;

· the prestressing the cov er ing layer and the half-plane in creases the crit i cal speed;

· the crit i cal speed de creases with grow ing ini tial com pres sion of the half-plane;

· the crit i cal speed at com plete con tact con di tions is greater than that at in com plete ones.

These re sults are also sig nif i cant in the lin ear the ory of elastodynamics in the ab sence of ini tial stresses in the com po -

nents of the lay ered sys tem con sid ered.

181

0 1 2 3 4

0

-0.2

-0.4

-0.6

e = 2

x /h1

e = 5

e = 10

e = 20

s22

Fig. 3. The nor mal stress s22  un der com plete (     ) and in com plete (- - -) con tact con di tions vs. 

x h1  for var i ous val ues of e at u = 0.3 and h1 = h2  = 0.

TABLE 7. Critical Speed ucr  for Various Values of h2  and e  under Initial Compression for
Complete (Numerator) and Incomplete (Denominator) Contact Conditions with u12 = 05. e at 

h1 = 0

e
h2

0 0.005 0.01 0.03

2 0 8414

0 7093

.

.

0 8391

0 7062

.

.

0 8367

0 7031

.

.

0 8263

0 6898

.

.

10 0 4284

0 3730

.

.

0 4261

0 3706

.

.

0 4238

0 3682

.

.

0 4141

0 3582

.

.
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